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An electron beam passing through a dielectric medium may produce an instability that is associated with 
the growth of longitudinal waves having a velocity close to the velocity of the beam. For a transparent 
dielectric medium this instability occurs if the frequency w of these waves satisfies the following condition: 
wr? <w?<w)?+wo?, where w; is the frequency of bound oscillators in the dielectric medium and wy = (41rne?/m)*, 
where n is the electron density. If inhomogeneities are present these longitudinal waves may be converted 
into transverse waves and radiated into space. Thus, there is a possibility of a luminous effect at ‘“‘Bohr 
frequencies” that differ from the lei cat frequencies. 


INCE the discovery of the Vavilov-Cerenkov effect, 
a considerable literature has accumulated on various 
properties of this effect. Most of the investigations dealt 
with the radiation of a single particle passing through a 
dielectric medium. Very little attention has been given 
to the radiation emitted by a beam of charged particles 
in spite of the fact that this problem is not without a 
practical significance. In an important investigation 
dealing with this matter, Akhiezer and Fainberg! have 
established a criterion for an instability that is associ- 
ated with the growth of transverse waves, similar in 
nature to the Vavilov-Cerenkov radiation. The present 
investigation deals with the occurrence of longitudinal 
radiation at “Bohr frequencies” that results from the 
interaction of the beam with the dielectric medium. 
We shall consider the dispersive properties of a 
medium that comprises the dielectric and the electron 
beam. This medium when in unperturbed state is 
assumed to be electrically neutral. Thus the electron 
beam is compensated by positive charges of stationary 
nuclei. Any disturbance in the medium will tend pri- 
marily to disturb the distribution of electrons and 
produce polarization. To facilitate our problem we 
assume that the positive nuclei have their charges 
spread out uniformly throughout the medium. The 
dielectric operator of such a medium contains a term 
that characterizes the dielectric and depends on the 


* Operated by Union Carbide Corporation for the U. S. Atomic 
Energy Commission. 

1A. I. Akhiezer and Ia. B. Fainberg, Zhur. Eksptl. i Teoret. 
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frequency w only, and another term that characterizes 
the collimated beam which depends on the frequency 
w and on the wave vector k. The expression for the 
dielectric operator that is applicable to the longitudinal 
component of the electric field is designated as €; and 
is as follows: 


€1(w,k) = 1+ 4a ka(w)+ k51(w,k) |. (1) 


The term xg is an operator representing the electric 
susceptibility and is applicable to an isotropic dielectric 
substance. We have 


ne” fi 
Ka= > - : (2) 


m w7—-1yw—w? 


where x is the electron density and f;, w;, and y; desig- 
nate, respectively, the strength, frequency, and damping 
associated with an oscillator 7, and the summation 
extends to all the oscillators. 

The operator x»; is applicable to the longitudinal com- 
ponent of the electric field. This operator characterizes 
a medium traversed by an electron beam of infinite 
width having density V and velocity V that is parallel 
to k. The expression for x,, may be derived directly from 
Maxwell’s equation or may be obtained by substitution 
from the formulas representing the dielectric operator 
for plasma as obtained by Gertsenshtein.? Neufeld and 
Ritchie’ derived the same results as Gertsenshtein by 

2M. E. Gertsenshtein, Zhur. Eksptl. i Teoret. Fiz. 22, 303 
(1952). 

3 J. Neufeld and R. H. Ritchie, Phys. Rev. 98, 1632 (1955). 
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a somewhat different method and took into account the 
energy dissipation through close collision. Thus, 


f(v)dv 


Ne’ 





oo ay (3) 
m (w—k-v)(w—k- v+78) 


Formula (3) is applicable to a medium which has elec- 
tron density NV and in which N f(v)dv is the number of 
electrons per unit volume possessing velocities in dv 
at v. This formula is also applicable to a collimated 
beam by putting 


f(v)=8(v—V), (4) 
where 6(v—V) is the Dirac function. Substituting (4) 
in (3), we obtain 
Ne’ 1 


manatee 


m (w—kV)(w—kV +18) 





(5) 


In the derivation of the above expression we assumed 
that the wave had a form exp[i(kz—w2) ]. It is also well 
known from the direct substitution of the equation for 
plane waves into Maxwell’s equation that the longi- 
tudinal waves are propagated in the medium for those 
values of w for which 


e:=0. (6) 


In order to simplify the problem we shall consider a 
dielectric characterized by a single oscillator frequency 
w; and damping constant y. Substituting (1), (2), (5) 
in (6), we obtain the dispersion formula for the longi- 
tudinal waves which is as follows: 


wo" DQ? 
— 


os =0, 
w+tiyw—a? (w—kV)(w—kV+i8) 





where 


we=4rne/m and 2?=4rNe/m. 


We shall now consider an initial value problem in 
which the perturbation applied to the medium at t=0 
is a function of the space coordinates. The correspond- 
ing oscillations of the electrical field are defined by the 
expression (7) in which & is real and w may be complex. 
Since the wave motion is of the type exp[i(kz—wt) |, we 
would obtain a wave having amplitude increasing with 
time if Imw>0O and conversely, the amplitude would 
decrease with time if Imw<0. We are primarily in- 
terested in ascertaining whether or not the medium is 
unstable against small perturbations. The instability is 
associated with generation of longitudinal waves. There- 
fore, the sign of Imw is a criterion establishing the 
presence or absence of growing longitudinal waves. 

We wish to consider the longitudinal waves that 
may be generated in the presence of an electron beam 
of a very small intensity, i.e., for small values of Q. 
These waves may have complex frequencies w that are 
represented by the roots of Eq. (7). Equation (7) has 
four roots w/', w/4, w", and w;'’, and if Qo continuously 
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decreases, these roots tend to the following limits: 
wi O=RV, (8) 
wt = kV —iB, (9) 
wp = (w?+-wer—y?/4)'—i(y/2), (10) 
wl = — (wt tu?—7/4)\—i(y/2). (AM) 


It is noted that in the expressions (9), (10), and (11) 
the sign of Imw is negative. Therefore, for 2=0 the 
solutions are stable. It is also reasonable to assume that 
these solutions remain stable for the values of Q% that 
are sufficiently small. 

The situation is different, however, for Eq. (8) since 
for this case w is real for 27=0. We shall now determine 
whether for small % the frequency w becomes complex 
and if so, what is the sign of its imaginary component. 
If we develop w in power series in the neighborhood of 
w= kV and retain the first two terms, we have 


wy = k J 7 (Ae1'/ AQ) o tarv XQ, 


Ow)! 
(—) XN <KRV. 
O07 wakv 


The expression (12) represents a wave having phase 
velocity w/k that is substantially equal to the velocity of 
the electron beam. 

We multiply both sides of the expression (7) by 
(w*+iyw—wy?) (w—kV)(w—-kV+i8); then we differ- 
entiate with respect to 2) and put w=kV. We obtain 
thus 


& 
O20 F wtekv 
220(k2V2—w,”) +7(2QeykV) 


, 
ace kV (By+ 207) +1 (BR? V?2—w18 —wo?B— YN") 


(12) 


provided 





For Q small we neglect the Qo? term and obtain the 
following : 


Ow," 
Sgn m(—) = Sgn{ — 28077? V? 
wlakV 


AX 


+ (kV?) (V?—wrr—w?) J}. (14) 


Therefore, if 


(R2V2—w?) (RV? —wr—we?) +VRV?<0, = (15) 
we have Im(dw!/0%)..'-zxv >0 and consequently there 
is an instability which is associated with the growth 
of a longitudinal wave. On the other hand, if the in- 
equality (15) is not satisfied, the solution is stable. 
The relation (15) is simplified for the case of a medium 
without dissipation for y=0 and 6 — 0. Then if 


w=kV> (wrPr+ue’)}, (16) 
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or if 


w= kV <a, (17) 


we have Im(dw;'/d%).-kv <0 and consequently the 
solution is stable. However, if 


w<w= kV < (w+), (18) 


we have Im(dw;'/d2))>0 and consequently there is 
generation of a longitudinal wave. This wave as defined 
by the inequality (18) depends on the Bohr frequency 
and is therefore a “Bohr wave” whereas the frequencies 
of the transverse wave are defined by the Vavilov- 
Cerenkov frequencies. If the dielectric has localized 
inhomogeneities or boundaries, these longitudinal oscil- 
lations may be converted into transverse waves and 
radiated into space. There is therefore a possibility of a 
luminous radiation at “Bohr frequencies.” 
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In reviewing the above results, it is noted that we 
obtained for the longitudinal waves four solutions desig- 
nated as w//, w;!!, w;"1!, and w!Y. Among these solutions 
those designated as w;! and w,"! are of particular interest 
to us. In the first approximations as given by the 
formulas (8) and (9) these solutions represent waves 
travelling with the same velocity as the beam. In the 
next approximation as represented by the formula (13) 
it is shown how the presence of the dielectric medium 
affects the solution w,’. Thus the longitudinal waves 
may grow in amplitude if the criterion (18) is fulfilled. 

On the other hand, the solutions designated as w;"™ 
and w/'Y have a different physical significance. In the 
first approximation as given by (10) and (11) they 
represent the natural oscillations that would be present 


in the dielectric medium in the absence of the beam. 
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Scattering Potential in Fully Ionized Gases* 
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Recent methods for calculating the probability W(Z)dE that a test particle in a plasma experiences an 
electrical field of magnitude E+-$dE are discussed. In particular, the assumption is analyzed that the 
distribution W(£) in a system of true charges can be calculated from an auxiliary system of uncorrelated 
virtual particles which, formally, do not interact although they are the sources of shielded Coulomb fields 
of the type introduced by Debye and Hiickel. It is shown that the electrostatic energy of the auxiliary 
system, calculated as a volume integral over the average energy density (E*)s,/87, is identical with the 
interaction energy of the true particles as obtained by the Debye-Hiickel theory. The distribution of the 
micropotential W(¥)d¥ in a plasma is also calculated from the auxiliary system and used for deducing a 
scattering potential ¥(r) which has a natural cutoff at a distance equal to the average distance between 
neighboring ions. An approximate analytical expression for ¥(r) is given and the physical nature of the 


scattering potential is discussed. 


INTRODUCTION 


OR calculating transport coefficients in a fully 
ionized gas the scattering of electrons by ions has 

to be investigated. In general, the scattering is treated 
as a “collision” between an electron and an individual 
ion which satisfies Rutherford’s scattering formula. 
While this formula corresponds to the assumption that 
the scattering potential is the Coulomb potential of 
an unshielded point charge, a shielding effect is always 
introduced into the statistics of the collision parameter 
p which must be limited to the finite range between 
zero and » in order to avoid an infinite integral 
collision cross section. The cutoff parameter pm is 


* Work supported by an Office of Naval Research contract and 
by New Mexico State University. 

t Present address: New Mexico State University, Research 
Center, University Park, N. M. 

t Present address: New Mexico State University, Department 
of Physics, University Park, N. M. 

1 Electron-electron scattering has an indirect effect on transport 
coefficients which will not be considered in this paper. 


identified by some authors** with the average distance 
between neighboring ions, r*, while others‘ prefer the 
relation Pa=h, where h is the Debye shielding constant. 

If h>r* the “collisions” of one electron with different 
field particles strongly overlap in time and it is question- 
able whether Rutherford’s scattering formula, which 
gives the complete deflection of unperturbed electrons, 
is still adequate for studying electron orbits perturbed 
by the field of many other particles. Furthermore, it 
is doubtful whether the shielding constant which, by 
its very definition, represents an upper limit to the 
cutoff parameter may be also identified with it, since 
it tends to infinity with increasing temperature. A 
similar, and even stronger argument may be derived 


2S. Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1939). 

3S. Chandrasekhar, Principles of Stellar Dynamics 
University of Chicago Press, Chicago, 1942), p. 56. 

4L. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York 1956), p. 72. 
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from the gravitational field where positive and negative 
charges do not exist so that the conventional use of a 
cutoff parameter requires a physical basis different 
from a Debye shielding effect. If p,=1r* the time 
overlapping of different collisions is small. Nevertheless, 
it is inconsistent to calculate the electron orbits from 
an unshielded Coulomb potential if a cutoff has to be 
introduced later into the scattering theory. In principle, 
the scattering should be calculated from a shielded 
Coulomb potential which effectively eliminates the 
necessity of introducing an artificial cutoff for the 
physically admissible collision parameters. Some 
authors®:* have used the Debye-Hiickel’ potential for 
this purpose. However, since the shielding constant / 
is considerably larger than r* in most cases of practical 
interest, a test particle is generally exposed to the 
Debye-Hiickel field of several field particles and one 
has to take into account that the formulas for binary 
collisions do not apply for simultaneous encounters 
between one electron and many distant field particles. 

In order to overcome this difficulty a scattering 
potential V(r) was recently suggested by Theimer and 
Hoffman* which has a natural cutoff at r*, and is 
closely related to the probability W(E)dE, familiar 
from Holtsmark’s work,® that a test particle in the 
plasma experiences a field of magnitude E+}3dE. The 


‘ N — U(r,) 
wb)=f --- fB- > By ex uta. / f 
~—2 3N n=l ; kT n 


where the 6 function restricts the integration to those 
regions of the configuration space which satisfy the 
condition (3). The electrostatic interaction energy 
U’(r,,) in the Boltzmann factor is a function of all the 
particle positions r, and makes a rigorous calculation 
of W(E) practically impossible. Holtsmark’s approxi- 
mate solution, obtained by putting U’(r,) equal to 
zero, has been corrected by Hoffman and Theimer'® 
for the neglect of U’(r,) by representing the microfield 
as a superposition of shielded Coulomb fields of the form 


-(1+«r,) exp(—Krn), 
3 


(x=1/h), (5) 


which leads to the probability density 


1 . N 
wE)=— f -- f e- ¥ BM ar, 
) IN —» 3N n 


n=! 


(V=plasma volume). (6) 


5 E. Persico, Royal Astron. Soc. Monthly Notes 86, 93 (1936). 

®H. E. DeWitt and R. E. Kidder, Bull. Am. Phys. Soc. 3, 47 
(1958); R. E. Kidder and H. E. DeWitt, Bull. Am. Phys. Soc. 3, 
47 (1958). 

7P. Debye and E. Hiickel, Physik. Z. 24, 185 (1923). 

*Q. Theimer and H. Hoffman, Astrophys. J. 129, 224 (1959). 

9 J. Holtsmark, Ann. Physik 58, 577 (1919). 

1H. Hoffman and O. Theimer, Astrophys. J. 126, 595 (1957) ; 
127, 477 (1958). 
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method used by Theimer and Hoffman for calculating 
W (£) and V(r) contains certain simplifying assumptions 
which will be analyzed in this paper. Furthermore, the 
lengthy numerical work has now been carried out with 
an electronic computer and, consequently, more 
complete and accurate numerical data will be given 
than in the earlier paper. 


THE ELECTRICAL MICROFIELD IN A PLASMA 


The microfield E at an arbitrary point of observation 
in a plasma is the vector sum of the Coulomb fields E,, 
produced by all the point charges: 


N Ww Ze, 
E= >> E,=e —, (1) 


n=l n=1 74° 


where ¢ is the magnitude of the electron charge and 
Z, is positive for 1<n<N+=N/2 and negative for 
N*+<n<QN. The probability 


W (X,Y ,Z)dXdVdZ=W (E)dE (2) 
that the components X, Y, Z of E lie in the interval 
X—3dX<X<X4+4dX, etc. (3) 


can be represented as an integral over the configuration 
space of the form 


: —U (rn) 
nae f exp| a dtp, 
0 3N kT n 


Thus, the microfield distribution W(E) in a system of 
Coulomb particles is calculated from an auxiliary 
system of uncorrelated virtual particles which, formally, 
do not interact with each other although they are the 
sources of the shielded Coulomb fields (5). No detailed 
analysis of this plausible approximate procedure was 
given, either by Hoffman and Theimer, or by Ecker 
and Miiller™ who, after carefully discussing the limits 
of the validity of the Debye-Hiickel theory, work with 
Eq. (6) without further explanation. For this reason, 
we shall now supplement the more qualitative argu- 
ments of the earlier papers by a quantitative analysis 
which establishes the internal consistency of Eqs. (5) 
and (6) with the Debye-Hiickel theory from which the 
analytical form of the shielded fields was derived. 

Consider a system of n+=N/2V positive and n~=nt 
negative particles per unit volume of charge Zn, each 
particle being surrounded in the time average by an 
isotropic cloud with a radial charge distribution 
—Z,eu(r) as a consequence of the Coulomb inter- 
actions. The electrostatic energy of the system can be 
represented as the interaction energy between the 
clouds and their centers, 


U=29NZ,2€2 f ru(r)dr, (7) 
0 


(dtn=dxndyndn), (4) 





11 G. Ecker and K. G. Miiller, Z. Physik 153, 317 (1958). 
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and the shielded Coulomb field surrounding each 
particle in the time average can be written 


a r 
Bat()=—“| 1~4e f u(r) | (8) 

r 0 
In the Debye-Hiickel theory’ 


u(r) =x? exp(—xr)/4ar, 


82Z,2e2nt\ 3 
si 
kT 


and from Eqs. (7) and (8) 


U=—1NZ,2ex, 


with 


(11) 
and 
Zn€ exp(—xr) ; 
Ee ()=—__—-( 1+). 
2 


r 


(12) 


We shall now calculate the electrostatic energy of 
the auxiliary system of “noninteracting” sources of 
the shielded fields (8) as a volume integral over the 
average energy density (E*),/8. If one writes, in 
analogy to Eq. (6), 


oa) 1 » D 
(Pn= f PW (E)dE= mon f tee ff | 
0 YF V6 0 


xi(2—¥ E,*-E,*)]] dr,dk2, (13) 


nine n 


and considers that the mixed products in the double 
sum cancel because of the random arrangement of the 
virtual particles, one obtains by virtue of the relation 


(14) 


~ 


fro §)dx=f(£), 
.. (BT ar. (13) 


af 
E*),=— 
(E*) a vo . 


The integrand is a sum of NV terms, each being the same 
function of one position vector, r,, only. Hence, 


N f* 
(Ee?) y= 4r— f E*y*dr 
Vv 


0 
jae f u(r | dr 


0 


9 


re 


9 


[ise f u(rrsir| dr 
e 0 
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In general, Eqs. (17) and (7) lead to fairly different 
results for U. However, if the Debye-field (12) is 


inserted into the Eqs. (16) and (17), one obtains 


U=4NZ spent nines 
; 


* (1+ 2xr+xr*) exp(—2«r)dr 
NZ te f db tei 
0 “oe 


1 
- svz,te(-) —ENZ Pee, (18) 
TT r-+0 


The total energy (18) formally represents the self 
energy of the system of virtual particles since the 
mixed terms in Eq. (13) which represent the inter- 
action energy have been deliberately omitted. However, 
it is obvious that the first term in Eq. (18) represents 
the self energy of the true charges in the plasma and 
the second term their interaction energy. The latter is 
identical with the Debye-Hiickel energy (11) but for a 
factor 1/2 which arises from the circumstance that 
Eq. (18) represents the work required for charging, 
with constant x, the virtual particles from zero to the 
final charge Z,e while Eq. (11) gives the work of 
assembly of the true charges from infinity. If é in 
Eq. (11) is replaced by ¢fo'Add, where the integration 
over the coupling parameter \ represents the charging 
of a cloud center at constant x, the second term of 
Eq. (18) is obtained. While this result by no means 
proves the full correctness of the Eqs. (5) and (6), it 
demonstrates that, for the special case of Debye-Hiickel 
clouds, the approximation used for calculating the 
probability W(E)dE leads to the correct expression for 
the interaction energy U. This is a definite improve- 
ment upon the original Holtsmark distribution which 
gives only the first term of Eq. (18). 

The privileged status of the Debye-Hiickel clouds in 
our treatment of the microfield is not very surprising 
since the assumption that the charge clouds of different 
particles may be superimposed without modification is 
a feature common to both the Debye-Hiickel theory 
and to our theory of the microfield. 

For studying the scattering of electrons by the 
positive ions it is convenient to evaluate the probability 
W(¥)d¥ that a test particle in the plasma experiences 
an electrostatic potential ¥+}3d¥. By analogy with 
the field distribution, we write 


1 \ 
W(¥)=- fo feo- > V.*)[] drn, (19) 
ia 3N n 


n=] 
where 
Zn€ 
W,*(r) =— exp(—x«r) 
r 


(20) 


is the Debye-Hiickel potential, and the 6-function may 





790 O. THEIMER 


be represented by the integral 


N 
5(v— > V,"*) 


1 rs N 
“a f exp| —io( ¥- x vt) lip (21) 


This leads to 


x 


1 D 
W(¥)=— f exp(—ipV)Awn(p)dp, 
Qn ’ 


a) 


(22) 


1 
Ay(p)=—{At(p) ¥"*[A-(p) #”, (23) 


VN 
and 
® 


Ax(p)=4n f exp(+ipZ,€e~"/r)rdr. (24) 
0 


For a macroscopic plasma, N and V tend to infinity 
and one obtains after some calculations!” 


lim Ay(p)=exp[—6F(n) ], (25) 
where 


(26) 


§=8rnt/3x* 
is the number of particles in the Debye zone, 
n= KpeE, (27) 
and 


0 en 
F(n)=n' xe~™ (1+-nx) sin( — Jar. (28) 


0 x 


For purposes of computation it is practical to 
introduce a distribution H(a) which is defined by the 
equations” 


W (W)dv = H(a)da, f H(a)da=1, 


VY Wr* ~( 3 ) 
a= = ES —_—— . 
VW, Zre Zne\8rnt 

6t 


H(a)= -{ exp —4F(m) ] cos(ad'y)dn. (31) 
7 


0 


(29) 


(30) 


It may be seen from Eq. (31) that H(a) is the same 
for all plasmas characterized by the same value of 6 
while W(¥) depends explicitly on 6 and nt. H(a) is 
presented in Fig. 1 for several values of 6. The maximum 
[H(a) |2-0 which is required for an analytical repre- 
sentation of the scattering potential is given in Table I 
as a function of 6. 


THE SCATTERING POTENTIAL IN A PLASMA 
In order to explain the concept of the scattering 
potential we refer to the familiar fact that the prob- 


2, Gentry, 
(unpublished). 
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ability W(E)dE can be fairly well approximated by a 
procedure, known as the nearest neighbor approxi- 
mation,'°."* which we shall now apply to the case of the 
micropotential. We define the nearest neighbor zone 
Vm of a field particle as a sphere of radius tm=r2 
centering about it, where rz is the distance to the 
second nearest neighbor of the field particle. If al/ the 
particles outside V, produce together a potential which 
is very nearly constant and close to zero everywhere 
inside Vm, a test particle in the nearest neighbor zone, 
i.e., the nearest neighbor, experiences only the potential 
of the central field particle. In this case the distribution 
of the micropotential can be approximated by the 
simple relation 


W'(Y.)d¥.=W (2) W (r=n)dr 
Or(W.) 


=4rntr?(V.)W (r=n;) d¥., (32) 
ov, 


where 


(33) 


is proportional to the probability that all particles, 
except the test particle, are outside Vm, i.e., that the 
distance r between test particle and field particle is 
the nearest neighbor distance r;. The potential ¥, is 
the unshielded Coulomb potential and may be positive 
or negative depending on the sign of the field producing 
particle. The notation r(W.) emphasizes the essential 
feature of the nearest neighbor approximation that r 
is a unique function of ¥,, and the prime on the distribu- 
tion W’(¥.) indicates that W’(W,) is only an approxi- 
mation to the true distribution W(W) which, however, 
has the correct asymptotic behavior for large values of V. 

Coming now to the problem of “collisions,” we note 
that at each instant a test particle is in the nearest 
neighbor zone of one of the field particles. The radius 
Ym of the zone varies from particle to particle but 
satisfies a probability distribution of the type (33). 
The test particle experiences a Coulomb field with 


W(r= ri) = exp(— 8rntr’/3) 














— 
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on 
Fic. 1. The micropotential distribution H(a) represented as a 
function of the reduced potential a, and the shielding parameter 6. 


18S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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SCATTERING POTENTIAL 


TaBLeE I. The probability [H(a)].-o that the micropotential 
has the magnitude zero, represented as a function of the shielding 


parameter 6. 
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0.0980 
0.0930 











cutoff at pm=fm since outside rm one has nearest 
neighbor zones of other field particles which are, by 
assumption, completely shielded from each other. The 
electron orbits can be calculated from such a potential 
since the nearest neighbor zone is empty and the test 
particle can complete its path without perturbation. 
The orbits should then be averaged over all pm, but 
each pm should be weighted by the probability (33). 
This would effectively eliminate all the ~, which are 
much larger than r* and avoid the difficulties connected 
with simultaneous encounters of many distant particles. 

An alternative approximation which achieves the 
same result would be to average first over all Coulomb 
potentials with cutoff at r» using the probability (33) 
as weight function. The electron orbits can then be 
calculated from one single average scattering potential 
W’(r) which has a steep exponential cutoff at r=r*. 
The short range of ¥’(r) has a simple physical meaning. 
It is a consequence of the vector cancellation of the 
central field Ey by the fields of other particles with 
direction opposite to Eo. This effect includes mutual 
shielding of opposite charges but also the superposition 
of fields produced by particles of equal charge. 

W’(r) can be used to obtain an approximation W” (W) 
for the distribution of the micropotential from the 
relation 


W" (W')dW’ = W (r)dr=C4rr?(W’)dr 


r 
=4rntr?(v’) 
ow’ 


Ul 


-dW’, (34) 


where the constant C has been chosen such that the 
approximations W’(¥.) and W’(W’) have the same 
correct asymptotic behavior. The probability W (r=r,) 
has been omitted from Eq. (34), i.e., put equal to 
unity, since it is now implicitly assumed that the 
nearest neighbor zones of all field particles have the 
same average radius 7», equal to the range of ¥’(r). 
Equation (34) has been introduced and discussed in 
detail since it illustrates the physical meaning of the 
scattering potential Y(r) which will now be defined 
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without reference to the nearest neighbor approximation. 
To this purpose we consider a large number N of 
measurements of the micropotential at arbitrary points 
of observation and characterize each observation by 
the measured potential Y and the distance r of the 
nearest field particle. Then W(W)d¥=NgdW/MN is the 
relative frequency of potentials observed in the interval 
W—}dV<Q VC V+4dv. There exists also a probability 
W(¥,)drd¥ that a potential of magnitude V+}d¥ 
corresponds to a nearest neighbor distance r+}dr 
which satisfies the relations 


4antr?W (¥,)drd¥ = Ny ,drd¥/N, (35) 


and 
wwaw=| tant f PW (ear av 
0 


dr (WV) 
= 4arn*(r) (VW )——d¥ = 44rnt(r?) ny (Y) dr, 
ov 


(36) 
OV /dF = 4arn*(r?) yy (V)/W(Y), 


2 v 
f W(W)dv=}— f W (V)d¥ = 4arnt (ru (Y)/3. 
v 0 


In the Eqs. (36) the difference between (r?)4 and 
(7), etc. is neglected. This implies the plausible assump- 
tion that the distribution function W(W,) has, for a 
given WV, a steep and nearly symmetric maximum for 
a value of r which, by definition, equals #(W). V(r) is 
most conveniently obtained by inverting the function 
r(¥) as given by Eq. (36). It depends explicitly on the 
parameters n+ and 6. However, if the reduced quantities 
a=W/W¥>) and y=r/r* are used, the reduced potential 
a(y) depends only on 6. a(y) is plotted in Fig. 2 for 
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Fic. 2. The reduced scattering potential a(y) represented as a 
function of the reduced distance y and the shielding parameter 6. 
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several 6-values. In all cases a(y) has a natural cutoff 
at y=1 and approaches asymptotically the unshielded 
Coulomb potential 1/y if y approaches zero. The 
smallest value of the reduced microfield (da/dy).-1 has 
the magnitude $[H(a) leo. This is different from 
zero in fair agreement with the well-known property 
of the field distribution W(E) which is zero for E=0. 
For large values of 6, i.e., weak shielding, the limiting 
field $[H(q@)]a-0 is stronger than the unshielded 
Coulomb field [d(1/7)/dy],-1 which equals unity. In 
these cases the curve a(y) intersects the unshielded 
Coulomb curve and lies above it in a certain y interval. 
This indicates that, for weak shielding, the effect of 
distant neighbors may enhance the nearest neighbor 
field in regions where the nearest neighbor zones of 
different field particles overlap. In these regions the 
average microfield is practically constant, i.e., in- 
dependent of 7, as is indicated by the constant slope of 
a(y) in the neighborhood of y= 1. 

The scattering potential a(y) can be fairly well 
approximated by an analytical expression of the form 


1 7 
a(y) =— exp(—ay) cos(r), (37) 
7 2 


a=In{4}7[H (a) Je~0}, (38) 


which reproduces the functions a and da/dy correctly 
at the points y=0 and y=1 and approximately inside 
this y-interval. For strong shielding, i.e., 1<6<2, the 
parameter a may be taken as unity. This was noted 
already in an earlier paper while the more general 
relation (38) could not be deduced from the numerical 
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data available at that time. Furthermore, formula (37) 
was derived from an analysis of the field distribution 
W(E)dE on the basis of the dangerous assumption 
that the microfield E is directed along a line pointing 
to the nearest neighbor. The present treatment avoids 
this difficulty by using the micropotential distribution 
W(¥)dv for computing V(r). Thus, the curves of 
Fig. 2 and their approximate analytical representations 
(37) and (38) give the correct properties of the scatter- 
ing potential as defined by Eqs. (36). 

Concerning the use of the scattering potential for 
calculating transport coefficients, the cutoff at y=1 is 
essential while small uncertainties in the form of a(y) 
do not strongly affect the results. Other problems such 
as the correct choice of the reduced mass of the test 
particles and the correct use of quantum mechanics" 
are more important. For a discussion of these problems 
we refer to the earlier paper.’ In particular we wish to 
emphasize the earlier result® that diffusion coefficients 
calculated from the scattering potential (37) represent 
an upper limit for the magnitude of these quantities 
in spite of the absence of simultaneous encounters 
between a test particle and many distant field particles 
from our theory. 
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Impurities which are located in the forbidden energy gap of a 
semiconductor are classified as traps or as recombination and 
generation levels, according to their capture cross sections and 
their proximity to the quasi-Fermi levels of the carriers. Their 
influence upon the photoconductance and the photoelectromag- 
netic effect is considered; noted in particular are their effects on 
the values of carrier lifetimes deduced from these photosignals. 
The lifetimes deduced are always too high for that type carrier 
of which some are trapped, and they are too small for the other 
type carrier. In extrinsic material the photoeffects are augmented 
by trapping of minority carriers, and diminished by trapping of 
majority carriers. In general the effects of minority carrier trapping 
are more severe than those of majority carrier trapping. Further- 
more, the photoelectromagnetic effect is much less sensitive to 


INTRODUCTION 


HE purpose of this note is the assessment of the 

effects of traps, located in the forbidden energy 
gap, upon the steady state photoconductance and the 
photoelectromagnetic (PEM) effect.! Of particular in- 
terest is the influence of such traps upon the values of 
the carrier lifetimes deduced from measurements of 
these photoeffects. 

A simple geometrical consideration of the motion of 
an excess free carrier during its lifetime under the action 
of an electric or a magnetic field, will indicate that the 
short-circuit PEM current is proportional to the square 
root of the lifetime whereas the photoconductance is 
proportional to the lifetime itself. The reason why the 
PEM current depends upon a lower power of the carrier 
lifetime than does the photoconductance is that the 
prime requisite for the PEM effect is the existence of a 
density gradient in the direction of illumination, and 
that gradient is proportional to dn/dy. The photo- 
conductance, on the other hand, is proportional to n 
itself. It is this fact which makes the combination of 
photoconductance with the PEM effect so attractive a 
means for the determination of carrier lifetimes, in 
particular when they are so short as to render useless 
the many transient methods extant. Such a combination 
eliminates the dependence on the intensity of illumina- 
tion and on the electrical properties of the front surface. 

The situation becomes complicated as soon as the 
steady-state densities of the optically generated elec- 
trons and holes are not equal. Such is the case when 
a single type of carriers is excited from an impurity 
center, or when the phenomenon of trapping occurs; 


* This research was supported in whole or in part by the U. S. 
Air Force under a contract monitored by the Electronics Com- 
ponent Laboratories, Wright Air Development Center. 

1For a thorough treatment and extensive bibliography see 
W. van Roosbroeck, Phys. Rev. 101, 1713 (1956). 


trapping than is the photoconductance and may often yield the 
correct minority carrier lifetime in extrinsic material. Conse- 
quently, the method of deducing carrier lifetimes by combining 
the photoconductance and the photoelectromagnetic effects may 
lead to very misleading results indeed. Yet separate measurements 
of the two effects over a range of temperatures will yield the 
carrier lifetimes, the energy level of the traps, and their density. 
Moreover, concomitant measurements of the spectral dependence 
of photoconductance and the photoelectromagnetic effect in an 
extrinsic semiconductor would serve to classify the impurity 
centers which are found, because an impurity photoelectromag- 
netic effect occurs only if the carriers generated from the centers 
are minority carriers. 


one may no longer assign a single lifetime to both 
kinds of carriers. 

The differing natures of the photoconductance and 
the PEM effect lead one to expect that the effects of 
trapping would manifest themselves differently in the 
two Cases. 

The photoelectromagnetic PEM effect arises from the 
action of an external magnetic field in the z direction 
upon carrier pairs which have been generated by 
illumination on the y=0 face of a rectangular semi- 
conductor parallelepiped, and which diffuse into the 
body of the semiconductor in the y direction. Conse- 
quently the holes and electrons are deflected into the 
+x and the —~ directions, respectively. There ensues a 
current along the x axis which has the following value 
per unit width (along the z axis) of the illuminated 


sample: 
at 
m= | J Aly, 


where the superscripts indicate that it is measured 
under short-circuit conditions. J, is the total current 
density flowing in the x direction, and ¢ is the sample’s 
thickness (in the direction of illumination). The effect 
depends upon the availability of carrier pairs to diffuse 


(1) 


along the y axis in order to avoid any net electrical 
current in that direction. In sufficiently extrinsic 
material it would be primarily a minority-carrier affair. 

The photoconductance, on the other hand, is due to 
the availability of the optically generated excess carriers 
to drift in the electric field which is applied along the 
x axis. The change in conductance due to illumina- 
tion is: 


(2) 


t 
sc= f eu(ny+ p,/b)dy, 


0 
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794 A. 


where G is the conductance along a unit length per 
unit width of the sample, e is the absolute value of the 
electronic charge, u is the mobility of electrons and u/d 
is that of holes, my and py are the excess densities of 
free electrons and holes which are excited optically in 
the conduction and the valence bands, respectively. 
Photoconductance results then from the drift of excess 
carriers of either kind under the influence of the applied 
electric field; the requirement of charge neutrality in 
the bulk of the semiconductor will affect the number of 
carriers of either type which are free to enhance the 
conduction. 

It will be seen that for extrinsic materials and small 
signals the presence of traps always reveals itself in the 
expression for photoconductance, but it enters into the 
PEM effect only if the density of traps is large. 


THEORY 


The analysis which follows treats the case of small 
magnetic fields, neglecting second-order terms and using 
the Hall angles rather than their tangents. Further- 
more, all carriers of one type are assumed to have the 
same mobility. 

No reference to the nature of the impurity centers in 
the forbidden gap will be made at the outset; they will 
be characterized only by their energy levels and by 
their capture cross sections for holes and for electrons. 
Subsequently the circumstances will be noted under 
which these impurity centers would act as traps for 
either type of carrier. These traps, which contribute to 
the accumulation of holes or electrons in them,? will be 
distinguished from centers through which electrons 
transit from the conduction band to the valence band.’ 
The kinetics and statistics of all the impurity centers 
(noninteracting) in the forbidden energy gap are the 
same regardless of the function which they perform. 
As a result of the dynamic classification of the centers 
which will be developed, their function will depend upon 
the surrounding circumstances. 

Following the derivations in Appendix A, we obtain 
these relationships among the free carriers for the 
case of small signals 


C,(not+m)+Cp(pot pi) +C pn? 
as fa ——;=Tp;, (3) 
Cu(mot+ms)+Cp( pot pr) +Canoni/no 





where n,° is the density of electrons which are in the 
impurity centers at thermal equilibrium; C, is the 
product of the density of impurity centers and the 
probability per unit time that a center will capture an 
electron, averaged over all electrons in the conduction 
band; C, is an analogous quantity for holes; and I is a 
proportionality factor defined by Eq. (3). 

When the centers communicate only with the valence 

2H. Y. Fan, Phys. Rev. 92, 1424 (1953). 

3 W. Shockley and W. T. Read, Jr., Phys. Rev. 87, 835 (1952). 
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band, acting as hole traps, then 
ny=(1+Nipi/ (pot pr)? Ips, 


and when they communicate only with the conduction 
band, acting as electron traps, then 


bs=(1+Nems/(no+m1)? Iny. (4b) 


N, is the density of the impurity centers, mo and po are 
the thermal equilibrium densities of electrons and of 
holes, m; and #; are their respective densities which 
would obtain in the case when the Fermi level Er 
coincides with the centers’ energy level Er. 

The development of the relationships between the 
free carriers in the two bands will be pursued until 
they are related to the external generating source and 
then to the photoeffects. But before proceeding it is 
well to scrutinize the performance of the impurity 
centers and to see in some detail what characterizes 
them as traps, which provide for accumulation of 
charge in them but not for the transit of carriers 
through them. 

The answer to the last question lies in the relative 
magnitudes of the rates of the carriers’ kinetics through 
these centers. Let g;, and gy, be the rates of electron 
release from the centers to the conduction band and 
to the valence band; r,; and r,, be the rates of capture of 
free electrons from the conduction band and from the 
valence band, respectively. These rates characterize 
the action of the impurity centers in the following 
fashion: 


(4a) 


Lie> Biv, Tet<Tot, 
Bte< Lev; 
Stce> Ltv, 


Bic < Levy 


generation centers 


recombination centers Tt>TNvt, 


(5) 


electron traps Tet >Tot, 


hole traps Tet <Tot- 


We shall avail ourselves of the concept of the steady- 
state quasi-Fermi levels for electrons and for holes: 


not+ny Notnys 
Ep*=E.+hkT In : =E,+hkT In ; 


7 
Ve Nj 


potpy potp 
Ep?=E,—RkT In wi’ we, 
N, ny 


(6) 


E, and E£, are the edges of the conduction and of the 
valence bands, respectively ; V, and N, are the densities 
of states in the two bands, and £; is the intrinsic energy 
level. 

From these definitions and the developments in 
Appendix A we deduce the following conditions?: 


Ltc> Ziv Whenever 


E.— Erg Er?—E,—kT[In(N,/N.)+In(C,/C,)], 


_*A. Rose, in a similar manner speaks of demarcation levels. 
See Progress in Semiconductors (Meywood and Company, Ltd., 
London, 1957), Vol. 2. 
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ie., whenever 
Er> 2E;— Er? +kT In(C,/C,), (7) 
r-t>%y¢ Whenever 
E7—E,2> E.—Epr"+kT[in(N./N.)+1n(C,/C,) ], 
i.e., whenever 
E72 2E,;—Epr"+hkT |n(C,/C,). 
We are now able to specify in more detail the parameters 
upon which depends the performance of the impurity 
centers located at an energy level Er: 
Generation centers: 
2E;+kT In(C,/C,)—Er">Er>2E; 
+kT In(C,/Ca)—Er”; (8) 
this inequality can be satisfied only when Er?> Ep", or 
nopyt+ ponstnypy<0, which represent extraction of 
carriers. 
Recombination centers: 
2E:+kT In(C,/C,)—Er*<Er<2E; 
+kT In(C,/C,)—Er?, (9) 
this can be satisfied whenever Er">Ep?, which is 
during ordinary excitation. We note that the very same 
centers will act as generation centers and as recombina- 
tion centers when the roles of Er” and Er” are reversed. 
Electron traps: 
Eqr>2E;+kT \n(C,/C,)—Er” 
(or —Ep" whenever Ep?>Ep"); (10a) 


note that a center would act as an electron trap regard- 
less of where it is located in the forbidden gap if 
CpS CNN. exp{ —(£.—Er”)/kT}. 
Hole traps: 
Ep<2E,;+hkT |n(C,/C,)—Er" 
(or —Epr? whenever Er?> Ep"); 


(10b) 


(11a) 


a center will act as a hole trap regardless of where it is 
located in the forbidden gap if 


CaXC,NN 7 exp{ —(Er"—F,)/kT}. 
In the special case when 
Cyp=C, exp{ (Er—Er)/kT}, (12) 


the impurity centers do not cause any further accumu- 
lation of charge in them, over that which has already 
existed in thermal equilibrium; in this case m,=0 and 
ny= py. 

The preceding characterization of the impurity 
centers, which has specified their performance as one 
of four types, is not exclusive. In the strictest sense, 
a center will be an electron trap alone only when both 
fo, and gy vanish, that is when C,=0. So long as ry: 
and gy have finite values, carriers may transit through 


(11b) 
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that center from one band to another. What is implied 
is that there already exists an efficient mechanism for 
transit of carriers between the bands, either directly or, 
more likely, through another group of centers which 
are the recombination (or generation) centers. Thus a 
particular group of impurity centers may be the sole 
recombination agent in a material, until another im- 
purity is added through which the transit of carriers is 
so much more efficient that the original group become 
traps. The efficient recombination of carriers is indi- 
cated by recombination rates ®, and ®, in the con- 
tinuity equation. If the centers under study provide for 
an equally efficient transit of carriers then the lifetime 
for carriers in the material will be a combination in 
parallel of that lifetime characteristic of these centers 
and the lifetime included in the terms ®, and Rg. It is 
thus important to bear in mind that an impurity which 
acts as a trap in one case may act as a recombination 
center in another case, in the same semiconductor 
material. 

We proceed to discuss the photoeffects. In a material 
where the centers under study are traps, the con- 
tinuity equation for holes under small-signal conditions 
assumes the following form [see Eq. (B.2) ]: 


e! divJ+= — py/7pt+Gp. (13) 


where J+ is the hole current density and G, is the 
optical generation rate of holes. As derived in Ap- 
pendix B, the hole current in the direction of illumi- 
nation is 

pkT 


b( mons) + pot py 
X[(notns)dps/dyt+ (pot ps)dn;/dy], 


Jjt=— 


which becomes 


Jy+=—eDrdp;/dy; (14b) 


where Dz is the ambipolar diffusivity in the presence of 
trapping—it reduces to the ordinary ambipolar diffu- 
sivity Do when there is no trapping (in that case '=1): 


notT'po 
(no/Dp)+(po/Dn) 
= Dy{1 + (T— 1) po/ (no + po) |. 


The behavior of the PEM short-circuit 
reflected in the behavior of J,*, since 


t t 
r= f Jaiy=0 [Jt 
0 


0 


Dry 


(15) 


current is 


where @ is the total Hall angle. 

In the case when all carrier generation takes place 
right near the illuminated surface, the density of free 
holes is 


QL[s2 sinhA(¢— y)+AD r coshd (t— y) ] 
aa a > HEE Om 
(s152+A?D 7?) sinhdt+ (s;+52)AD7 coshvt 


—, (16) 
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the PEM short-circuit current is 


eD7Q0 


BO LT  .eeeE Ee 


a (ss2+A?D 7?) sinhAi+ (s:-+5:)\Dr coshAt 


[se sinhAt+ADr (coshAt—1)], (17) 


and the photoconductance is 
eu(b-+1)OX- 
AGu——_—— : 
(s\S2+A?D 7?) sinhAl+ (5;4+52)ADr coshXt 


X [se (coshA/—1)+ADz sinhdt]. (18) 


$; and 52 are the surface recombination velocities on the 
front (illuminated) and the back surface, respectively ; 
Q is the intensity of illumination, and 


A= (r,Dr)“. 


Let us dwell upon the implication of Eqs. (16), (17), 
and (18), which describe the steady state excess carrier 
density, the PEM short-circuit current and the photo- 
conductance—all under small signal conditions. When 
trapping is absent, then Dr= Do, where Dp is the ordi- 
nary ambipolar diffusivity and is the reciprocal of the 
ambipolar diffusion length—because in that case the hole 
lifetime and the electron lifetime are one and the 
same. If the material is extrinsic, say type, and the 
trapping is small enough so that |[I"po|<no, then 
Dr=D, and }\=L,~'—both referring to the minority 
carriers. Under these conditions one may look upon the 
PEM effect as solely a minority carrier affair. The 
traps do not appear in the continuity equations and the 
density of the excess free minority carriers py is then 
related to their lifetime and the external excitation 
alone—regardless of the presence of traps (it is to be 
borne in mind, however, that distinction has to be 
made between minority carrier lifetime and majority 
carrier lifetime). The expression for the PEM short- 
circuit current is likewise independent of trapping in 
this case. Not so the photoconductance, wherein the 
influence of the traps is always prominent through the 
parameter I’. 

It is worth noting an interesting corollary under the 
same circumstances, when the material is extrinsic and 
trapping moderate enough so as not to affect the PEM 
signal. Should the optical excitation generate majority 
carriers alone (e.g., from an impurity level) there would 
be no PEM effect although there would be photocon- 
ductance.* Consequently, concomitant measurements of 
the spectral dependence of photoconductance and PEM 
signal would serve to find impurity levels and classify 
them. This would be of particular interest when the 
impurity photoeffects occur at photon energies larger 
than the energy separation of the Fermi level from the 
band edge of the carriers thus generated. 


5 Thermodynamic arguments are invoked in J. Tauc, Czecho 
slov. J. Phys. 5, 178 (1955). 
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We return now to the expressions for the photo- 
effects, which assume the following forms® when the 
sample’s thickness ¢ is large in comparison with A~!: 

e06(Drr,)! 


=—— -, (19) 
1+51:(7,/Dr)! 


eOu(b-+1)r, 
Geb onsen, 
1+5:(7,/Dr)! 


(20) 


In the case that s;(7,/Dr)'<1 it is instructive to re- 
write the last two equations 


I= eQ6L1+F po/(no+ po) ]!(Dor,)!, 
AG= eQul1+bF/(1+b) }(o-'+1)r,, 
in which a new parameter has been introduced: 


F=f—1. 


(21) 
(22) 


(23) 


It has thus been demonstrated that the lifetimes 
deduced from the PEM short-circuit current and from 
the photoconductance (PC) will differ from the hole 
lifetimes and the electron lifetimes according to the 
following relationships : 


tpc=(1+bF (1+6)-']r, 
=[(1—F(1+F)-(1+5)-"]r,, 
tpeM=(1+F po(mot po) Ir» 
=(1—F(I+F)“(14 po/no)-"]rn. 
When the impurity centers act as (raps for either type 
of carrier, the parameter F is seen to have the following 
specific values [see Eqs. (3) and (4) ]: 


(24a) 


(24b) 


For hole traps 
*=N ipi/ (pot pr)’; (25a) 
for electron traps 
F=—Nny/LN mit (not)? ]. 


It is now possible to relate the photoconductive and 
PEM lifetimes to the hole and electron lifetimes in 
terms of the explicit parameters of the impurity centers: 
When the centers are electron traps, 


b 
ee 
L 14+ Ney t+ (0+)? 


ji 1 


(25b) 


Nin, 


Nin 


bi: Jr 
1+) (m+n)? 


I Po 
=| 1 


aigaaieibeaaaaea i 
L = mot po oe 


~ (26a) 
Nin 


Niny 


=e | Mot Po (mo+m,)? 


6 See also S. W. Kurnick and R. W. Zitter, J. Appl. Phys. 27, 
278 (1956). 
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when the centers are hole traps, 
pet, 
1+b (pot pr)? 
—— Nifi J 
L — -1+b Nipit (pot pi)? 
Po Nip 
not po Peon 
Nipi 





TPEM => 


No 





E 





aa a Tne 
L not po eRe 


There is exact symmetry between the expressions for 
holes and electrons (6 has to be interchanged with 6~'!). 
Both rpc and rpe_m yield lifetime values which are too 
high for the carriers of the type which are trapped and 
too low for carriers of the type which are not trapped. 
Furthermore, as trapping becomes excessive the life- 
times deduced for carriers of the type which are not 
trapped reach a limiting value which depends upon 6; 
on the other hand the lifetimes deduced for the type of 
carriers which are trapped keep on increasing. Most sig- 
nificant are the very different sensitivities of tpc and 
tpem to trapping. This becomes of particular importance 
in extrinsic material, say m type, in which holes, the 
minority carriers, are being trapped. The PEM short- 
circuit current will yield the correct value of the 
minority carrier lifetime so long as N¢pi/(potp:)? 
K[po/ (not po) J, which may be a rather extensive 
range of trapping. The photoconductance, however, will 
yield a very erroneous value for the lifetime of holes. 
On the other hand, as trapping becomes heavy the 
latter will yield a value close to that of the majority 
carrier lifetime: tpc~7,b/(1+0). Note further that the 
PEM current will be linear with increasing illumination 
as long as mo+n;>pot ps, whereas the photoconduct- 
ance would begin to saturate at high levels of illumina- 
tion before that. This can be seen easily by referring to 

Appendix A from which we note that 
n= —nPp;s/(potpitpy) for hole traps, 


and 
Ny=Nnz(ny/No)/(Not+mt+ny) for electron traps. 


We return now to the expressions for the PEM 
short-circuit current and the photoconductance. As 
noted previously, both the intensity of illumination and 
the surface recombination velocity of the front surface 
are eliminated upon dividing Eq. (17) by Eq. (18): 


\D 76 
AG y(b+1P) 1+6, tanh3A’ 


y* 6.+tanh3rl 





(27) 


where 


62> $2/(ADr). 
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It is of some interest to note the limiting forms which 
the above ratio assumes under certain conditions: 


for large So, 
Js AD 70 
—=———— coth}n, 


AG yu(b'+T) 
for a thin sample, 


[s 


b.+ A 


dD 78 
AG p(b+P) 1445.0 


for a thin sample and large 52, 


[se 


2D70 
AG p(b--+P) 


t 1 


for a thick sample, 


| AD 76 


AG p(b'+1r) 


From Eq. (27) we derive this expression for the life- 
time of holes: 
AG@ 


. 6.+tanh3rl 
tp=Dr < 
, T*u(b+1) 146» tanh} 


(28) 


Equation (28) is the correct expression for the hole 
lifetime in terms of the measured photoconductance 
and the short-circuit PEM current. The trapping is 
accounted for by D7, by I’, and by X. If, however, we 
fail to include the trapping effects and make use of the 
ordinary expression for the lifetime which is valid only 
when ns= py, then we would deduce from the measure- 
ments an apparent lifetime 7., which is erroneous 


AG®@ 


do+tanh3n 
Ta Df : 
T*u(b-!+1) 1462 tanh5rAl_ 


(29) 


We are now in position to assess the magnitude of 
the error that would be associated with the lifetime 
which is deduced from the PEM-PC ratio method, 
without proper inclusion of the effects of trapping. 
This error is the ratio 


Tp/Ta=LI+F po/ (not po) |L1+6F/(1+5) +; 


or 


(30) 


(31) 


9 
Ta= T°PC/ TPEM- 


Depending upon whether the traps, in an extrinsic 
semiconductor, are for majority carriers or minority 
carriers, our error in deducing the lifetime would be in 
opposite directions. When majority trapping occurs, 
then the apparent minority carrier lifetime which we 
deduce is too low. Under ordinary conditions, however, 
the error would remain rather small, for even as N; 
increases, T,/7a tends to the limit (1+)? in sufficiently 
extrinsic n-type material. In the presence of minority 
carrier trapping the apparent lifetime would be too 
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Fic. 1. The error in the PC-PEM lifetime in the case of majority 
carrier trapping or minority carrier trapping. 


large and the error keeps increasing with the square of 
the density of traps. 

These relationships are shown in Fig. 1, wherein 7,/7a 
is plotted as a function of the trapping parameter F for 
various values of the mobilities’ ratio b (when the 
condition Fpo/(mot+po)<1 is fulfilled). In order to 
relate 7,/r_ to the properties of a particular semicon- 
ductor, yam was chosen to illustrate the de- 
pendence.’ Figure 2 applies to minority carrier traps 
(holes in n-type material) whereas Fig. 3 applies to 
majority carrier traps. The traps may be anywhere in 
the forbidden gap, as specified in Eqs. (10b) and 
(11b), so long as Fpo/(mo+p0)<1. Both figures enable 
us to deduce the value of F for any carrier concentra- 
tion, and any density and position of traps. In Fig. 2 
the curves start crossing as E7—E, increases, because 
po exceeds p; as soon as the impurity centers are above 
the Fermi level. We note that a given density of 
minority carrier traps would cause a more serious error 
in the lifetime determination as E7—E, increases— 
until Er is above the Fermi level, when the traps’ 
influence diminishes rapidly. For example, traps located 
0.5 ev above the valence band and which have density 
of 10" cm- would give F~ 10° in highly n-type material 
(po= 10"), thus causing a large error in the estimation 
of the lifetime (see Fig. 1). Yet for a material where 
po= 10" the very same traps would give F~1 with but 
little effect on the lifetime deduced from the measure- 
ments. In Fig. 3 the curves cross for an analogous 


7At 300°K AEg=0.67 ev, N.=10.2X10", N,=5.65X 108, 
my=0.55m,, mp=0.37m,. 


reason as in Fig. 2, reflecting changes in the relative 
magnitudes of mp and m. Thus the majority carrier 
traps are more effective the closer they lie to the Fermi 
level, between the latter and the band of the majority 
carriers (the conduction band, in the present example). 
Note further that when the traps lie between the Fermi 
level and the band of the type of carriers which are 
trapped, the value of F is independent of mp and po for 
a given energy level and density of traps. When the 
traps lie on the other side of the Fermi level, F depends 
quite strongly upon the thermal equilibrium carrier 
densities. This is why the range over which majority 
carrier traps are effective in an extrinsic material is 
rather small. 


CONCLUSION 


A theory has been presented which takes into account 
the specific statistics of trapping and its influence upon 
photoconductance and the PEM effect. Photoconduct- 
ance and PEM effect are influenced by trapping, and 
so are the carrier lifetimes deduced from them. Yet the 
PEM effect is in general much less sensitive to trapping 
than is the photoconductance; indeed in extrinsic 
material there is a wide range of trapping which has no 
influence upon the PEM effect. The PEM-PC ratio 
method for the determination of lifetimes will lead to 
erroneous values, unless the exact nature of the trapping 
extant is known and accounted for. Yet independent 
measurements of photoconductance and the PEM 
effect over a range of temperatures can be analyzed to 
yield densities and levels of traps as well as of recom- 
bination centers. 
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Fic. 2. The effect of the carrier density on the trapping parameter 
F for various locations of minority carrier traps. 
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These considerations are of paramount significance in 
the case of the wide band gap compound semicon- 
ductors, wherein the extremely short carrier lifetimes 
make the use of steady state methods almost in- 
escapable, yet wherein trapping effects are particularly 
large. Preliminary measurements® on GaAs did indeed 
bear out the predictions of this theory and they lent 
themselves to analysis as described above. These results 
will be reported in full in a later publication. 

It is also noted that concomitant measurements of 
the spectral dependence of photoconductance and the 
PEM effect would aid in classifying the impurity 
centers, because an impurity PEM effect will occur in 
an extrinsic material only if the carriers thus generated 
from those centers are minority carriers. 
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APPENDIX A. GENERAL RELATIONSHIPS 
AMONG CARRIER DENSITIES 


The continuity equations for the excess densities of 
free electrons, free holes, and trapped electrons, are 
On/Ot= —RatGntSee—rete divs, 
Op ;/8t= —Rgt Go— Batrer—e divIt, 
dn,/dt= — S10 Stet TertPet, 


(A.1) 


note that the excess density of trapped electrons is 
negative in case that holes are trapped: m=—p,. 
Rn, Ry and Gn, Gp are, respectively, the rates of recom- 
bination and rates of generation of excess electrons and 
holes. Other terms are defined in the text. 

The rates of capture and of release of the carriers 
assume the following forms: 


rer=Cp(notny)(Ni—nP—n,), 
Stc= Cami (m+n), 
n2=Cppi(Ni—nP—n,), 
&iv=Cp(pot ps) (m+n). 


(A.2) 


C, and C, are the probabilities per unit time that a 
free electron or hole be captured in an impurity center 
when all centers are empty of that type of carrier 
(i.e., traps are all filled with electrons for the case 
of C,). nf is the thermal equilibrium density of elec- 
trons trapped in the impurity centers the density of 
which is N;. 

At thermal equilibrium r.¢= gic and r1= giv, hence 
(Ni- n,°)/ne= n/Nno= po/ pr. (A.3) 

The ratio of empty impurity centers to filled ones is 
(N.—n?)/n?=expl (Er—Er)/kT |, (A.4) 


thus the proportionality constants m, and p; are 


Er7—Er 
nN, = No exp (——) 
kT 


Er—E, 
=2(2rm.kTh-)! exp( rear *), 


kT 
Er—Er 
fi=p exp(— —) 
1 0 kT 


E,—Er 
=2(2rm,kTh-*)! exp( —_———— ) 


(A.5) 


In the steady state, all time derivatives in the con- 
tinuity equation vanish, so that 


Lte—er= — (Zv—Tot); (A.6) 
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and consequently 
Lte— er = Calm (no+n,) — (not+ny) 
K(N,—n!—n:) |, 


La —Toe=C pl (pot py) (no+n) 
— pi(Ni—n!—n,) |, 


(A.7) 


from which follows the expression for the fraction of 
impurity centers which are occupied during illumi- 
nation: 


no+ny C,(mot+ns)+Cppi 


: . (A8a) 
N, Cr(notnyt+ny) +0 p( pot pit py) 

The fraction of impurity centers which are occupied at 

thermal equilibrium is, of course, dependent only on 

their energy level: 


ny’ Cyrmot+Cppr 


N, Cy(not+-m)+C,( pot pr) 
mp | 
= = , (A.8b) 
Notn, pothr 


and the excess density of trapped electrons is 


Crnyn;/no— Cops 
— —. (A.8c) 


ny=n? 


C,(not+m+ns)+Cy( pot pit py) 


Equation (A.7) can now be rewritten in the following 
form: 


Steet CC Nz 


\ 


nopst pony +nypy 


' ; Cee) 
Cy (no+m +n) +Cy( pot pit py) 


The condition of local electrical neutrality is 


ny +ne= py. (A.10) 


This condition would be fulfilled regardless of the 
magnitudes of the various carrier densities, provided 
that the semiconductor’s dielectric relaxation time is 
much shorter than the sundry time constants associated 
with the return to equilibrium of the perturbed carriers. 
It is also implied that end effects are of no consequence, 
that is that the carriers’ Schubweg is smaller than the 
crystal dimension in the direction of any applied bias. 
Equations (A.8c) and (A.10) are combined to obtain 
relations among the carrier densities and the impurity 
centers’s parameters. Whenever C,0, we have 


2ny= — Nyy (no +m) — (no+m)+ py 
—CCu "(pot pit py y+{LN em (no+m)“! 
+ (not+m)+pyt+C Cu (pot pit py) 


+4N ip; (ng(CpCa'— m1) (mo+m)}4,  (A.11a) 
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and when C,+#0 then 
2p;= —Nipil(pot pi) — (pot pr +ny 
—C,C yp (not+m+ny)+ {LN tpi(pot pr) 
+ (pot pr) +ny+C.nCy!(mo+m+ny) ? 
+4N ny (PCnCp'— pr) (pot pi) '} 4. (A.11b) 
Note that ny= p; whenever 
Cp=Cams/no=C, exp{ (Er—Epr)/kT}. 
If the impurity centers in question fulfil the condi- 
tions, defined in the text, under which they may be 
classified as hole traps, then 


(A.12a) 
(A.12b) 


a N pips/ (pot pi) (potpit py x 

ny= pl At+Nipi/ (pot pi) (pot pit py) J, 

ps=3(pot pi) 1—N pit (pot pi) (ms— po- pi) 
+ { (pot p)?(pot pitnys)?—Nipi 


XC—Nipit2(potpri)(ns— po— pi) }} J, (A.12c) 


if they are electron traps, then 


n= N nyn;/(no+m) (no+m+n,), 


n=} (no+m)"[— Net (mo+m) (py—no— m1) 
+ { (not)? (mo+m+p;)?—Nem 
XC— Nei t2(no+m) (ps—mo—m) J} 4], 


pr=nflA+Neni/(not+m) (not+m+ny,) ]. 


(A.13a) 


(A.13b) 
(A.13c) 


The general relationships (A.11a) and (A.11b) assume 
a much simpler form in the case of small signals, when 
the products myn; and pym, in Eq. (A.7) may be neg- 
lected : 


Cy(mot+m) +Cp( pot pir) +C pn? 
nj = —_______________6,=Iy. 
Cy (no+m1) +C,( pot pr) +CrmPns/no 
(A.14) 


APPENDIX B. THE PHOTOEFFECTS 

The steady state continuity equation for holes is 
e— divJ+= —@,+S,—C,C,N; 

Nopst ponst+nypy 


. (BA) 
C,,(no+m +n) +Cp( pot pit py) 


where the last term on the right describes transit of 
carriers through the impurity centers under study, in 
addition to the recombination mechanism implied in the 
term ®,. We are interested only in that situation where 
the impurity centers are traps, in which case they dis- 
appear explicitly from the continuity equation which 
becomes (when the recombination ®, is linear) 


e divJ+=— p,;/r,+Gp. (B.2) 
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The total current density is composed of three parts, 
due to the electric field, the concentration gradient and 
the magnetic deflection 

J=Jrt+J.+ In, 
Jx-=eEu(notny;), Jo-=eD,Vn,, 
Jp-= —pnn(Se-+J-)XB/c, 
Jxt=eEub (pot py), Jct=—eDabV py, 
Jet =ppn(Jet+ J+) X B/c. 


(B.3) 


pny and ppy are the Hall mobilities of electrons and 
holes, respectively ; c is the velocity of light. The explicit 
spatial components are 
Jo =ehE,(not+nys)+ukTdn,/dx+6,J,, 
bJ 2+ =enEs(pot ps) —ukTdp;/dx+b0,J +, 
J j~=epE,(not+n;)+pkTdn;/dy—6,J 2, 
bJ += epE, (pot ps) —ukTdp;/dy—b0,J .*, 


(B.4) 


where the electron and hole Hall angles are defined in 
terms of the respective carriers’ Hall mobilities 


6,= —pnyB/c, 6,=urnB/c. 


Consistent with the assumption that the « dimension 
is large and thus does not affect the behavior in the 
bulk, is the result that Z, (which for small signals is 
the Dember field, due solely to the different electron 
and hole mobilities) is indeed independent of the x 
coordinate under short circuit conditions. This follows 
immediately from the condition E,=0 and the require- 
ment ¥X E=0. This field is 


kT bdny, /dy —dp;/dy 


e b(no+-n)) + pot py 


(B.5) 


Another consequence is that 


J5=6,J,- and J,;+=6,/,*, (B.6) 


and the condition of no net electrical current in the y 
direction fo‘ J,dx reduces to J,=0. 

Substitution of Eq. (B.5) into Eq. (B.4) results in 
the following expression for the hole current in the 
direction of illumination 


pukT 
b(mo+ns)+ pot py 
x [(not+mn,s)dp,/dy+ ( pot prdny, dy], 


+ 


(B.7a) 


under small signal conditions, when n;=I'py, the last 
expression becomes 
J j+= —pkT (no+T po) (bnot po) 'dp,/dy. (B.7b) 


Equations (B.7b) and (B.2) yield the following differ- 
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ential equation for the holes’ spatial distribution: 


d*p;/dy’—)*p;= —G,/Dr, (B.8) 


where 


not+T po 


N=(r,Dr)', and Dr=—— —, 
: no/Dy+ po/D, 


Let Gu=Gp=kOe™, in which Q is the amount of 
illumination which is absorbed and generates carriers 
in the semiconductor sample. The boundary conditions 
to which the differential equation (B.8) is subject are: 


Drdp;/dy=siphy, 
Drdp,;/dy= — Sopfe. 


at =(), 
. (B.9) 
at y=4, 


s; and sy are the surface recombination velocities, 
ph and py. are the hole densities at the two surfaces. 
The solution for the density of free holes is 


pp=CeV+ CAND 1 {#7 (k—52/Drr) 
X (siA7"D 7! sinhdy+ coshdy) — (k+51/Dr) 


X [sed7-D 77! sinhd (t— y)+cosha (¢—y) ]}, (B.10) 


in which 
kQ 
C= i 
Dr(d?— k?) 
and 
Aa!= (5,52+A2D p?) sinhdt+ (5;+ 52)ADr coshat; 


the other quantities of interest are: 


J+ = eDrCke-— eD CAM "(k= 52/D 7) 


X (s:D7~! coshdy+A sinhry)+ (k+51/Dr) 
X [s2D 77! coshd(t— y)+A sinhA(t—y) J}, (B.11) 


t t t 
je = f J dy= (0y—9») f J,tdy=0 f J,tdy 
0 0 0 


= eD OC (1—e*) +eD pOCAALe*!(k— 52/Dr) 
& (1—coshA/—s,;A7!D 7! sinha?) 
+ (k+s,/Dr)(1—coshvt 
—sy\—'D7 sinhd/) |, (B.12) 


t 


AG=ep f 


= eu(b-+T)Ck(1—e*) 

+ eu(b--+-P)CAD 7*{e-'(k—s2/Dr) 

X [s:A7"D 7! (coshat— 1) +sinhd/ ]+ (k+51/Dr) 
(B.13) 


t 
(ny +b 'p,)dy=eu(b +1) f pydy 
0 


X [[s2d-"D 77! (1—coshd/) — sinhas J}. 


We shall now focus our attention on the case when 
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The results are 
p;=QAL[se sinhd (t—y)+ADr coshd(t—y) ], 


J += eDrQAX{s2 coshd (t— y) 
+ADr sinha (t—y) ], 


I*°=eDQ6A[ s2 sinhkt+AD7(coshdt—1) |, 


AG= eu (b-!+T)QAA—"[_s2(coshAi— 1) 
+ dDr sinhd }. 


all carriers are generated right near the illuminated 
surface. The solutions for this case are the limiting 
forms of the expressions just derived, in which k>~. 
Alternatively, the problem may be defined in terms of 
the differential equation (B.8) in which G=0, and the 
new boundary conditions: 


(B.15) 


(B.16) 
(B.17) 
Drdp;/dy=sipn—Q; 
Drdp;/dy= —Sopfe. 


at y=0, 
(B.14) 


at y=, (B.18) 
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Optical absorption bands induced in fused silica and crystalline a quartz of low impurity content at 
77°K by fast electrons or x-rays bleach slowly at room temperature. The presence of OH™ ions in fused 
silica inhibits the formation of such radiation-induced absorption. Comparison of the number of centers 
produced at 215 my (C band) in Corning 7943 fused silica (OH™ free) for equal absorbed dose when irra- 
diated with electrons and x-rays indicates that displacements are not involved in the initial formation of 
the color centers. A defect model requiring simple ionization seems adequate to explain most of the observed 
phenomena in this pure fused silica. No simple model can be proposed which adequately describes the data 


in the case of the Corning 7940 fused silica (OH™~ bearing). 


INTRODUCTION 


RRADIATION of fused silica or crystalline quartz 

with x-rays, gamma rays, fast electrons, or fast 
neutrons creates defect centers. These defect centers 
alter the properties of the original material in many 
ways. For example: (1) absorption of electromagnetic 
energy occurs at optical frequencies where the material 
was formerly transparent; (2) an appreciable number 
of paramagnetic centers is produced; (3) the thermal 
conductivity at low temperatures is altered; (4) the 
density is changed; (5) the crystalline structure is 
altered or even destroyed; and (6) the average separa- 
tion among atoms is changed. Many of the property 
changes are related, for a given defect type may con- 
tribute to several of them. It is thus of considerable 
interest to determine, if possible, the nature of the 
defect centers that are responsible for the macroscopic 
property changes. 

Information concerning specific models can often 
times be gained by studying the damage produced by 
x-rays and by fast electrons of various energies. For 
example, if a threshold energy for the production of the 
defect can be established, then the defect model re- 
quires the direct displacement of atoms to form vacan- 
cies and interstitials. This can be determined by meas- 
uring the optical absorption arising from the defect as 
a function of the incident energy of a fast electron. 
Furthermore, x-rays would not be expected to produce 


this type of damage. On the other hand, defects which 
can be formed by simple ionization of the lattice atoms 
would be expected to be produced by both x-rays and 
by fast electrons. The number of centers formed by 
fast electrons should be directly proportional to the 
stopping power of the material for electrons. A com- 
parison of the optical absorption in fused silica for 
equal absorbed doses of electron and x-irradiation can 
also establish which of these two models more nearly 
describes the observed effects. This paper presents data 
on the damage induced in fused silica and crystalline 
a quartz by x-rays and by fast electrons of energies 
between 0.5 and 2.0 Mev. These data are then used to 
examine the models of the radiation-induced defects 
that give rise to the color centers in this material. 

Some very definite models for the defects giving rise 
to optical absorption maxima have been proposed. 
These models and the experimental factors which bear 
on them are discussed in the following section. 


PRESENT MODELS OF THE DEFECTS 
A, C, and E Centers 


The model of the center giving rise to the A; (620 my) 
and A» (450-477 my) bands in crystalline quartz has 
been firmly established as a result of combined optical" 


1 Ditchburn, Mitchell, Paige, Custers, Dyer, and Clark, Report 
of Bristol Conference on Defects in Crystalline Solids July, 1954 
(The Physical Society, London, 1955), p. 92. 
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and electron spin resonance measurements.?* The center 
consists of a hole trapped at an aluminum ion that has 
substituted for a silicon ion. The hole spends about 3% 
of the time on the aluminum ion and 97% of the time 
on a neighboring oxygen ion. 

Although a correlation seems to exist between the 
magnitude of the A band (540 my) in fused silica and the 
aluminum content of the sample,*:> the evidence that 
the center is the same as in crystalline quartz is much 
less complete. The random orientation of the Si-O 
bonds in the fused silica does not allow for a unique 
establishment of the model by electron spin resonance 
measurements. 

The two A centers in crystalline a quartz are formed 
by a simple ionization process when an electron-hole 
pair is formed and the hole is trapped by the substitu- 
tional aluminum and a neighboring oxygen ion. It is 
only required then that some trap exist for the electron 
and that the aluminum ion be substitutional. 

The C band (215 my) has probably received more 
attention than any of the defect bands. It has been 
found that the C band in pure fused silica can be gen- 
erated to only a negligible extent by extensive x-irradia- 
tion at room temperature.® In contrast, fast neutrons 
(plus the associated gamma field) produce a C band 
that grows with increased exposure time and saturates 
at quite high levels.’ The appearance of the band in 
crystalline quartz for gamma-ray exposure and low 
neutron fluxes is a subject of some controversy. Ditch- 
burn et al.! and Mitchell and Paige* identify a C band 
after an irradiation with less than 10’ nv fast neutrons. 
Nelson and Crawford* and Nelson e/ al.? contend that 
the C band does not appear in crystalline material at 
these low fluxes. Only when the crystal has been irra- 
diated with sufficient fast neutrons (>10” nvt) to 
appreciably decrease the crystalline order does the 
C band appear.” 

Bleaching results imply that the C center is an elec- 
tron trapped at a defect. Mitchell and Paige" observed 
that irradiation with C-band light bleached both the 


? Griffiths, Owen, and Ward, see reference 1, p. 81. 

3M. C. M. O’Brien and H. M. L. Pryce, see reference 1, p. 88. 

4E. W. J. Mitchell and E. G. S. Paige, Phil. Mag. 1, 1085 (1956). 

5A. Kats, Proceedings of the Fourth International Glass Con- 
ference, Paris, July, 1956, 1957 (unpublished), p. 400. 

6 A, J. Cohen, J. Chem. Phys. 23, 765 (1955). 

7C. M. Nelson, Oak Ridge National Laboratory Report ORNL- 
2413, August 31, 1957 (unpublished), p. 58. 

8 C. M. Nelson and J. H. Crawford, Jr., Symposium on Defect 
Structure of Quartz and Glassy Silica at Mellon Institute, 1957 
(to be published). 

®Nelson, Weeks, Lide, and Pegram, Oak Ridge National 
Laboratory Report ORNL-2614, August 31, 1958 (unpublished), 

5 


10M. Wittels and F. A. Sherrill, Phys. Rev. 93, 1117 (1954) ob- 
served that the single-crystal x-ray reflections disappear after 
an irradiation of about 1.2 10” neutrons/cm? and conclude that 
the crystalline state is destroyed by this irradiation. W. Primak, 
Phys. Rev. 110, 1240 (1958) points out that some long-range order 
still exists after this dose as is evidenced by the presence of 
appreciable birefringence and rotatory power. 

1E. W. J. Mitchell and E. G. S. Paige, Proc. Phys. Soc. 
(London) B67, 262 (1954). 
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C and A bands. Since the A bands arise from trapped 
holes, then the C band could, indeed, arise from a 
trapped electron. 

Considerable information on the microscopic nature 
of the C center has been gained by electron spin reso- 
nance measurements. Weeks” first examined the elec- 
tron spin resonance of irradiated crystalline quartz and 
fused silica. He found two resonance lines in fused silica 
—a narrow line with g=2.0013 and a broad line with 
g=2.0090—which he ascribed to defects in the SiO, 
tetrahedra. The magnitude of the spectroscopic splitting 
factor, g, indicated that the narrow line probably arose 
from a trapped electron and the broad line from a 
trapped hole. In the crystalline material two groups of 
lines were found. A summation of each of these groups 
over random crystallographic directions relative to the 
magnetic field gives the two lines found in the fused 
silica. After extensive neutron irradiation (>10” mvt), 
the groups of lines in the crystalline material are re- 
placed by two single lines which resemble those found 
in fused material after a similar irradiation. 

A qualitative correlation between the optical and 
paramagnetic resonance work leads to the conclusion 
that the center giving the narrow resonance is probably 
responsible for the optical C band in fused silica.*:~4 
However, the detailed correlation is not very good. 

The observation that fast neutrons or high-energy 
gamma rays are apparently essential to produce a C 
band that. grows with exposure time has led most 
workers to consider the defect to be produced only 
when displacement of a lattice ion occurs. Mitchell and 
Paige* postulate that the C band arises from an electron 
trapped at an oxygen vacancy, whereas Nelson and 
Crawford® suggest that the center may arise from a 
partial valence bond localized either at a silicon or 
oxygen atom. The latter authors argue that the crystal- 
line nature of the material is very important and that 
only after a breakdown of the crystalline structure can 
an appreciable number of stable broken valence bonds 
be produced that can give rise to the C band. The 
Mitchell and Paige model requires that enough energy 
be transferred to the oxygen atom to remove it from 
its site. For example, if the binding energy were 25 ev 
an electron energy of about 0.16 Mev would be required 
for displacement by an elastic collision. The valence 
bond model, however, requires only the removal of an 
electron from a strained Si—O bond to form the defect, 
ie., energies of the order of the band gap should be 
sufficient. 

Mitchell and Paige* were the first investigators to 
examine changes in the transmission of quartz or fused 
silica for wavelengths shorter than 185 my. They 

2 R, A. Weeks, J. Appl. Phys. 27, 1376 (1956). 

18 J. S. van Wieringen and A. Kats, Philips Research Rept. 12, 
432 (1957). 

4 Tu. N. Molin and V. V. Voevodskii, J. Tech. Phys. U.S. S. R. 


28, 143 (1958) translation: Soviet Phys. (Tech. Phys.) 3, 125 
(1958). 
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identify an £ band (163 my) in both quartz and fused 
silica that grows with fast neutron irradiation. They 
found that x-rays induce this band in fused silica but 
not in crystalline quartz. 

Since optical irradiation into the C band bleaches 
both the C and E bands, Mitchell and Paige presume 
that the centers are complementary and that the E 
centers consist of a hole trapped at a defect. They 
further suggest that the hole is trapped by an interstitial 
oxygen ion making it O~'. 

As noted above, electron spin resonance on irradiated 
material gives evidence for a hole trapped by a defect.!-8 
If one tacitly assumes that the same defects occur in 
fused silica and crystalline quartz, then one can conclude 
that the center giving the hole resonance also gives 
rise to the & band. The evidence for this is the following. 
Weeks” finds that a 550°C anneal of a neutron-irra- 
diated specimen of Corning 7940 fused silica eliminates 
all of the resonance of the trapped electron, but only 
about half of the resonance of the trapped hole. Mitchell 
and Paige’ find that a 500°C anneal of a neutron- 
irradiated quartz sample bleaches all of the C band 
but only about two-thirds of the E band. Simultaneous 
measurements of the optical absorption and paramag- 
netic resonance have not been reported on a heated 
fused silica sample. 

The model of the £ center‘ as a hole trapped at an 
interstitial oxygen is certainly complementary to the 
model of the C center as an electron trapped at an 
oxygen vacancy. That is, a displacement of an oxygen 
ion from its lattice site can produce the defects re- 
sponsible for both bands. The subsequent trapping of 
an electron and hole could thus give the two defect 
bands. The same complementary relation exists with 
the model of Nelson and Crawford.* A partial valence 
bond localized on a silicon atom might be expected to 
give a resonance characteristic of a trapped electron 
while a partial bond localized on an oxygen atom might 
be expected to give a resonance characteristic of a 
trapped hole. Thus, the breaking of an Si—O bond can 
form both centers. 

Nelson and Weeks'® have shown that the ratio 
between the C and & bands varies widely depending 
upon the material examined. It can thus be said that no 
direct relationship exists between these bands. Thus, 
other defects must be present which can trap electrons 
or holes but remain nonparamagnetic. 

Other possibilities also exist for the C and E centers. 
A silicon vacancy could act as a hole trap. Mitchell and 
Paige argue that this is not the defect giving rise to 
the £ band. They find that the A bands produced by 
neutron irradiation of a crystalline quartz sample are 
greater if the sample has been annealed at 950°C prior 
to irradiation. They argue that the high temperature 
allows aluminum ions to substitute for existing silicon 


18 C, M. Nelson and R. A. Weeks, Bull. Am. Phys. Soc. Ser. IT, 
4, 158 (1959). 
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vacancies, thus increasing the A bands. If silicon 
vacancies are thus assumed to exist in the lattice and if 
they are hole traps, then one would expect to see an 
E band with ionizing radiation. Since an E band is not 
found after x-irradiation of crystalline quartz, they 
conclude that the £& center is not a hole trapped at a 
silicon vacancy. This argument is not applicable to 
fused silica, since an E band is generated by x-rays in 
this material. 

Another possible model of the C center is an electron 
trapped at an interstitial silicon. A silicon ion that is 
displaced by an incident particle would act as an electron 
trap. There is, however, no evidence which bears on the 
validity of this model. 

The number of centers giving rise to an absorption 
band can be determined by applying Smakula’s equa- 
tion if the oscillator strength of the center is known. 
A comparison of the optical absorption band and the 
absorption in magnetic resonance led Weeks to suggest 
that the C band has an optical oscillator strength of 
(.1.'© Mitchell and Paige* estimate that the lower limit 
of the oscillator strength for the C band is 0.05 and for 
the / band is 0.2. This estimate is made from a calcula- 
tion of the number of displacements that are produced 
by a known flux of incident neutrons. 


Other Centers 


In addition to the above centers, various authors 
have reported radiation-induced absorption bands at 
other wavelengths in a variety of materials. 

A B, band (about 300 my) is found in fused silica 
after neutron, gamma, or x-irradiation. This band has 
been identified as arising from an impurity although 
the impurity has not been identified." 

A By band (between 238 and 243 my) has been found 
in fused silica. Mitchell and Paige‘ find it after neutron 
or x-irradiation, Levy'® finds it after neutron irradiation, 
but Levy and Varley” failed to observe it after gamma, 
neutron, or x-irradiation of high boron content material. 
Cohen” contends that a band at 242 my is produced in 
fused silica only after neutron bombardment. This 
divergence in results on apparently similar material 
leads one to suspect that it is characteristic of an 
impurity. This, however, has not been proven. 

Mitchell and Paige‘ find a D band in crystalline 
quartz (173 my) and in fused silica (172 my) after irra- 
diation with 50-kv x-rays. It is not known whether the 
band grows with neutron bombardment because of the 
overlap of the C and EF bands. No model has been sug- 
gested for this center. 

A small band at about 250 mu has been observed by 


16 R. A. Weeks, Bull. Am. Phys. Soc. Ser. I, 2, 136 (1958). 
17 See, for example, references 1 and 4 and E. S. Dainton and 
. Rowbottom, Trans. Faraday Soc. 50, 480 (1954). 
18 P, W. Levy, J. Chem. Phys. 23, 764 (1955). 
19M. Levy and J. H. O. Varley, Proc. Phys. Soc. (London) 
B58, 223 (1955). 
*” A. J. Cohen, Phys. Rev. 105, 1151 (1957). 
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Nelson eé/ al.?~® in neutron-irradiated fused silica. This 
appears as a shoulder on the C band. No model has 
been proposed for this center. 

Nelson ef al. observe a small band at 230 my in 
Corning 7940 fused silica if the sample is annealed at 
550°C following a neutron bombardment of 1.1 10! not. 
This band may be present immediately after irradiation, 
but it cannot be seen because of the large C band that 
overlaps it. The origin of this band is not known. 

Mitchell and Rigden® observe a band to grow at 2.79 
microns in crystalline quartz following pile irradiation. 
It is not developed by x-irradiation. They suggest that 
this band arises from the combination of hydrogen 
impurity and the products of atomic damage giving 
O—H bonds whose resonant frequency is at 2.79 
microns. 


EXPERIMENTAL PROCEDURE AND RESULTS 
Electron Irradiation 


Electron irradiations were carried out by means of a 
Van de Graaff generator in which the accelerating 
voltage could be varied from 2.0 Mev to 0.5 Mev. The 
sample was fixed by the geometry of the holder at a 
distance of 3 in. from the window of the generator and 
was cooled both by conduction through the walls of the 
holder and by a jet of helium gas which was cooled 
by flowing through 50 feet of copper tubing immersed 
in liquid nitrogen. The portion of the irradiated samples 
seen by optical measurements was only 4's in. in diam- 
eter and irradiation flux over this area was essentially 
uniform. Back reflection of electrons was avoided by 
absorbing the beam transmitted through the sample in 
graphite some distance below the sample. A graphite 
disk with a beam aperture was also used above the 
sample to absorb stray electrons reflected from the walls 
of the sample holder. 

The Van de Graaff generator was calibrated by 
measuring the charge collected in a Faraday cup after 
the electron beam passed through the area normally 
occupied by the sample. This was done for several 
beam currents at each generator voltage used. Beam 
current was then plotted against electron flux in elec- 
trons/cm? minute for various accelerating voltages. 

Transfer from the Van de Graaff accelerator to the 
spectrophotometer used for optical measurements was 
made under liquid nitrogen. Optical measurements 
were made in a liquid nitrogen Dewar especially de- 
signed for the Cary Model 14M spectrophotometer. 

The choice of sample thickness was dictated by (1) 
the requirement that the optical density be less than 
2.0 for the flux value in question, and (2) that the total 
energy loss of the electrons be small. With respect to 
the latter, Table I shows the energy loss per electron 
in two thicknesses of fused silica for the energies used 
in this investigation. Irradiations at 2.0 Mev and 1.0 


1 E. W. J. Mitchell and J. D. Rigden, Phil. Mag. 2, 941 (1957). 
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TABLE I. Energy loss per electron passing through fused silica.* 





Energy loss in Mev/electron 
0.127-mm 0.635-mm 
thickness thickness 
0.217 
0.214 
0.230 


Incident energy 
(Mev) 


2.0 0.0433 
1.0 0.0427 
0.5 0.0460 


* Stopping power values from Energy Loss and Range of Electrons and 
Positrons, National Bureau of Standards Circular No. 577 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1956), using Z=11 as the Z 
equivalent to silica. No correction has been made for the effect of electron 
scattering. 


Mev, for which the flux was greater than 10'* e/cm? (see 
Fig. 6), were made on thin samples (0.140-0.165 mm). 
Below this flux value thicknesses of 0.635-0.681 mm 
were used. At 0.5 Mev only the thin samples were 
irradiated. 

Most of the experimental data were obtained using 
Corning 7940 fused silica, a glassy silica with low im- 
purity content. In the course of this investigation a 
new product, Corning 7943 fused silica,” was made 
available which is comparable to the 7940 material in 
all respects except that the OH~ content of the 7943 
silica is extremely low. The 7943 material has no 
measurable 2.72-~ OH~ absorption for a sample thick- 
ness of 0.940 mm while a 7940 sample 0.673 mm thick 
has an optical density of 0.19. The two materials also 
differ markedly in their response to irradiation (see, 
e.g., Fig. 2). In addition, a fused silica microscope slide 
which develops the blue coloration associated with 
irradiated impure silica glass was examined. Most of 
the crystalline a quartz was grown by the Clevite Cor- 
poration on a Y-bar seed* and the samples were taken 
from the Z-growth portion of the finished crystal. This 
section of the crystal developed little visible coloration 
under irradiation. Data similar to those obtained with 
this material have also been obtained using synthetic 
quartz grown on Z-cut seeds by the General Electric 
Company, Limited. The data shown in Fig. 5 were 
obtained using a cerium-activated silicate glass pre- 
pared by R. J. Ginther of this laboratory. 

Figure 1 compares the optical absorption of Corning 
fused silica 7940 when electron-irradiated and measured 
at 77°K and when irradiated at room temperature and 
measured at 77°K. Negligible absorption was induced 
in the visible region so the data are given only between 
360 mp and 190 mu. The two absorption maxima ob- 
served are located at 215 my and 257 mu. These are the 
same bands found by Nelson et al.?-*® in the 7940 
material for fast-neutron bombardment at pile tempera- 
ture. The two bands are comparable in magnitude when 
the silica is irradiated and measured at 77°K. If the 

2 The authors acknowledge the gift of the 7943 silica by the 
Corning Glass Works, Corning, New York. 

*8 Patent Application U. S. Serial No. 459, 052 of October 29, 
1954. 

* Hammond, Chi, and Stanley, Engineering Report #-1162, 
November 3, 1955, U. S. Army Signal Corps Engineering Labora 
tories, Ft. Monmouth, New Jersey (unpublished). 
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Fic. 1. Absorption coefficient vs wavelength for electron- 
irradiated Corning 7940 fused silica. Energy=2 Mev. (1): Irra- 
diated at 77°K; measured at 77°K. Flux=2.16X10!'* e/cm?. 
(2): Irradiated at room temperature; measured at 77°K. Flux 
= 3,24 10!* e/cm? 


sample is warmed to room temperature following the 
low-temperature irradiation and then immediately re- 
measured at 77°K, the 215-my and 257-my absorptions 
are reduced to about half their value. Further loss in 
absorption takes place slowly at room temperature and 
approaches the value obtained when the irradiation is 
initially made at room temperature. This latter case is 
illustrated by curve 2 in Fig. 1 in which the 215-my 
absorption is about one-tenth as great as when irradiated 
at 77°K. The 257-my band is extremely small when 
the irradiation is made at room temperature. 

Figure 2 shows a comparison of the behavior under 
electron irradiation of the 7940 (OH- bearing) and 
7943 (OH free) silicas for equal flux values and 2.0-Mev 
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Fic. 2. Absorption coefficient vs wavelength for electron-irra 
diated Corning fused silica 7940 and 7943. Energy=2 Mev, 
flux = 8.9 10" e¢/cm?. Solid line, 7940; dashed line, 7943. 
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energy. Irradiations and measurements were at 77°K. 
The 7943 material is seen to have about 3.4 times more 
absorption at 215 my than does 7940. The 257-mp 
absorption in 7940 is at least a factor of 10 greater than 
in 7943, Similar behavior with respect to the visible and 
ultraviolet centers produced by 150-kv x-rays in OH- 
bearing and OH free impure silicas has been reported 
by van Wieringen and Kats,” i.e., “wet” silica is less 
affected by radiation than is “dry” silica. A comparison 
of 50-kv x-ray data for the two materials is shown in 
Fig. 8 in the next section. Nelson ef al.® have made com- 
parisons of the behavior of the 7940 and 7943 silicas 
under neutron bombardment. They find that the ab- 
sorption at 215 my and the electron paramagnetic 
resonance signal believed to be associated with this 
band are increased by about a factor of 7 in the 7943 
material with respect to values observed in 7940. Ob- 
servations at this laboratory showed that the two 
types of fused silica exhibit a different emission when 
warmed to room temperature. The 7940 silica has a 
reddish glow while the 7943 material luminesces blue. 
Only visual observations of the emission have been 
made. 

Crystalline a quartz is much less affected by irradia- 
tion than is either of the fused silicas investigated. 
Figure 3 shows the absorption produced in Clevite 
synthetic @ quartz by an electron flux which is almost 
200 times that given the silicas in Fig. 2. The absorption 
is down by a factor of 3 from that for 7940 silica. There 
is a small absorption peak near 270 my which bleaches 
when the sample is warmed to room temperature. The 
215-my absorption is reduced by almost one-half as 
was the case for the silicas. The maximum at about 
200 mu is reduced by a greater factor than the 215-my 
band. Similar results have been obtained for General 
Electric, Limited, synthetic quartz. Neither of these 
materials develop appreciable visible color. A sample 
of Clevite synthetic quartz in which the impurity 
content was sufficient to cause significant visible colora- 
tion under electron bombardment was also investigated. 
The electron energy was 2 Mev and the flux was 
1.1810!” e/cm*. When irradiated and measured at 
77°K, the chief visible color centers were at 510 my 
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26 J. S. van Wieringen and A. Kats, Philips Research Repts. 12, 
432 (1957). 
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(a=9.5 cm) with two subsidiary maxima at about 
550 my and 590 my. Bands were also developed at 
335 mu (a=9.38 cm) and two bands of about equal 
intensity (a~18cm™) at 204 my and about 218 mu. 
Warming to room temperature and remeasuring at 
77°K resulted in little change in absorption except for a 
slight loss in the 218-my and 335-my centers. When the 
irradiation was made at room temperature and the 
measurement at 77°K, the center at 510 my was less 
intense (a=7.95 cm~!) and no maxima at 590 my, 
335 mu, and 218 my (C band) were observed. A new 
small maximum at about 265 my was discernible. The 
absorption rose rapidly below 210 my indicating the 
presence of a band beyond the range of measurement. 
The 205-my band was present as a shoulder on the tail 
of this band. It should be particularly noted that a 
distinct C band was developed only by irradiating at 
the low temperatures. 

In the case of fused silica, appreciable impurity 
content causes visible coloration when irradiated at low 
temperatures. A fused silica microscope slide which 
develops a blue color after irradiation was investi- 
gated. The features observed are shown in Fig. 4. 
Irradiation and measurement at 77°K gave maxima at 
550 mu, 270 my, and 215 mu (C band), with some 
absorption between 300 my and 350 my. Warm-up to 
room temperature and re-measurement at 77°K resulted 
in the disappearance of this visible color and most of 
the 270-my absorption. The 215-my band was reduced 
by a little more than half its original value. If the 
irradiation was made at room temperature (measure- 
ment at 77°K) the band at 550 my was of nearly the 
same intensity as that obtained for the low-temperature 
irradiations. The band, however, was stable under 
these conditions. The 215-my band was not as intense 
as for the low-temperature irradiation (a=16.3 vs 
a= 20.2 cm). 

It was considered desirable to obtain data on another 
form of silica to see if the optical absorption features 
persist, as they should if they are intrinsic to the SiO, 
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Fic. 4. Optical density vs wavelength for electron-irradiated 
impure fused silica (microscope slide). Energy =2 Mev, flux=1.78 
X10" e/cm?, thickness=0.99 mm. (1): Irradiated and measured 
at 77°K. (2): Warmed to room temperature; remeasured at 77°K. 
(3): Irradiated at room temperature; measured at 77°K. 
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Fic. 5. Optical density vs wavelength for electron-irradiated 
cerium-activated silicate glass. Energy=2 Mev, flux=3.24X 10'* 
e/cm?, thickness=0.102 mm. (1): Irradiated and measured at 
77°K. (2): Warmed to room temperature; remeasured at 77°K. 


network. For this reason, a cerium-activated silicate 
glass was electron irradiated and measured at 77°K. 
The results are shown in Fig. 5. This glass contains 
about 4% boron and 96% SiO:. Absorption maxima 
due to irradiation are located at about 215 my and near 
260 mu. Curve 2 shows that both bands bleach upon 
warming to room temperature in a manner similar to the 
two bands in 7940 and 7943 fused silica. 

The appearance of two ultraviolet bands at about the 
same wavelengths in three glassy silicas and in crystalline 
a@ quartz suggests that the defect responsible for the 
short-wavelength band is related to the basic SiO, 
structure and that the long-wavelength band is related 
to the hydroxy] ion in all of these materials. 
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TABLE II. Calculated percent increase in absorption coefficient 
in fused silica due to multiple scattering. 


Percent increase in measured absorption coefficient 


Incident energy 
(Mev) 0.165-mm thickness 0.66-mm thickness 


2.0 “$s 9.2 
1.0 7.4 
05 23.5 


29.6 
93.9 


Growth curves of the 215-my and 257-my bands in 
Corning 7940 fused silica, at 77°K, have been obtained 
at 2.0 Mev, 1.0 Mev, and 0.5 Mev. These are shown in 
Fig. 6. The measured absorption coefficients have been 
modified to take into account the effective increase in 
thickness of the sample. This results from an increase 
in path length because of multiple scattering events as 
the electron traverses the sample. These corrections 
have been made using the theory developed by Yang.** 
As can be seen from Table II, this correction is not 
negligible, especially at lower energies and for thick 
specimens. The data in Fig. 6 have also been corrected 
for reflection losses, neglecting the small change in 
refractive index between 700 mu and 190 mu. No effect 
was found for dose rate change. The curves established 
by the experimental points are believed to be accurate 
within +5%. 

The two absorption centers at 215 my and 257 my are 
not related as can be seen from the diverging growth 
rates with increasing electron flux. It was experimentally 
impractical to obtain data at higher flux values than 
shown because of the time required for irradiation. 

As mentioned at the beginning of this section, most 
of the data have been obtained on Corning fused silica 
7940 because the 7943 material was not available when 
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Fic. 7. Absorption coefficient at 215 my for various primary 
‘lectron energies (flux =41.6X 10" e/cm?) for Corning fused silica 
7940 and 7943. 


26C. N. Yang, Phys. Rev. 84, 599 (1951). 


AND W. DBD: 


COMPTON 


the investigation began. The amount of material finally 
obtained was insufficient to establish complete growth 
curves as was done for 7940. Data were taken on 7943 
at various energies at the same total flux. This is shown 
in Fig. 7 for the 215-my band compared with data on 
7940 for the same flux. The probable error in the 7943 
data is +10%. The 0.75-Mev point for 7940 silica is 
subject to this same error because a complete growth 
curve was not established at this energy. 


X-Ray Irradiation 


X-irradiations were made with an OEG-60 Machlett 
x-ray tube (W target; Be window) operated at 50 kv 
(constant potential) at 6.2 ma plate current. The energy 
absorbed in silica was obtained by calibrating the tube 
output by means of the optical density changes in a 
silver-activated phosphate glass.2”7 A check on the 
accuracy of this calibration was made by comparing the 
absorbed x-ray dose with an equivalent absorbed dose 
under electron bombardment on a material that is 
damaged primarily by excitation processes. This was 
done by comparing the number of F centers produced 
in a NaCl sample by equivalent amounts of the two 
irradiations. Satisfactory agreement was obtained. 

As in the electron irradiations, all x-ray exposures 
and measurements were made at 77°K. The results 
obtained for Corning 7940, 7943, and Clevite synthetic 
crystalline a quartz are shown in Fig. 8. The x-ray 
exposure time chosen was 5 hours and the absorbed 
dose in the fused silica was 1.7110" rad and about 107 
rad in the crystalline quartz. Corning 7943 silica (non- 
OH~ bearing) has approximately 6 times the absorp- 
tion at 215 my as does 7940 silica and nearly 56 times 
the absorption at this wavelength as in Clevite synthetic 
crystalline quartz. This comparison of the magnitudes 
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Fic. 8. Absorption coefficient vs wavelength for x-irradiated 
fused silica and crystalline quartz. 50 kv at 6.2 ma. (1): Corning 
fused silica 7943. (2): Corning fused silica 7940. (3): Clevite 
crystalline synthetic a quartz. 


27 Schulman, Klick, and Rabin, Nucleonics 13, 30 (1955). 
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of the 215-my absorption in the two fused silicas and 
the similarity of the ratio of the 215-my absorption 
coefficient to the 257-my absorption coefficient for the 
two types of irradiation (x-rays and fast electrons) sug- 
gests that the same processes are operative in producing 
the optical effects. Table III summarizes the comparison 
with respect to the 215-my absorption for the fused 
silica materials. Absorption coefficients could not be 
entered at energies other than 2 Mev for 7943 silica 
because no growth curves were obtained at other 
energies. 

For low absorbed doses (3.42 10® rad) in the 7940 
fused silica the agreement between the measured ab- 
sorptions at 215 my is excellent. For higher doses 
(1.71107 rad) the electron-irradiated material shows 
more damage than does the x-irradiated silica. In the 
case of 7943 silica the agreement is very good even at 
the higher dose. 

Since about 99.9% of the energy of an incident fast 
electron is expended in excitation and ionization proc- 
esses, the magnitudes of the optical effects produced by 
a given electron flux and by an equivalent absorbed 
x-ray dose should be about the same if defects produced 
by Coulomb encounters with the atoms of the lattice 
are not present in significant numbers. The data of 
Table III suggest that this is the case, especially for 
7943 silica. If excitation and ionization processes are the 
dominant factor in producing the observed damage, the 
experimental data can be compared with the calculated 
energy losses of fast electrons due to ionization and 
excitation.?* This is done in Fig. 9 for 7940 and 7943 
silica for a common electron flux value of 41.610" 
e/cm?. The agreement is quite good for 7943 silica with 
the damage computed on the basis of defects formed by 
excitation processes. No such correlation can be made 
with the 7940 silica data. 

The necessity for making irradiations and measure- 
ments at low temperatures is well illustrated by com- 
paring the x-ray data obtained here with those of 
Cohen® who worked with fused silica at room tempera- 
ture. Cohen x-irradiated Corning 7940 silica for an 
absorbed dose of approximately 1.4 10° rad, i.e., about 
100 times the largest dose given here, and obtained an 
absorption coefficient of only about 0.6 cm. 


Annealing 


The defects induced by neutron bombardment in 
a quartz and fused silica may be, according to Mitchell 
and Paige,‘ completely annealed by heating at 950°C. 
They also found that if the heating of fused silica was 
done in vacuum prior to irradiation, virtually no change 
was observed in the visible and 215-myu bands on sub- 
sequent irradiation but that heating in air caused aslight 
decrease in these centers upon irradiation. Heating at 


28 A. T. Nelms, Energy Loss and Range of Electrons and Posi- 
trons, National Bureau of Standards Circular 577 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1956). 
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TABLE III. A comparison of the 215-my absorption coefficients 
produced by x-rays and fast electrons. 


Electrons 


Absorbed 
dose 


(rad) 
1.7110? 


X-ray (50 kv) 


Absorbed 
dose 
(rad) 


171X107 = 8.2 


215 mp E 
(cm) (Mv) 
12.5 2 
16.4 
20.5 
3.42 X 10° 2.9 
1.7110? 44.0 


215 mu 


Material (cm~) 


7940 


3.42 108 
1.71X 10" 


520°C removed the visible and 215-my (C band) centers 
but left the band at 163 my (£ band). Nelson et al.”8 
found that y-ray irradiation of a neutron-bombarded 
sample of Corning 7940 silica which had been annealed 
at 700°C gave a more intense C-band absorption than 
for an untreated sample given the same y-ray flux. 
This implies that the neutron-induced damage was not 
removed at 700°C. 

Figure 10 shows the effects of annealing in air at 
950°C on electron-irradiated Corning 7940 fused silica 
(2 Mev, flux=3.56X10!* e/cm?). Curve 1 is for no 
annealing prior to irradiation. Curve 2 shows the effect 
of prior annealing. The absorption level is somewhat 
less than in the untreated sample in agreement with 
the observation of Mitchell and Paige given above. 
Curve 3 is the result of (a) irradiation of an untreated 
sample; (b) annealing at 950°C for 24 hours; (c) re- 
irradiating. In this case the 215-my and 257-my centers 
are about 2.6 times less intense than if originally un- 
treated. All irradiations and measurements were at 
77°K. 

In Fig. 11 is a similar group of curves where the 
annealing temperature was chosen as 400°C. Electron 
energy and flux values were as in Fig. 10. Curve 1 of 
this group shows the results for no treatment prior to 
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Fic. 9. Relative fraction of C-band defects formed vs incident 
electron energy. Dashed line computed from electron stopping 
»ower data from NBS circular No. 577.28 O : Corning fused silica 
F040. x : Corning fused silica 7943. 





G. W. ARNOLD 





qT i ' ' 


CORNING FUSED SILICA *7940 
0.64 MM THICK 


OPTICAL DENSITY 





1 L 1 1 1 
240 8260 280 300 320 340 360 


WAVELENGTH (mu) 








Fic. 10. Optical density vs wavelength for Corning fused silica 
7940 annealed at 950°C. (1): No annealing prior to 2-Mev electron 
irradiation. (2): Annealed at 950°C for 24 hours prior to 2-Mev 
electron irradiation. (3): 2-Mev electron irradiation followed by 
anneal at 950°C for 24 hours; re-irradiated with 2-Mev electrons. 
Electron flux=3.56X10'* e/cm*. All irradiations and measure- 
ments at 77°K. 


irradiation. Curve 2 is the absorption remaining after a 
room temperature anneal for 7 days. Curve 3 is the 
result after further annealing at 400°C for 3 days. 
Curve 4 shows the effect of re-irradiation after this 
anneal. Curves 1 and 4 are practically identical. 

The data in Fig. 11 for the 400°C anneal clearly 
show that the defects responsible for the 215-my and 
257-mu centers were removed by the heat treatment. 
Since the far ultraviolet region could not be examined, 
it is not known if the EZ band also disappeared. The 
evidence of Mitchell and Paige‘ indicates that it is not 
completely removed after a 520°C anneal. If this is the 
case, then the E and C bands cannot be complementary 
defects as proposed in the Mitchell and Paige model. 
This view has been convincingly demonstrated by the 
work of Nelson and Weeks!® who have shown that the 
C and E bands develop and bleach independently of 
each other. 


DISCUSSION 


The comparisons made of the damage produced by 
fast electrons and x-rays in fused silica (see Table III 
and Fig. 9) have shown that the color centers responsible 
for the optical absorption maxima at 215 my and 257 my 
are produced by excitation and ionization processes. 
The agreement between experimental data on 7943 silica 
and computed energy losses due to excitation processes, 
shown in Fig. 9, is excellent. No such agreement is 
obtained for the 7940 material. The differences in the 
behavior of the two silicas is attributed to the differences 
in OH- content, but the role of OH in influencing the 
observed damage is not known. 

The electron flux which is equivalent to the x-rays 
in terms of total energy absorbed by the sample corre- 
sponds to an early state in the formation of color 


AND W. 


D. COMPTON 





T T t T 


CORNING FUSED SILICA- #7940 
0.64 MM THICK 


OPTICAL DENSITY 





é i i i A. 
260 280 300 320 340 360 
WAVELENGTH (mu) 








200 §=6220 240 


Fic. 11. Optical density vs wavelength for Corning fused silica 
7940 annealed at 400°C. (1): No annealing prior to 2-Mev electron 
irradiation. (2): Same as (1) after 7 days at room temperature. 
(3): After anneal at 400°C for 3 days. (4): Re-irradiated with 
2-Mev electrons. Electron flux=3.56X 10!* e/cm?. All irradiations 
and measurements at 77°K. 


centers as can be seen from the growth curves of Fig. 6. 
An absorbed dose of 1.7110" rad can be obtained 
with a flux of only 6.89X 10" e/cm*. The growth curves 
suggest a two-stage process of defect formation. The 
fast initial rise might correspond to trapping of elec- 
trons or holes at defects already present, while the 
later, nearly linear, portion of the growth curves may 
correspond to creation of the defects. Insufficient data 
have been obtained on x-irradiated silica to establish a 
growth curve. From such a curve one might be able to 
determine if defects are produced by x-rays or whether 
x-rays are effective only in providing electrons or holes 
for already existing defects. If the growth curve for 
x-rays is equivalent to that for the electrons for large 
doses, then it is probable that defects are being pro- 
duced by the x-rays. 

In considering the question of defect formation, it is 
interesting to determine the energies required to form 
a center in fused silica. In the 7940 material (for the 
215-my absorption) the energy required varies from 
about 2000 ev/center at 2 Mev to about 1200 ev/center 
at 0.5 Mev in the early stages of coloration. In the 7943 
silica, at 2 Mev, the value is about 570 ev/center. Rabin 
and Klick” have studied F-center production in alkali 
halides at low temperatures and have determined that 
a value of as little as 30 ev is required to fill an already 
existing vacancy whereas several thousand ev are re- 
quired to form the defect. While no specific analogies can 
be drawn between the alkali halides and fused silica, 
the large energy values for defect formation in fused 
silica suggest that defects are being created during the 
irradiation even at the low fluxes. Thus, it seems likely 
that the defects are being produced by the x-rays. The 
broken-bond model proposed by Nelson and Crawford® 
should require only a simple ionization process for forma- 


*H. Rabin and C. C. Klick (to be published). 
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tion and, as such, would seem to be a definite possibility 
for representing the actual damage situation in fused 
silica. If it is further assumed that one or both of the 
C and E centers arise from a trapping of an electron or 
hole by the defects arising when an Si—O bond is 
broken, then the lack of correlation between the number 
of C and E centers remaining after a thermal anneal!® 
can be explained in terms of the trapping of charges 
by impurities. That is, impurities compete with the 
defects for the free charges. This also could explain the 
small C-band coloration and the presence of the addi- 
tional absorption band at 257 my which appears to be 
associated with the hydroxyl-ion in the less pure silica 
(7940). 

The broken-bond model requires strained regions so 
that the broken bond will relax quickly and not reform. 
This mechanism is probably not operative to any large 
extent in crystalline a quartz and could explain the 
relatively small damage observed in this material. 

In terms of this broken-bond model one can under- 
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stand the reduced damage in fused silica when an anneal 
at 950°C precedes the irradiation. The strained regions 
already present in the glass would be relieved and 
would thus reduce the number of broken bonds formed 
as a result of irradiation. It is not clear, however, why 
there is decreased sensitivity when the sample in 
question has been irradiated prior to the 950°C anneal. 
It may be that the larger number of broken bonds allows 
greater freedom of re-arrangement of the lattice con- 
stituents than is possible during the anneal of the 
previously unirradiated material. 
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Test of Spin Hamiltonian for Iron** in Strontium Titanate 
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The applicability of a conventional spin Hamiltonian to the paramagnetic spectrum of Fe** in strontium 
titanate is investigated. The work was inspired by a paper by Miiller who finds deviations from a conventional 
spin Hamiltonian which he attributed to covalent bonding. The spectrum is remeasured and compared with 
the more general theory of Koster and Statz. It is found that the conventional Hamiltonian describes the 
spectrum about as well, in this case, as the improved theory. The remaining discrepancies vary from crystal 
to crystal and are due to random distortions of the Fe** site. A rather good agreement with theory was 
obtained for one crystal which apparently was more perfect than the other measured samples. From pertur- 
bation theory, it is concluded that the deviations from a conventional Hamiltonian should be about 0.1 
Mc/sec if covalency and exchange effects can be neglected. The experimental errors in the present experi- 
ments are about 1 to 2 Mc/sec. Even though for the present example it is unnecessary to resort tothe 
improved theory, it is shown that, even in the absence of covalency, measurable deviations from a con- 
ventional spin Hamiltonian are expected in substances where the zero-field splittings and the applied 
magnetic field are large. 

I. INTRODUCTION with a spin Hamiltonian.’ Miiller stated in a recent 
paper that Fe** in strontium titanate showed deviations 
from a spin Hamiltonian. Geusic® stated that he ob- 
served deviations from a spin Hamiltonian of the order 
of one percent for Cr** in Al,O; crystals. 

Observed deviations from spin Hamiltonian may 
have many reasons. First of all, the approximations 
underlying a spin Hamiltonian may introduce errors 


N the literature, one sometimes finds statements that 

the spin Hamiltonian’? is not completely satis- 
factory in describing the energy levels of paramagnetic 
ions as a function of magnetic field. For example, in 
connection with maser studies, attention has been 
called again to the fact that gadolinium ethyl sulfate 
diluted in lanthanum ethyl sulfate shows a spectrum 


at low frequencies and lower temperatures not consistent which are larger than the experimental uncertainties. 


1B. Bleaney and K. W. H. Stevens, Reports on Progress in 3 Bleaney, Scovil, and Trenam, Proc. Roy. Soc. (London) A223, 


Physics (The Physical Society, London, 1953), Vol. 16, p. 108. 
2K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 


15 (1954). 
4K. A. Miiller, Helv. Phys. Acta 31, 173 (1958). 
5 J. E. Geusic, Phys. Rev. 102, 1252 (1956) 
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Also, the experimental observations may be in error. 
The symmetry of the lattice site may also be different 
from what is assumed. For example, when the para- 
magnetic ions are substituted into the host crystal the 
charge on the substituted ions, in general, will be 
different from those ions originally present at that 
site. To achieve over-all balance in charge, anion or 
cation vacancies may be created or other charge 
balancing defects must be present. These vacancies 
may be in the vicinity of the atom in question and 
distort the crystal symmetry. Also strains induced during 
the crystal growth cause deviations from the assumed 
symmetry. 

Adding to possible discrepancies are calculational 
uncertainties. The energy levels of the spin Hamiltonian 
can be calculated by diagonalizing the Hamiltonian 
matrix. Some workers have determined these energy 
levels by perturbation theory rather than by an exact 
computing machine diagonalization and thus have 
obtained discrepancies between calculations and experi- 
ment. Finally there is the possibility that the lattice 
distorts around the paramagnetic ion as the magnetic 
field is applied. Such a distortion would follow the 
direction of the magnetic field. Measuring a cubic 
crystal, for example, would give a spectrum with cubic 
symmetry even though the symmetry of the lattice 
site would always deviate from cubic symmetry. Such a 
distortion could result from the magnetic field induced 
changes in the wave function of the paramagnetic ion 
and its interaction with neighboring atoms. Bleaney 
et al.* invoked this concept as a possible explanation 
of the experimental observations in gadolinium ethyl] 
sulfate. 

In a first step, two of the authors investigated the 
applicability of the spin Hamiltonian.*.7 A new group 
theoretical method was developed in which it was 
assumed that we know the ground-state wave functions 
exactly. The magnetic field was introduced as a pertur- 
bation BH-(L+2S) and the Hamiltonian matrix for 
this perturbation for the lowest states was determined. 
Due to the transformation properties of the lowest 
states and due to time inversion symmetries there are 
many relations between these matrix elements. For a 
®S§ state in a cubic field, there remain only five in- 
dependent matrix elements which may be considered 
as adjustable constants when fitting the experimental 
data to this theory. As will be shown, the remaining 
error in this new theory is entirely negligible and 
deviations still remaining must be attributed to such 
effects as distortions of the lattice in the vicinity of the 
atom due to either the Jahn-Teller effect, or defects, or 
other effects not contained in the deviation of the 
theory. 

In order to see to which extent the conventional 
spin Hamiltonian theory applies and whether there are 


¢ G. F. Koster and H. Statz, Phys. Rev. 113, 445 (1959). 
7H. Statz and G. F. Koster (to be published), 
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any deviations from either the old or the improved 
theory, we have investigated as a first example Fe** 
in strontium titanate. We have chosen this material 
since Miiller has reported deviations from a con- 
ventional spin Hamiltonian formalism for this crystal 
which he felt might have been due to covalent bonding. 
In the new theory, effects due to covalent bonding are 
included and thus a fit should be obtainable. We have 
preferred this crystal to gadolinium ethyl sulfate or 
ruby since the crystal structure is cubic and thus the 
number of available constants is still reasonably small. 
It will turn out, however, that the conventional spin 
Hamiltonian will describe the spectrum much better 
than believed and the small remaining discrepancies are 
not materially reduced by the new constants. The 
origin of the residual discrepancy will be shown to be 
due to noncubic fields splitting the quadruple zero field 
degeneracy (I's+) into two doubly degenerate levels. 


II. EXPERIMENTAL PROCEDURE 


The paramagnetic resonance spectrometer illustrated 
in Fig. 1 is used to measure the interaction of electro- 
magnetic energy with paramagnetic spins in a magnetic 
field. It is similar to those described in the literature*® 
with the exception of a few modifications which are 
evident in the figure. 

The magnetic field is modulated by about 1 gauss or 
less at 25 cycles per second, and the resulting signal 
which is proportional to dx’’/dH is measured with a 
designed, narrow band, phase sensitive 
detector. The low-noise preamplifier and _phase- 
sensitive detector each have a tuned amplifier stage 
with a Q variable from 25 to zero. Two rejection filters 
are included in the preamplifier. The gain of the com- 
plete system is about 5X10" with full scale correspond- 
ing to an input of 0.2 microvolt to the transformer. The 
equivalent input noise is about 5X 10-* volt for a band 
width of 1 cps at a frequency of 25 cps. The output of 
the phase-sensitive detector can be used to keep the 
magnetic field locked to the center of an absorption 
line. This method is illustrated in Fig. 1. The time 
constant of this negative feedback loop is kept high 
(up to 500 seconds) in order to prevent oscillation at 
high amplifier gain and to reduce the effect of noise in 
the determination of the line center. 

The microwave frequency is measured with a cavity 
wavemeter which is calibrated to an absolute accuracy 
of 1 Mc/sec, and which has a resolution of about 0.1 
Mc/sec. Magnetic fields are measured with a nuclear 
resonance magnetometer and a 10 Mc/sec counter. 
Since the proton resonance probe is physically displaced 
from the paramagnetic sample, a slight correction 
(about 0.5 gauss) is made for the difference of field 
between the two points. When two resonance lines are 
not completely resolved, a correction must be made for 


specially 


® Strandberg, Tinkham, Solt, and Davis, Rev. Sci. Instr. 27, 
596 (1956). 
® G. Feher, Bell System Tech. J. 36, 449 (1957). 
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the “line interaction” effect which tends to make the 
apparent line centers slightly different from the values 
that correspond to the separate lines. If one can assume 
a Lorentz line shape, then the correction can be com- 
puted in terms of the apparent line separation, the 
linewidths, and the line amplitudes. The corrections are 
obtained from two fifth-order simultaneous equations 
which are solvable by successive approximations. The 
assumption of a Lorentz shape may be questioned when 
the lines overlap only in the wings. In that case, 
however, the line shift corrections are negligible and 
the detailed line shape is not significant. Larger correc- 
tions correspond to greater overlap; hence, the assump- 
tion of a Lorentz shape becomes more accurate and the 
values of the corrections are more accurate. 

The samples were from single crystal boules of iron- 
doped SrTiO; and were in the form of thin disks with 
the [110] direction parallel to the axis of the cylinder. 
The sample was mounted in a cylindrical resonant 
cavity operated in the To; mode, with the axis of the 
sample coincident with the axis of the cavity. The 
initial orientation of the sample was obtained by means 
of x-rays. The crystal can be rotated completely around 
the cylinder axis with a resolution of about 0.01 degree. 
Since the [110] plane and the plane of rotation are not 
necessarily exactly identical, provision is made for a 
variable tilt angle with a range of a few degrees and a 
resolution of better than 0.01 degree. There is a simple 
method for making certain crystallographic directions 
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exactly parallel to the magnetic field. For the [100], 
[110], and [111] directions the resonance field as a 
function of angle is an extremum, so that variation of 
the crystal orientation through small deviations about 
these directions will permit exact orientation of the 
crystal with respect to the magnetic field in these three 
directions. When the measurements were repeated to 
check the reproducibility of the results, the average 
agreement of the rotation angles was 0.11 degree; the 
average agreement of the tilt angles was 0.08 degree. 


III. EXPERIMENTAL RESULTS 


Table I lists the results of measurements at room 
temperature for a microwave frequency of about 10 
kMc/sec. The five resonance lines for the Fe** ions are 
designated A, B, C, D, and E in the order of increasing 
field. The resonance field values corrected for the 
magnet gradient and the “line interaction” are listed 
along with the average deviations between repeated 
readings. The sample was cut from a boule containing 
0.01 weight percent of iron. 

The initial set of measurements was used for the 
comparison of theory with experiment. A second set of 
measurements on the identical sample was used for the 
experimental validation of the original measurements. 
When the second set was corrected (0.2 gauss or less) 
for the slight frequency difference between the sets, the 
deviations between sets were found to average 0.4 
gauss. These deviations correspond to the composite 
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TABLE I. Measured and calculated line positions. 


100 ppm original run 


Direction 
type 


[100] A 
B 


Line fo Mc/sec 


10 001.3+1.0 


10 000.54-1.0 


10 001.2+-1.0 


Bo gauss 
(a) 
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100 ppm 
repeat run 


Bo gauss 
(b) 


Linewidth 
26B gauss 
(c) 


Calculated frequencies 


Least squares Deviations of 


fit with 5- 
parameter 
theory 
Mc/sec 


Miiller’s 
constant 
c/sec 


5-parameter 

theory from 

original run 
Mc/sec 





3037.4+0.1 
3140.6+0.1 
3565.320.2 
3990.4+0.2 
4085.9+0.1 
3424.5+0.2 
3454.1+0.2 
3572.2+0.3 
ee 


3684.7 +0.2 
3225.2+0.1 
3275.2+0.1 
3547.4+0.1 
3837.640.1 
3924.6+0.2 


* Corrected for “line interaction” and field gradient. 
b Measured at 10 000.7 +1.0 Mc/sec and corrected to values corresponding to frequencies of original run (for g™2.0: corrections range up to 0.2 gauss). 
© Measured between turning points on the derivative trace. 


4 This line was not resolved. 


TABLE II. Comparison of line positions of two crystals with different Fe’+ concentrations. 





3037.14+0.2 
3140.4+0.1 
3565.2+0.1 
3990.7+0.2 
4086.1+0.1 
3424.6+0.2 
3454.7+0.2 
3572.6+0.2 


3685.3+0.2 
3224.8+0.4 
3274.74+0.3 
3547.140.2 
3838.1+0.3 
3925.3+0.4 


15.2+0.6 
23.4+1.2 

8.8+0.6 
22.1+0.7 
14.1+0.2 
13.7+0.5 
16.1+0.1 

9.5+0.2 


11.9+0.1 
12.4+0.3 
12.8+0.5 

9.8+0.3 
12.8+0.2 
11.9+0.5 


10 010.2 
9989.0 
10 000.7 
10 010.9 
9995.6 
10 004.0 
9996.1 
9999.8 


10 019.9 
9998.4 
10 000.6 
10 003.5 
9983.2 
10 007.6 
9997.2 
9997.9 


9997.2 
10 003.3 
10 003.6 
10 001.1 
10 001.5 
10 001.8 


9995.6 
10 009.1 
10 008.9 
10 003.0 

9995.2 

9993.1 


+8.9 
—12.3 
—0.6 
+9.6 











100 ppm sample 


repeat run (Table I) 10 ppm sample 


Direction 
type 


[100] 


fo Mc/sec 


10 000.7-+1.0 


Bo gauss 


3036.9+0.2 
3140.2+0.1 
3565.0+0.1 
3990.5+-0.2 
4085.9+0.1 


Linewidth 
26B gauss 


15.2+0.6 
23.4+1.2 

8.8+0.6 
22.1+0.7 
14.1+0.2 


Bo gauss 


Linewidth 
26B gauss 


Line center 
shift gauss 





3037.3+0.4 
3145.9+0.3 
3565.3+0.1 
3994.1+1.0 
4085.8+0.3 


24.0+0.3 
52.8+0.2 
10.3+0.1 
40.3 

24.32:1.7 


+0.4 
+5.7 
+0.3 
+3.6 


errors introduced by the line center determination, the 
magnetic field measurement, the independent determi- 
nation of the crystal directions, and any possible drift 
in the wavemeter calibration. The linewidths are also 
measured a number of times and the average values are 
tabulated along with the average deviations of the 
various measurements. These linewidths correspond to 
the difference between the derivation maxima. 

In order to determine the variation of the spectrum 
from boule to boule and the variation with iron doping, 
measurements were made for H in the [100] direction on 
SrTiO; containing 10 parts per million of iron. The 
results are surprising and are summarized in Table II. 
There is a definite increase in linewidth for the lower 
iron concentration. In addition, there is a definite 


TABLE IIT. Deviations between theory and experiment 
for 300 parts per million sample. 


Deviations (calc-exp) Mc/sec 
(110) 
+2.5 
+5.5 
+-3.6 
+1.0 


shift of line centers particularly for lines B and D, both 
of which have the largest increase in linewidth. The 
spins are so diluted that any exchange narrowing for 
the more concentrated sample is improbable. Ap- 
parently the past history of the boule preparation 
significantly influences the linewidth and line center. 
Essentially after completion of these measurements and 
calculations a sample containing 300 parts per million 
of iron was measured which was apparently more 
perfect than the other investigated samples. The results 
of the measurements are summarized in Table ITI. 


IV. DETERMINATION OF THE CONSTANTS 
OF THE THEORY 


As has been experimentally observed (Tables I, I, 
and ITI) there are, in the line position, variations which 
change from crystal to crystal. It is therefore impossible 
to ascribe too much significance to small deviations of 
experiment from theory. We shall, however, use the 
data of Table I to determine the constants of the 5 
parameter theory. 

As was shown in reference 6, the energy levels of a °S 
state in a cubic environment are described by the 
solution of the following secular determinant: 
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The unknown constants are g1, g2, gs, ga, and the zero- 
field splitting AE. The conventional spin Hamiltonian 
theory describes the energy levels of a °S state as the 
solution of another secular determinant which results 
from 


Aen= g8H-S+a(SA+S,/+S/) (2) 


acting between the six substates of a spin angular 
momentum S=$. The predictions of Eq. (2) are 
contained in the more general Matrix (1) as a special 
case. The five normally independent constants of 
Matrix (1) become related to the two constants of Eq. 
(2) in the following way: 


gi=—(11/6)g; ge=38; gs=88; 
ga=—F(5)'g; AE=18a. (3) 
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The secular determinant (1) is, in general, complex. 
For machine diagonalization, the complex matrix has 
to be transformed into a real one. Denote the Hermitian 
Matrix (1) by H. Then we may decompose it into its 
real and imaginary parts, 


H=H,+7:Hin. (4) 
The real symmetric matrix 
: - “) 
Him H, 
can be shown to have the same eigenvalues as (4); 
however, each eigenvalue occurs twice as often as in 


(4). The dimension of the matrix has, however, also 
doubled which means an approximately eightfold 
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increase in computing time. In fitting the undetermined 
parameters of Matrix (1), many diagonalizations are 
required. For certain directions of H, symmetry 
considerations may be used to partly diagonalize the 
matrix. In the present case we want to fit the energy 
levels for H lying in the [100], [110], and [111] 
direction. In the [100] direction the matrix is already 
partly diagonalized giving two 2X2 and one 1X1 
matrix and thus no machine calculations are required 
for this direction. For the [110] direction H may be 
chosen to lie in the z—x plane and the matrix will be 
real. For the [111] direction the matrix is complex, 
yielding a 12X12 real matrix. 

Let us thus investigate how symmetry properties 
may be used to factor the matrix when H points in the 
(111 | direction. With the magnetic field pointing along 
the [111] direction, the wave functions must still be 
invariant under the operations of the group C3;. As 
may be readily verified (see for example Table II of 
reference 7) the substates of an angular momentum of 
§ span a representation of C3; which contains the one 
dimensional irreducible representations I'y*, I's*, and 
I's* each twice (notation as in reference 7). 

Since just the individual m, substates form represen- 
tations for these one dimensional groups, our Hamil- 
tonian Matrix (1) should yield three 2X2 equations 
when written down in a basis of substates which are 


¢18¢g,:—}HBg.+i8(§Hgi— }Hg2) 


( 1 8g,—4HBg.+AE—E 


+iHBegs 


( ~1HBg,+4HBg,+AE—E 


— iH Bg, 


A similar procedure shows that the 6X6 matrix de- 
scribing the energy levels in the [110] direction can be 
factored into two 3X3 matrices. In the following cal- 
culations, however, the 6X6 matrix was left as is, 
since the computing time was not too prohibitive. 

We would like to fit the constants to the measure- 
ments in the [100], [110], and [111] direction by 
something equivalent to a least-squares fit. For this 
purpose, we start with the two-parameter spin Hamil- 
tonian as determined by Miiller.4 In Table I we show 


TABLE IV. Value of constants. 


AE 
a1 &2 gs ga k Mc/sec 





Equivalent to Miller —3.6740 1.0020 1.6700 —2.9874 1.7850 
Constants as deter- 
mined by least-squares 
fit using new Hamil- 
tonian 

Change in parts per 
million 


—3.6741 1.0020 1.6703 —2.9875 1.7721 


—32 12 192 —30 —7235 
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quantized along the [111] direction. From the 6 
substates used for the evaluation (1), 4 belong to 
I's+ and 2 to T';*+ (reference 6). As the basis for I's+ we 
used the spin } substrates as quantized along the z 
direction. For I';+ we used the representation generated 
by the spin } substates multiplied by the one- 
dimensional representation I',+ (notation as in reference 
7). The 6 basis functions ¥; quantized along the z 
direction can be transformed into a new set of basis 
functions ¢; which are quantized along the [111] 
direction. If the ¢’s and y’s are presented in the form 
of a row vector, then the transformation from the y’s 
to the ¢’s is performed by the matrix 


D}(a,8,7) 0 
U= ( ), (6) 
0 D}(a,8,y) 


where the D’s are given by Rose." a, 8, and y take on 
the values 7/4, arc cos 1/v3, and 2/4, respectively. In 
the new system of eigenfunctions the original Matrix 
(1) which we shall designate by M will be transformed 
into the new matrix M’ by the relation 


M’=U-'MU. (7) 


M’ is partially diagonal and consists of the following 
three 2X2 matrices: 


1 HBg:—}HBg.—i8(AHg1—} Hg») ) 
—§H8g,—}HBg.+AE—-E 


—1HBg, 
— HBg;— ») 
+iHBgs 

HBg;— J 


the calculated and measured transition frequencies. 
We next expand the frequency difference between any 
of the pairs of levels listed in Table I in a Taylor series 
in 6g1, 5g2, 5gs, 6gs, and 6AL. Here 6g, for example, is the 
difference between g; necessary to fit the data and the 
value of g; given by Eq. (3) using the value of g as 
determined by Miiller. For some particular transition 
between levels 7 and k we can then write 


Vik = Vik +O iOg1t-bbg2+Cin5g3 
+dixdgsteydAE+-+-. (9) 


In Eq. (9), vix° is the frequency difference as calculated 
from the conventional spin Hamiltonian using Miiller’s 
constants. The constants a,x, bi, etc., may be obtained 
by differentiation or by use of the computer by changing 
gi in Matrix (1) by a small amount and observing the 
new viz. We next compute > i. (vi,—v)? where v is the 


10M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), pp. 62-75. 
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observed transition frequency. The sum over 7 and k 
is meant to include those states between: which transi- 
tions are obtained. We make the sum ));.(vi,—v)? a 
minimum by choosing 6g, etc., such that the partial 
derivatives of the sum with respect to 6g1, etc., vanish. 
We thus obtain the new computed frequency values for 
the transitions. These values are given in Table I. The 
new constants are given in Table IV. 


V. DISCUSSION OF THE RESULTS 


From Table I, it becomes evident that the theory 
cannot completely fit the analyzed experimental results. 
Especially in the [100] directions, there are deviations 
of the order of 10 Mc/sec. 

It is clear that our theory should explain the experi- 
mental observations to very close tolerances. To prove 
this, we show in Fig. 2 the splitting of a §S state due to 
the various interactions. After diagonalization of the 
Matrix (1), the remaining error in the 7th state can be 
estimated, using second order perturbation theory,’ 
to be 


Hx |? 


AE= (10) 


o=% 


H,, is the matrix element to be taken with respect to 
the perturbing operator g8H-(L+2S) between one of 
the lowest states (7) and any of the higher states (k). 
H;, is only different from zero because the higher states, 
for example, the ‘7, states have admixtures from the 
°S ground state due to the spin orbit coupling L-S or 
other interactions. The amount of the admixture is 
given by first order perturbation theory as 


(6S|L-S|*T1,) 
E(8S)—E(!T 19) 


The matrix element (°S|L-S|471,) may be estimated 
to be less than 1000 cm. From Fig. 2, the smallest 
separation E(®S)—E(47;,) is approximately 20000 
cm~. The matrix elements with respect to the pertur- 
bation BH-(L+2S) between the sublevels of the °S 
state are of the order of the splitting of the ground 
state due to the magnetic field, i.e., about 0.3 cm~. 
We thus arrive at a probable error in Eq. (10) of 
approximately 10~* cm~. This is the contribution from 
one typical set of states and the summation over all 
states has to be carried out. It is, however, quite safe 
to conclude that the observed discrepancies of about 
3X10~ cm“ cannot be explained by deficiencies in the 
theoretical model. 

To explain the deviations of the theory from the 
experiment we shall consider the line widths of the 
various lines and the measurements that have been 
done on the sample marked by “10 parts per million.” 
In Table I, we see that there is an indicated relationship 
between measured line widths and the deviation from 
the theory. In particular, we see that the lines marked 
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B and D for H in the [100] direction have the largest 
linewidth and also the largest deviation from the least- 
square fit. We find that for the lower concentration 
sample marked 10 parts per million, the line widths 
are larger than in the higher concentration sample. The 
lines B and D for H in the [100] direction are broadened 
most and also their centers shift by 5.7 and 3.6 gauss, 
respectively, from the values measured in the con- 
centrated sample. These observations are indicative of 
a random distortion of the Fe*+ lattice sites. Such a 
random distortion shifts the lines of the individual 
atoms in a random manner. If the shifts are not linear 
in the amplitudes of the distortion than a net shift in the 
peak of the absorption line also results. Apparently the 
position of the lines B and D for H in the [100 ] direction 
is affected most by the distortion. For the less concen- 
trated sample we conclude from the linewidth that 
the random distortion causes shifts of the lines B and 
D for H in the [100] direction of the order of 50 gauss 
for the individual atoms while the shift in the line 
center is about one order of magnitude smaller. Since 
the shift in the lines differs in the two samples, we 
conclude that it is not the Jahn-Teller effect which 
causes the distortion. Annealing of the sample marked 
100 parts per million at 1400°C for 10 hours reduced 
the maximum deviations from 12.3 to 7.1 Mc/sec. As 
a final check on the conclusions to be obtained in this 
paper a sample containing 300 parts per million of iron 
was measured. Apparently it is the most perfect 
sample since the deviations from the least-square fit 
are almost within experimental error (Table III). A 
new least-square fit to the new data would make the 
deviations even smaller. Deviations of theory from 
experiment are thus due to sample imperfections which 
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Fic. 2. Typical level arrangement of a (d)° 
configuration in a cubic field. 
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most probably consist of strains introduced in the 
growing process. The observed discrepancies are not 
likely to be due to charge neutralizing defects since 
their contribution is not expected to vary greatly from 
crystal to crystal. 

Let us next consider the values of the new constants 
(Table IV). The largest correction occurs in the value 
of the zero-field splitting. The corrections in gi, go, gs, 
and g, are relatively small and probably inside the 
experimental error. In the conventional spin Hamil- 
tonian all g’s are related. In the more general theory the 
various g’s are independent of each other. In the present 
case the deviations from the g values as derived from 
a conventional spin Hamiltonian are small and com- 
parable to the experimental error so that we cannot 
attribute significance to them. 

It is interesting to note that in the present case the 
additional parameters of the new theory are too small 
to be detected. We therefore believe that the deviations 
which have been observed by Miiller are not due to 
covalent bonding effects not included in the two- 
parameter Hamiltonian, but rather are due to dis- 
tortions of the Fe** lattice sites. 

Let us now compare these experimental results with 
the predictions of conventional perturbation theory 
which neglects effects due to covalent bonding and 
exchange. We investigate in which order of perturbation 
theory we first obtain terms not describable by a two- 
parameter spin Hamiltonian. This is done by consider- 
ing as a perturbation on the atomic energy levels the 
cubic field, spin-orbit, and spin-spin interactions, and 
the Zeeman energy. In.a given order of perturbation 
theory, the shift in energy is then given by products of 
matrix elements of these various perturbations divided 
by energy denominators of the order of magnitude of 
the multiplet separations (~20 000 cm™). It is easily 
shown that for each chain of matrix elements" which 
contributes to the zero-field splitting there is in the next 
order of perturbation theory a corresponding chain 


See H. Watanabe, Progr. Theoret. Phys. (Kyoto) 18, 405 
(1957), for many examples of such chains. 
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involving one more matrix element, namely one of 
BH-(L+2S) between the ®S substates. These matrix 
elements give rise to a discrepancy with the two- 
parameter spin Hamiltonian. We have not found as yet 
matrix elements which give discrepancies in the same 
order of perturbation theory where the zero-field 
splitting terms appear. We could, however, prove that 
such terms do not exist when we neglect spin-spin and, 
of course, covalency effects. If we always have to go 
to higher order perturbation theory then the deviations 
from a conventional spin Hamiltonian may be estimated 
to be 


(zero-field splitting) X (Zeeman energy) 
(multiplet separation) 





Inserting the appropriate numbers for the present 
example we obtain about 0.1 Mc/sec. This is about ten 
times smaller than the experimental error. We see from 
this simplified estimate that measurable deviations are 
even expected if we neglect covalency, exchange, and 
similar effects in crystals which show large zero-field 
splittings and where high magnetic fields are employed 
(millimeter paramagnetic resonance measurements). 
As typical crystals, we may mention Fe*+ in MgWO,” 
and Cr** in emerald.’® We may also expect the more 
complete Hamiltonian to be of importance where the 
crystalline field is very large as compared to the central 
field. Extreme cases of this type may occur when 
electrons are situated in lattice vacancies and other 
similar defects. 
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Expressions are developed giving the correlation factor for an impurity diffusing in an otherwise pure 
lattice. These expressions will apply in general since, in the derivation, there is no requirement that there 
must be a large binding energy tending to create vacancy-impurity complexes. When this requirement is 
eliminated, accurate expressions can be obtained even for the nonclose-packed lattices. Both vacancy and 
interstitialcy mechanisms are treated. A matrix method developed by LeClaire and Lidiard for the face- 
centered cubic lattice is applied to various lattices to obtain approximate expressions for the correlation 
factor. Then a correction is applied giving the effect of those dissociating vacancies (or interstitialcies) which 
return to the impurity. It is found that the effect is the same as if only a fraction of the dissociative jumps 
actually occurred. If it is assumed that the effect of an impurity is quite localized, the probability of return 
can be calculated in a very straightforward manner. It is shown that the effect of returning vacancies (or 
interstitialcies) can be quite important. The resulting expressions are used to estimate the correlation factor 


in nondilute alloys. 


INTRODUCTION 


HE random-walk treatment of diffusion in solids 
assumes that diffusion takes place by each atom 
making a succession of elementary atom jumps from 
site to site throughout the lattice. This process is 
characterized by a jump frequency v and a jump dis- 
tance a, with the resulting expression for the diffusion 

coefficient D being 
D=1a’». (1) 


When the directions of successive atom jumps are 
related to each other, the usual random-walk treatment 
must be modified to include the correlation between suc- 
cessive jumps.'~* This can be done by multiplying the 
jump frequency »v by a correlation factor /, with vf being 
the “effective” jump frequency. In some cases, no 
correlation between successive jumps will occur; for 
instance, ordinarily there will be none when diffusion 
occurs by an interstitial mechanism. However, when 
diffusion occurs by a vacancy or interstitialcy mecha- 
nism, a correlation will occur, thus making it quite a 
common phenomenon. Conventional diffusion experi- 
ments measure only the “effective” jump frequency vf. 
Thus, in cases where {~1, a measurement of the diffu- 
sion coefficient will not lead directly to a determination 
of the jump frequency ». 

This difference between the actual jump frequency v 
and the effective jump frequency vf can be quite im- 
portant. For example, it has been used to explain why 
(1) the experimentally observed isotope effect for diffu- 
sion does not always show the M~! dependence predicted 
by rate theory, and (2) the Einstein relation, ¢/D* 
=Ne?/kT, relating the ionic conductivity, o, in ionic 
crystals to the self-diffusion coefficient, D*, quite often 


1 J. Bardeen and C. Herring, Atom M ovements (American Society 
for Metals, Cleveland, 1951), p. 87; Imperfections in Nearly 
Perfect Crystals (John Wiley & Sons, Inc., New York, 1952), p. 
261 


2A. D. LeClaire and A. B. Lidiard, Phil. Mag. 1, 518 (1956). 

3K. Compaan and Y. Haven, Discussions Faraday Soc. 23, 105 
(1957). 

4A. H. Schoen, Phys. Rev. Letters 1, 138 (1958). 


is not confirmed experimentally.>-* Then, from experi- 
ments such as these, one can determine a value for the 
correlation factor. Since the magnitude of the correla- 
tion factor depends on the type of diffusion mechanism, 
such measurements can help determine the diffusion 
mechanism in these crystals.*-” In case (2) above, when 
diffusion occurs by an interstitialcy mechanism, an 
additional correction must be made, since the electric 
charge moves twice as far during a jump as does each 
individual atom. This is not a correlation effect as 
defined above; however, it does allow a further differ- 
entiation between the interstitialcey and vacancy 
mechanisms. 

The temperature dependence of the correlation factor 
can appreciably affect the measured activation energy 
for diffusion." Also, because of correlation, the depend- 
ence of the diffusion coefficient on chemical composition 
may be quite different from that of the jump frequency. 
These last two effects will be especially large for fast 
diffusing impurities. 

The correlation factor is related to (cos@),, the aver- 
age cosine of the angle between two successive atom 
jumps. For a vacancy mechanism, where each atom 
jump is correlated to the immediately preceding jump, 


f=(1+0)/(1—-C), (2) 


where C=(cos6),,. With an interstitialcy mechanism, 

5 W. D. Compton, Phys. Rev. 101, 1208 (1956); W. D. Compton 
and R. J. Maurer, J. Phys. Chem. Solids 1, 191 (1956). 

6 R. J. Friauf, Phys. Rev. 105, 843 (1957). 

7A.S. Miller and R. J. Maurer, J. Phys. Chem. Solids 4, 196 
(1958). 

8K. Compaan and Y. Haven, Proceedings of the Third Inter- 
national Conference on the Reactivity of Solids, Madrid, April 
1956 (unpublished), p. 255; Y. Haven, Report of the Conference on 
Defects in Crystalline Solids, Bristol, 1954 (The Physical Society, 
London, 1955), p. 261. 

9C. W. McCombie and A. B. Lidiard, Phys. Rev. 101, 1210 
(1956). 

10 A. B. Lidiard, Proceedings of the Third International Confer- 
ence on the Reactivity of Solids, Madrid, April 1956 (un- 
published), p. 481; Handbuch der Physik (Springer-Verlag, Berlin, 
1957), Vol. 20, p. 324; Suppl. Nuovo cimento 7, 620 (1958). 

J. R. Manning, Phys. Rev. Letters 1, 365 (1958). 
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TABLE I. Values of (cos@),, and correlation factor f for self-diffusion 
(after Compaan and Haven*), 


(cos@) py 


Vacancy mechanism 


Face-centered cubic lattice —().12268 0.78146 
Diamond lattice 4 
Body-centered cubic lattice —0.15793 


Simple cubic lattice — 0.20984 


0.72722 
0.65311 


Interstitialcy mechanism (with collinear jumps) 
Silver chloride lattice —} 
Face-centered cubic lattice —} 


* See reference 14. 


there are two kinds of atom jumps. In one, the atom 
jumps from a normal lattice site () to an interstitial 
site (i), and, in the other, it jumps from an interstitial 
site to a normal site. Each m —>1 jump is correlated to 
the immediately preceding i— jump. However, the 
direction of the i — m jumps are completely independent 
of any preceding atom jump. Thus, only half of the 
atom jumps are correlated to previous jumps, and 


fH1+C’, 


where the prime indicates that the average is taken over 
pairs of consecutive i— mn and m— 1 jumps only. For 
both the vacancy and interstitialcy mechanisms, (cos@) 
is negative, so, in both cases, f will be less than unity. 

In a crystal lattice or sublattice containing just one 
type of atom, the value of (cos@), will depend only on 
the crystal geometry and the diffusion mechanism. 
These values can in principle be calculated mathe- 
matically to as great a precision as desired. Compaan 
and Haven," using an electrical analog, have de- 
termined (cos@),, for both vacancy and interstitialcy 
mechanisms in various types of lattices. Some of these 
values are listed in Table I. A more extensive list may be 
found in reference 14. 


(3) 


CORRELATION FACTOR FOR AN IMPURITY ATOM 
DIFFUSING BY A VACANCY MECHANISM 


Face-Centered Cubic Lattice 
Lidiard-LeClaire Expression 


Lidiard and LeClaire,?'® developed an expression for 
C for an impurity atom which is associated with a 
neighboring vacancy and is diffusing in an otherwise 
pure face-centered cubic lattice. They defined three 
different jump frequencies for the associated vacancy: 
(1) we is the frequency of exchange with the impurity, 
(2) w, is the frequency of exchange with any one of the 
four solvent atoms that are common nearest neighbors 

2K. Compaan and Y. Haven, Trans. Faraday Soc. 52, 786 
(1956). 

1K. Compaan and Y. Haven, La Diffusion dans les Metaux 
(Bibliotheque Technique Philips, Eindhoven, 1957), p. 19. 

14K. Compaan and Y. Haven, Trans. Faraday Soc. 54, 1498 
(1958). 

16 A. B. Lidiard, Phil. Mag. 46, 1218 (1955). 
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of both the vacancy and impurity, and (3) &; is the fre- 
quency of exchange with any one of the seven solvent 
atoms that are nearest neighbors of the vacancy but not 
of the impurity. It was assumed that all vacancies that 
made k; jumps were completely dissociated from the 
impurity and, if they returned to the impurity at all, 
would return from purely random directions. The re- 
sulting expression for C=(cos@),, was 


C= —we/(we+2wit7hi). (4) 


The assumption that all atoms that make &; jumps 
are lost and do not return causes very little error if k; is 
very small compared to w, and we, but the error becomes 
larger as k, increases. 


Contribution from Returning Vacancies 


In the present paper, we will calculate the contribu- 
tion to the correlation factor from the vacancies that 
return after making &; jumps. This will allow considera- 
tion of those cases where the impurity is mot strongly 
associated with any vacancy. 

The general method used will be first to calculate an 
approximate expression, such as Eq. (4), in which all 
dissociating vacancies are assumed lost and then modify 
this equation to correct for the effect of returning 
vacancies. For the face-centered cubic lattice, the neces- 
sary modification is the replacement of 7k1, which is the 
frequency with which a vacancy makes a dissociative 
jump, by 7Fk, where F is the fraction of dissociating 
vacancies that effectively do not return. Thus, 7F;, is 
the “effective” frequency of dissociative jumps. A 
similar modification is necessary for other lattices. 

A vacancy that has made a k; jump can return to any 
one of the twelve lattice positions on the first coordina- 
tion shell (nearest neighbors of the impurity). These 
twelve sites can be divided into five groups, each lying 
on a different (110) lattice plane. (See Fig. 1.) These 
groups will be (a) the site from which the k; jump 
originated, (6) the four sites that are nearest neighbors 
of both site (@) and the impurity, (c) the two sites on 
the same plane as the impurity, (d) the four nearest 
neighbor sites on the next parallel plane, and (e) the last 
nearest neighbor, which will be opposite site (@). We can 
let the probability that a vacancy which has made a k; 
jump from site (a) will return to the first coordination 
shell by arriving at a given site (a), (b), (c), (d), or (e) be 
A, B, C, D, and £, respectively, and let Ky be the 
probability that the vacancy, when it jumps from site 
(a), will make a dissociative jump. For a face-centered 
cubic lattice, K,=7k1/(w2+4wi+7k1). Then, the proba- 
bility that a vacancy on site (a) will make a dissociative 
jump and subsequently return to a site (a), (0), (c), (d), 
or (e) will be KiA, KiB, KiC, KD, and K,E, respec- 
tively; and the extra vacancy concentration from the 
returning vacancies will be given by K,(4,4B,2C,4D,£), 
where the coefficients 1, 4, 2, 4, and 1 represent the 
number of equivalent sites of each type. 
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Fic. 1. Face-centered cu- 
bic lattice. Nearest neigh- 
bors of the impurity X are 
designated by a, 6, c, d, and 
e. Sites designated 1, 2, 3, 
and 4 are first, second, 
third, and fourth nearest 
neighbors of the impurity. 
The arrows with w;, w2, and 
k, denote the vacancy jump 
frequencies. 
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In order to calculate the contribution that the re- 
turning vacancies make to (cos@),,, we must multiply the 
extra vacancy concentration by gcos#@, where g is a 
constant, giving the probability that the vacancy on 
its next jump will exchange with the impurity (equal to 
we/[we+4wi+7k; | for the twelve nearest neighbor sites), 
and cos@ for sites (a) to (e) is given by (—1, —3, 0, 3,1). 
The contribution to (cos@),, from the first jump the va- 
cancy makes after returning to the first coordination shell 
is obviously the same for the actual K1(A,4B,2C,4D,E£) 
distribution as it would be for a K,(A+2B—2D—E, 
0, 0, 0, 0) distribution. The detailed analysis which 
follows shows that this is true for all succeeding jumps 
also. 

We can let an, Bn, Yn, dn, and €, be the probabilities 
that a vacancy which starts at site (a) will be at a given 
site (a), (b), (c), (d), or (e), respectively, after m jumps, 
regardless of whether the vacancy makes a dissociative 
jump or not. These quantities, when summed over n 
from zero to infinity, give the total probability that the 
vacancy will visit these sites (multiple visits being 
counted separately). We can let a=>> an, B=D Bn, 
¥=D yn, 6=D bn, and «= >> en. Then a vacancy which 
starts at site (a) will have probabilities a, 8, y, 6, and € 
of visiting a site (a) to (e), respectively; one which 
starts at a (b) site will have probabilities 8, a+8+y7+6, 
B+6, B+v7+é6+., and 6 of visiting a site (a) to (e), 
respectively; one that starts at a (c) site will have 
probabilities y, 28+26, a+e, 28+26, and 7; one that 
starts at a (d) site 6, B+y+d+e, 8+6, a+8+y+6, and 
8; and one that starts at site (e) €, 6, y, 8, and a. From 
these probabilities and the values of cos#, we find 
that the contribution to (cos@), from the actual 
K,(A,4B,2C,4D,E) distribution is equal to —gKi(a+28 
—26—¢)(A+2B—2D-—E). This exactly equals the 
contribution that would be obtained from the equivalent 
K,(A+2B—2D—E, 0, 0, 0, 0) distribution. 

The equivalent distribution above contains a vacancy 
concentration only at site (a), with no vacancies being 
at sites (b), (c), (d), or (e). However, the effect that this 
equivalent distribution has on (cos@)y is exactly the 
same as the effect from the actual distribution for re- 
turning vacancies. Thus, one can say that a certain 
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fraction, F’=A+2B—2D—FE, of the vacancies that 
make a k; (dissociative) jump from site (a) will “effec- 
tively” return to this site; and, hence, these vacancies 
can be treated as if they did not jump at all. A vacancy 
can make a k; jump from any of the twelve sites neigh- 
boring on the impurity, but, in each case, the above 
discussion applies, and the effect on (cos6),, is the same 
as if only a fraction F(=1—F’) of the &; jumps actually 
occurred. 

A similar result can also be obtained for other lattices 
which satisfy the necessary symmetry conditions. In 
lattices where the only possible impurity jumps are 
those with cos@ equal to +1, 0, or —1, the necessary 
symmetry will always be present. Any lack of symmetry 
in the jump probabilities merely will make the calcula- 
tion of the factor F more difficult. For other lattices, the 
symmetry conditions will be satisfied if (1) the vacancy 
distribution spreads out symmetrically from the axis 
determined by the direction of the original vacancy- 
impurity jump (since then the effect of the actual dis- 
tribution can be the same as that of a distribution 
located entirely on this axis) and (2) the impurity jump 
probabilities (g) are symmetric with respect to this axis. 
Also, the symmetry conditions could be satisfied if any 
lack of symmetry in the vacancy distribution were 
cancelled by an opposite lack of symmetry in g. How- 
ever, this situation will occur only rarely. Both condi- 
tions (1) and (2) above will be satisfied if each impurity 
jump vector lies along an axis of two- or threefold sym- 
metry. This condition will be satisfied in many crystals ; 
for example, in those with cubic or simple hexagonal 
lattices. However, in other crystals, such as those with 
hexagonal-close-packed lattices (especially if c/a 
~ 1.633), the symmetry conditions will not be fully 
satisfied. 

In a face-centered cubic lattice, the actual frequency 
of dissociative jumps is given by 741. However, since not 
all vacancies that make &; jumps are lost, the coefficient 
of ky in Eq. (4) should be multiplied by F(=1—F’), the 
fraction of vacancies making such jumps that “effec- 
tively” do not return. Thus, 


C= —we/ (we+2wi+7Fh). (5) 
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I'1G. 2. Diamond lattice (schematic diagram). Nearest neighbors 
of the impurity X are designated by 1a and 10. Sites designated 2, 
3, and 4 are second, third, and fourth nearest neighbors of the 
impurity. The arrows with we, w, w,’, and k; denote the vacancy 
jump frequencies 


It may be noted that only the coefficient of k1, and not 
the coefficients of w; or w2, need be modified in order to 
include the correction for returning vacancies. 

The determination of the quantity F can be carried 
out by a Bardeen-Herring calculation,’ following the 
diffusion of the vacancy step by step, eliminating all 
vacancies that arrive back at nearest neighbor positions, 
and calculating the probabilities A, B, D, and E by 
summing over n from one to infinity, where n is the 
number of vacancy jumps. In general, the results will 
depend on the vacancy jump frequencies at second 
nearest neighbor positions and farther from the im- 
purity, and the calculation will be very laborious. How- 
ever, if the region in the crystal that is disturbed by the 
impurity atom is quite localized, the jump frequencies 
for a vacancy at a second nearest neighbor position or 
farther from the impurity will be very little affected by 
the presence of the impurity. Then, so long as the 
vacancy is outside of the first coordination shell, it can 
be treated as if it were diffusing in a pure lattice. In this 
case, the problem becomes quite simple, since we can 
make use of the results obtained by Compaan and 
Haven for diffusion in a pure lattice. 

From Table I, we see that the value of C for self- 
diffusion by a vacancy mechanism in a face-centered 
cubic lattice is —0.12268. For self-diffusion, w2=w,= hy, 
so from Eq. (5), 


0.12268=1/(3+7F), (6) 


and 


F=0.7359. 


When the assumption above is made, this value of F 
also applies to impurity diffusion, so 


C= —we/ (wo+2w,4+5.151k;), (7) 
and, from Eq. (2), the correlation factor is given by 


f= (wi +5.151k1)/(2w2+2wi+5.151k). (8) 
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Diamond Lattice 


The method described above can also be used to de- 
termine the correlation factor for diffusion of an im- 
purity in a diamond lattice. Since an approximate 
expression analogous to Eq. (4), assuming that all 
vacancies that make dissociative jumps are lost, is not 
available for the diamond lattice, it will first be neces- 
sary to develop one. Then we will make a correction for 
those vacancies that return. 

In the face-centered cubic lattice, the vacancy can 
exchange with a solvent atom without dissociating from 
the impurity ; and if the vacancy is tightly bound to the 
impurity (giving w:>k,), the approximate expression 
should be quite accurate. However, in the diamond 
lattice, this is not so. Thus, in this lattice (and other 
nonclose-packed lattices), it is essential to consider the 
effect of returning vacancies if one desires an accurate 
expression. 

We can begin by assigning vacancy jump frequencies 
(see Fig. 2), letting we be the frequency of exchange of a 
vacancy with a neighboring impurity atom, w; be the 
frequency with which a vacancy will jump from a 
position as nearest neighbor to an impurity to a next 
nearest neighbor position, w:’ be the frequency with 
which a vacancy will make a jump from a position as a 
next nearest neighbor of an impurity to a nearest 
neighbor position (the reverse of a w; jump), and k; be 
the frequency with which a vacancy will jump from a 
given position in the second coordination shell of the 
impurity (next nearest neighbor) to one on the third 
coordination shell (third or fourth nearest neighbor). As 
a first approximation, we will consider vacancy motion 
on only the first and second coordination shells; that is, 
on those lattice points that can be reached in one or two 
jumps away from the impurity. All vacancies that reach 
the third coordination shell (by making ; jumps) will 
be considered lost. 

An approximate expression for C can then be obtained 
by applying a method similar to that used by LeClaire 
and Lidiard? for the face-centered cubic lattice. Let us 
consider an impurity atom that has just exchanged posi- 
tions with a vacancy. Then let p,(s) be the probability 
that site s, a nearest neighbor of the impurity site, will 
be occupied by the vacancy after the mth succeeding 
vacancy jump. If r(s) is the contribution to (cos6)y by 
the next jump of the vacancy from site s (equal to g, the 
probability of exchange with the impurity, multiplied 
by the appropriate cos6), 


C=¥ EX 4(s)pals). (9) 


alls 


By ordering the sites in some suitable manner, the vari- 
ous f(s) coefficients can be written as a column matrix 
pn and the r(s) can be written as a row matrix r. Be- 
cause of lattice symmetries, some elements of these 
matrices will always be equal to each other, so both pp 





CORRELATION EFFECTS 


IN IMPURITY 


DIFFUSION 

















Fic. 3. Body-centered cubic lattice. Nearest neighbors of the impurity X are designated by a, b, c, and d. Sites designated 1, 2, 3, 4, 
and 5 are first, second, third, fourth, and fifth nearest neighbors of the impurity. The arrows with we, w), w;’, ki, and k» denote the 


vacancy jump frequencies. 


and +r can be contracted. Then, each element in the 
contracted 7 matrix will contain an additional factor 
giving the number of equivalent sites represented by 
that element. In the case of the diamond lattice, the 
position occupied by the vacancy immediately after the 
impurity-vacancy exchange will correspond to cosé= — 1. 
The other three positions neighboring on the impurity 
will be equivalent, each corresponding to cos#= 43. Thus, 
the r matrix is given by 


7t=g(—1, 1), (10) 
where g=we-/(w2+3w). 

A vacancy that begins a random walk at one of the 
four positions neighboring on the impurity can return 
to this or another such position only after an even num- 
ber of jumps. Therefore, we need to calculate p, only 
when is even. The probability coefficients pny2(s) are 
related to the p,(s) by a set of linear equations, so, in 
matrix notation, 


Pniz=Phn, (11) 


where P is the square matrix, 


s @ 
p=] | 
0 3 
wy Wi 
(Paes) 
wy'+3k, Wot3w 


Vacancy paths that involve an exchange with the 
impurity atom have been neglected in calculating P 
above, since we are interested only in finding the cosine 
of the angle between two successive impurity jumps. 

From Eqs. (10) and (12), 


7P=3hr, (13) 


and 


7P*= (3h)"r. (14) 


From Eqs. (9) and (11), 


C=1X Py, (15) 
n=O 


where fo is the column matrix {1,0}. Thus, 
p= — g(1—3k)—, 
C= —we/{wet[9wrk1/ (wi'+3k1 ) }}. 


However, this is only an approximate value since the 
effect of the return of dissociating vacancies has been 
neglected. 

A certain fraction of the vacancies that make k, 
jumps will eventually return. As in the face-centered 
cubic lattice, the effect of vacancies which have escaped 
by making a &; jump from site a (which in the case 
considered here will be on the second coordination shell) 
returning to one of the twelve lattice sites on this shell 
will be the same as if a fraction (1— /’) returned to site a. 
A returning vacancy cannot reach the first coordination 
shell in the diamond lattice without passing through the 
second coordination shell. Thus, so long as a vacancy in 
the third coordination shell or farther from the impurity 
diffuses as if it were in a pure lattice, the probabilities of 
return will be the same as for self-diffusion. From 
Table I, we find C= —} for self-diffusion in a diamond 
lattice. For self-diffusion, w2=wi=w)/=hi, so, from 
Eq. (17), 


(16) 
(17) 


4=1/{1+[9F/(1+3F) ]}, (18) 
and F=3, 

Thus, for an impurity diffusing by a vacancy mechan- 
ism in an otherwise pure diamond lattice, the correlation 
factor is given by 

f=3wik1/[we(wi’ +2hk1) +3u1h: ]. (19) 


If ki=wy’, i.e., if the direction of jump of a vacancy 
in the second coordination shell is random, we obtain 
the very simple expression, 


f=wy;/ (wetw). (20) 


Body-Centered Cubic Lattice 


The preceding arguments can be extended to the 
body-centered cubic lattice. (See Fig. 3.) As in the 
diamond lattice, a vacancy cannot move directly from 
one position neighboring on an impurity to another; 
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however, unlike the diamond lattice, not all sites on the 
second coordination shell are equivalent, since second, 
third, and fifth nearest neighbors all lie on this shell. 
Hence, the simple treatment used for the diamond 
lattice will not be adequate. 

We can assign vacancy jump frequencies, letting w2 
be the frequency of exchange of a vacancy with a 
neighboring impurity atom, w, be the frequency of jump 
from one of the nearest neighbor sites to one of the 
second nearest neighbor sites, w;’ be the frequency of 
jump from a second to a first nearest neighbor site (the 
reverse of a w; jump), &; be the frequency of jump from 
a nearest neighbor position to one of the third or fifth 
nearest neighbor positions, k2 be the frequency of jump 
from a second to one of the fourth nearest neighbor 
positions, and all other jump frequencies be wo, the 
vacancy jump frequency in pure solvent. 

The first nearest neighbor sites can be divided into 
four groups, (@) one site at (111), () three sites at 
(111), (c) three sites at (111), and (d) one site at (111) 
with the corresponding cosines —1, — 4, 4, 1. Thus, 

r=g(—1, —1, 1, 1), (21) 
where g= w2/ (we+3wit4k,). 

As a first approximation, we will consider the motion 
of vacancies on the first and second coordination shells 
only. Then, 


pruie= Pou, 

Here, P; refers to cases where the first vacancy jump 

is a w; jump, while P» refers the cases where it is a hk; 
jump. Then, 


P=P,+P». (22) 


where 


0 


(3 6 3 
4 (23) 
~) 
6 


12 
P, =I} 
10 


4 


with 


hy 


= - x _——— i.) 
4wy'+4ko wet3wit4hki 


1 ky 


hy= <n 
8 Wot3wit4k, 


From Eqs. (21) through (24), 
tP= (4h\+5h.)r, 


and using Eq. (15) with po={1,0,0,0}, we find 


—We 


Cc=— —-— —_—. 
wot 2w,+3.375ki+[wike/(witke) | 
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The fraction of vacancies that effectively do not re- 
turn after making a k, jump will be different from the 
fraction that effectively do not return after making one 
of the dissociative jumps which can follow a k; jump. 
Also, these fractions will depend on the jump frequencies 
wy’ and ke, so they cannot be calculated easily ; however, 
they both should be ~0.6. 

If we assume w )’=k.=wo, and consider a vacancy as 
being dissociated after making either a k; jump or a w; 
jump, we obtain the alternate expression, 


C= = Wo /(wW2+3F ww, t+4F oki), (27) 


where F, and F» are the fraction of vacancies making w; 
and k; jumps that are effectively lost. 

We still cannot solve for F; and F; in Eq. (27) by the 
simple method used for the face-centered cubic and 
diamond lattices. However, the vacancy will diffuse as 
in a pure lattice until it returns to a nearest neighbor 
position, so a calculation by the Bardeen-Herring 
method! (or the Compaan-Haven electrical analog 
method") presents no great difficulties. The step in- 
volving elimination of all vacancies that return to a 
nearest neighbor position can be neglected if, at the end 
of the calculation, a simple correction is made for those 
vacancies that return more than once. The fractions F; 
and F» were calculated by the Bardeen-Herring method. 
The contributions from n<9 were summed exactly, 
while those from »>9 were integrated, using the 


expression, 
or n—1 SJ 
xn exp} — — ( )- | (28) 
4na°\ in 4n 


expanded in inverse powers of n. In this expression, 
is the number of vacancy jumps, a is the jump distance, 
and r is distance from the origin. The resulting values 
were F,=0.783 and F.=0.746, with the error being 
limited to the third significant figure. 

Even for fairly large values of n, there is a considerable 
effect from the inclusion of the quantities (n—1)/n and 
(3/4n) in Eq. (28). However, the other higher order 
terms that one obtains in the random walk derivation of 
Eq. (28) can be neglected. 


concentration 
of vacancies 




















Fic. 4. Simple cubic lattice. Nearest neighbors of the impurity X 
are designated by a, b, and c. The arrows with we, w:, and k, denote 
the vacancy jump frequencies. 
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Fic. 5. Silver chloride lattice. Interstitialey mechanism with col- 
linear jumps. The small black dots denote the possible interstitial 
positions. The large black dots denote the Cl ion lattice sites and 
the open circles the Ag ion lattice sites. The impurity is marked 
with an X. The arrows with w; and w2 denote the interstitialcy 
jump frequencies. 


Quite accurate results can be obtained from the 
procedure described above, i.e., summing the contribu- 
tions from the smaller values of m and then using Eq. 
(28) to integrate over the larger values of n. For com- 
parison, the values of (cos@),, for various pure lattices 
were calculated by this method, assuming diffusion by 
both vacancy and interstitialcy mechanisms. For diffu- 
sion by vacancies, the results agreed to four significant 
figures with the most recent Compaan-Haven values." 
Similar calculations for diffusion by interstitialcies gave 
agreement to two or three significant figures. The 
probability distribution for a vacancy that has caused a 


tracer jump (giving the possible positions of this 
vacancy at some later time) will spread out symmetri- 
cally from the original tracer position ; while that for an 
interstitialcy will not. This makes the calculations for a 
vacancy mechanism both easier and more precise than 
those for an interstitialcy mechanism. 


Simple Cubic Lattice 

The treatment for a simple cubic lattice (see Fig. 4) 
is quite similar to that for the body-centered cubic. If 
w2 is the frequency with which a vacancy exchanges 
with a neighboring impurity, w, is the frequency with 
which a vacancy will jump from a nearest neighbor 
position to one of the next nearest neighbor positions, k; 
is the frequency from a nearest neighbor position to the 
fourth nearest neighbor position, and all other jump 
frequencies are the same as in a pure lattice, 

C= —wWo/ (wot 4F wit Fok). 

A Bardeen-Herring calculation shows that F,=0.760 
and F,=0.726, with the error again being limited to the 
third significant figure. 


(29) 


CORRELATION FACTOR FOR AN IMPURITY ATOM 
DIFFUSING BY AN INTERSTITIALCY 
MECHANISM 


AgCl Lattice 


In AgCl®* and AgBr,®? it is believed that silver 
diffusion occurs at least in part by means of an inter- 
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stitialcy mechanism. For the collinear case, where the 
interstitial atom and the normal lattice atom that it 
displaces both move in the same direction during the 
interstitialcy jump, the interstitial positions will lie on a 
diamond-like lattice. (See Figs. 5 and 2.) The analysis 
for interstitialcy diffusion in an AgCl lattice is very 
similar to that for vacancy diffusion in a diamond lattice, 
and the same value of (cos) is obtained. Finally, if 
k,=wy’, the correlation factor is given by 


f= 2w1/ (w2+2w). (30) 


This last expression differs from that for vacancy 
diffusion in a diamond lattice because the relation be- 
tween f and (cos6),, is different. [See Eq. (2) and (3).] 


Face-Centered Cubic Lattice 


In a face-centered cubic lattice in which interstitialcy 
diffusion occurs by means of collinear jumps, the inter- 
stitial positions will lie on a simple cubic lattice. (See 
Fig. 6). If we is the frequency with which an interstitial 
atom will jump to a lattice site by pushing a neighboring 
impurity from that site, and w; is the corresponding 
frequency for a neighboring solvent atom, we obtain 


C=—wy/(wi+5Fws), (31) 


where F is the fraction of interstitialcies that are 
effectively lost after a w; jump. From Table I, C= —0.200 
for self-diffusion. Thus, F=0.8; and the correlation 
factor f is given by 


f=4wy1/(w2t4w). (32) 


If we distinguish between the four w; jumps which are 
at right angles to the direction of the original impurity 
jump, calling these k, jumps, and the one w; jump that 
is in the same direction as the original impurity jump, 
calling this a k, jump, we obtain 


C= —Ws/(wet4F iki +F 2k). (33) 


From a Bardeen-Herring calculation, it is found that 
F,=0.815 and F,=0.740, with the last figure being 
estimated. 





Fic. 6. Face-centered cubic lattice. Interstitialey mechanism 
with collinear jumps. The small black dots denote the possible 
interstitial positions. ‘he open circles denote the normal lattice 
sites. The impurity is marked with an XY. The arrows with wy, ky, 
and kz denote the interstitialcy jump frequencies. 
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CORRELATION FACTOR FOR DIFFUSION 
IN ALLOYS 


If a few simplifying assumptions are made, the pre- 
ceding analyses can be extended to the case of nondilute 
alloys. For example, let us consider diffusion by a 
vacancy mechanism in a face-centered cubic substitu- 
tional alloy. 

In the nondilute range, there will be a large number 
of impurity atoms, so a vacancy should not be bound 
strongly to any one of them and also w; should be ap- 
proximately equal to k,. Effects from fluctuations in the 
local concentration of impurity atoms should average 
out, so, on the average, w:=ki=W, where W is the 
average jump frequency for a vacancy. In a binary alloy 
having N,4 atom fraction of A atoms and Ng atom 
fraction of B atoms, 


W = NawWa +N BWR, 


where w4 and wg are the frequencies with which a 
vacancy exchanges with a neighboring A or B atom. 
Then, from Eq. (8), the correlation factor f4 for A 
atoms is given by 


fa=7151W/(2wat7.151W), 


(34) 


(35) 


and a similar expression holds for B atoms. 

The correlation factor will be a function of chemical 
composition, since, in general, both W and wz, will de- 
pend on V4 and Vz. When only a small amount of the 
faster diffusing species is present, the variation with 
composition can be quite large,!® since, in this case, a 
small change in composition can cause a relatively large 
change in W. In both dilute” and nondilute’® alloys the 
correlation factor can be expected to depend on temper- 
ature. This dependence will tend to be greatest when the 
faster diffusing species is present in dilute concentration. 
In general, because of the w4 dependence, all correlation 
effects will be larger for the faster diffusing species. 


DISCUSSION 


A theory has been developed to predict correlation 
effects for impurity diffusion and diffusion in nondilute 
alloys in various crystal lattices. The method is quite 
general and can be extended to many lattices not 
treated here. For diffusion of an impurity atom in an 
otherwise pure lattice, it was assumed that motion of 
the vacancy or interstitialcy when it is outside the first 
or second coordination shell is the same as in a pure 
crystal. This assumption should not introduce any large 
error and allows a considerable simplification. In non- 
dilute alloys, the assumption that the effect of a tracer 
atom is quite localized seems very reasonable. Then, if 
it is assumed that fluctuations in local composition will 
not greatly affect the average correlation factor, an ex- 
pression for the correlation factor can be derived directly 
from that for impurity diffusion. 


16 J. R. Manning, Phys. Rev. 116, 69 (1959). 
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TaBLE II. Correlation factors for diffusion by a vacancy mech- 
anism in a face-centered cubic alloy. In Column A, the effect of 
returning vacancies is included; while in Column B, it is not. [See 
Eqs. (2), (4), and (35).] 





Column A Column B 
S=71S1W/(2w24+7151W) f=9W/(2w2+9W) 


w/W 


0.2 
1.0 
5.0 





0.957 
0.818 


0.947 
0.781 
0.417 


In the derivation of these expressions, the probability 
of a dissociated vacancy (or interstitialcy) returning to 
the impurity was considered. The effect of the returning 
vacancy (or interstitialcy) quite often will not be 
negligible. Table II shows the effect in the case of 
vacancy diffusion in a face-centered cubic nondilute 
alloy. 

The face-centered cubic lattice will show the smallest 
effect from returning vacancies, since in this lattice it is 
possible for the vacancy to exchange with a solvent 
atom without dissociating from the impurity. If the 
vacancy is tightly bound to the impurity, the approxi- 
mate expression [Eq. (4) ] should be quite accurate. In 
the other lattices considered, this is not so. In these 
cases, if we neglected the possibility that a vacancy 
which has dissociated from the impurity by jumping to 
a non-nearest neighbor position may return, only the first 
term in the Bardeen-Herring series! [see Eq. (9) ] would 
remain. Then C would equal g, the probability that 
after an atom has jumped it will immediately re- 
exchange places with the vacancy. This would be a poor 
approximation, as may be seen from Table ITI, which 
shows values of the correlation factor, both corrected 
and uncorrected for returning vacancies, for an impurity 
diffusing in a diamond lattice. 

Extending the region in which the vacancy and im- 
purity are considered associated to include next nearest 
neighbors [as in Eq. (17) ] will appreciably reduce both 
the effect from dissociating vacancies and the error from 
the assumption that the effect of the impurity is very 
localized. However, this will usually make the treatment 
much more complicated. For example, compare Eqs. 
(26) and (27) in the body-centered cubic case. 

Even in the face-centered cubic lattice, the effect of 
returning vacancies can be quite large. Let us consider 
an impurity atom B diffusing by a vacancy mechanism 
in a face-centered cubic lattice of A atoms. The diffusion 
coefficient Dg of the impurity will be related to the 
diffusion coefficient D4 for A atoms diffusing in pure A 
by the equation, 

Dp i We 


—=— — exp(E,/kT), 
Ds 


(36) 


Ja Wo 


where f4 and fg are the correlation factors, w, the 
frequency of exchange of a vacancy with a neighboring 
impurity atom, wo the frequency of exchange of a 





CORRELATION EFFECTS 


TABLE III. Correlation factors for impurity diffusion by a 
vacancy mechanism in a diamond lattice. In Column A the effect 
of returning vacancies is included; while in Column B, it is not. 
[See Eqs. (2), (10), and (20).] 








Column B 
f =3wi/(2w2+3w1) 


0.882 
0.600 
0.273 
0.089 
Lo w;/ws 


Column A 
f =wi/(wi+w) 


0.833 
0.500 
0.200 
0.059 
w;/we 


w2/wi 





vacancy in a pure lattice with a given neighboring A 
atom, Ez the binding energy between a vacancy and an 
impurity, k Boltzmann’s constant, and T the absolute 
temperature. 

To take an extreme example, let us assume that there 
is no binding energy and that the jump frequencies w, 
and &; in Eqs. (5) and (8) are equal to wo. If the correc- 
tion for returning vacancies is included [Eq. (8) ], 

fa=7.151wo/(2we+7.151wW9). (37) 
From Table I, f4=0.7815, so in the limiting case where 
w/w) —> ©, we find Dg/D4— 4.58. If the correction 
for returning vacancies is not included in calculating fz, 
we find Dg/D4 — 5.76. A typical experimental value of 
D;/Dz is 4.0. With this value of Dg/Da, Eq. (36) in the 
corrected case gives w2/wo=24.7; while in the uncor- 
rected case it gives w2/wo= 10.2. This is a considerable 
difference. 

Usually the effect will be smaller than in the case 
considered above. For example, calculations assuming 
an appreciable binding energy and letting w; equal we 
give considerably smaller values of w2/w» and show only 
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a small effect from consideration of returning vacancies. 
However, the correction is easy to apply, and it would 
seem desirable, in all cases, to use the corrected ex- 
pressions. This is especially true in the non-close-packed 
lattices. 

Accurate measurements of the correlation factor could 
contribute greatly to the understanding of diffusion 
phenomena. Atomistic theories of diffusion, such as 
those of Zener,!” Lazarus,'* Swalin,’® Overhauser,”° and 
Rice,”! attempt to determine the atom jump frequencies. 
Accurate measurements of the correlation factor would 
be very useful in comparing these theories with experi- 
ment, since (1) the correlation factor f must be included 
in Eq. (1), relating the diffusion coefficient to the jump 
frequency, and (2) the expression for the correlation 
factor itself will involve the jump frequencies. Accurate 
isotope effect experiments should allow an estimation of 
the correlation factor. (It may be noted that comparison 
of the ionic conductivity with the tracer diffusion 
coefficient in ionic crystals will not allow the calculation 
of the correlation factor for an impurity.) Experimenta! 
values for the correlation factor can then be compared 
with expressions such as those derived in the present 
paper to estimate the values of the jump frequencies 
near an impurity. For diffusion by a vacancy mechanism, 
the diamond lattice presents the simplest geometry, 
with the face-centered cubic lattice being next in 
simplicity. 

17 C, Zener, Imperfections in Nearly Perfect Crystals (John Wiley 
and Sons, Inc., New York, 1952), p. 289. 

18JP, Lazarus, Phys. Rev. 93, 973 (1954); Impurities and 
Imperfections (American Society for Metals, Cleveland, 1955), 
p. 107. 

19 R, A. Swalin, Acta Met. 5, 443 (1957). 

2” A. W. Overhauser, Phys. Rev. 90, 393 (1953). 

1S. A. Rice, Phys. Rev. 112, 804 (1958). 
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A theory of ferromagnetic resonance at high signal powers is developed. The stationary response at high 
power levels is investigated for the case in which the unstable spin waves have the same frequency as the 
applied signal. It is found that a fine structure should be superimposed on the general decline of the resonance 
absorption with increasing power level. This fine structure arises from the discrete nature of the spin-wave 
spectrum. It should be observable even if the frequency separation of adjacent spin-wave modes is much 
smaller than the inverse of their relaxation times. The fine structure appears as a series of kinks superimposed 
on the general decline of the resonance absorption with increasing power level. The separation of subsequent 
kinks increases with decreasing sample volume and increasing exchange field. An interpretation of experi- 
mental data along the lines suggested in this paper should yield information about the strength of the 


exchange coupling. 


I. INTRODUCTION 


T has been known since the work of Damon! and of 
Bloembergen and Wang? that at sufficiently high 
power levels nonlinear effects can be observed in ferro- 
magnetic resonance experiments. These effects usually 
set in at a fairly well-defined threshold. At power levels 
below this threshold the response of the material to an 
rf magnetic field is linear; i.e., the susceptibility is 
independent of the power level. Beyond the threshold 
the susceptibility at resonance decreases with increasing 
power level. The general features of the observed 
phenomena can be understood quite well in terms of a 
theory developed by Suhl.* According to this theory 
the nonlinear effects are due to the fact that certain 
spin waves become excited as soon as the amplitude of 
the uniform mode (which is driven by the applied 
microwave field) exceeds a certain critical value. Two 
possible mechanisms may be distinguished. For one of 
them, the unstable spin waves have half the frequency 
of the applied signal ; for the other, they have the same 
frequency as the applied signal. It has been shown by 
Suhl that the first process (which involves spin waves 
whose frequency equals half the signal frequency) is 


a certain critical value which for spherical samples is 
av4erM. 

Green‘ has recently observed a fine structure in the 
decline of the susceptibility with increasing power level 
which is superimposed on the general downward trend. 
Similar effects have been observed by Seiden® and by 
Martin.® The experimental conditions in each case were 
such that the unstable spin waves must have the same 
frequency as the signal. In the present paper a theory 
will be developed which accounts quantitatively for the 
observed effects and allows an interpretation of the 


1R. W. Damon, Revs. Modern Phys. 25, 239 (1953). 

2N. Bloembergen and S. Wang, Phys. Rev. 93, 72 (1954). 

3H. Suhl, J. Phys. Chem. Solids 1, 209 (1957). 

4J. J. Green, Bull. Am. Phys. Soc. 4, 177 (1959), and private 
communication. 

5 P. Seiden (private communication). 

®R. L. Martin (private communication). 


experimental data in terms of fundamental physical 
properties of the material. The theory is essentially an 
extension of Suhl’s work, but a number of refinements 
not considered previously are necessary to explain the 
observed effect. 

The basic physical reason for the fine structure is the 
fact that the spin-wave spectrum is discrete rather than 
continuous. If periodic boundary conditions are im- 
posed, the excitations have the form of plane waves and 
the components of the wave number vector are integer 
multiples of 2r/L, where L is the length of the 
periodicity cube. The spin waves may thus be repre- 
sented by an array of points in & space such as shown 
in Fig. 1. It was shown by Suhl that at resonance and at 
sufficiently high frequencies (larger than approximately 
3000 Mc/sec for spherical samples of YIG), the un- 
stable spin waves propagate along the direction of the 
magnetic field (z axis of Fig. 1). The unstable spin 
waves must also satisfy the condition that their 
frequency w; is at least approximately equal to the 
signal frequency w. 

The curved lines a and 6 in Fig. 1 represent surfaces 
of constant frequency in k space. Spin waves close to 
the surface characterizing the signal frequency w tend 
to become unstable before spin waves located away 
from this surface. In the situation described in Fig. 1 
the spin waves with the lowest threshold are those 
located in the layer n=0. Spin waves in subsequent 
layers n> 1 have a slightly higher threshold. 

It is not at all obvious that the discreteness of the 
spin-wave spectrum can produce a fine structure of the 
observed kind. Under the usual experimental conditions 
the frequency separation of adjacent z-directed spin 
waves is of the order of 1 Mc/sec. The frequency 
separation between a z-directed spin wave and adjacent 
spin waves whose wave vectors have the same z com- 
ponent is typically of the order of 1 kc/sec. The line 
width associated with the z-directed spin waves can be 
inferred from measurements of the critical power level 
at which the nonlinear behavior sets in. This line width 
is typically of the order of several Mc/sec. It may, 
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therefore, be argued that the spin-wave spectrum 
should behave as if it were continuous even though the 
wave number vector assumes only discrete values. It 
will be shown below that this argument is not correct. 
The time-varying coupling between spin-wave pairs 
which arises from the excitation of the uniform mode is 
essentially equivalent to a reduction of the damping 
constant associated with these modes. In the region of 
interest adjacent layers of spin waves oriented per- 
pendicular to the z axis are well separated. 


II. GENERAL OUTLINE OF THE THEORY 


The theory described below goes beyond Suhl’s* 
theory in two respects. 

1. Line broadening processes are taken into account 
in a more detailed fashion. It was pointed out before’ 
that this is rather important if the line width is pre- 
dominantly caused by inhomogeneity broadening such 
as discussed by Clogston ef al.,8 Geschwind and 
Clogston,? and the present author." In the present 
context this refinement is probably not very important 
because the experiments that showed the fine structure 
were performed on highly-perfect single crystals of 
yttrium-iron garnet and gadolinium-iron garnet. In 
these cases the inhomogeneity contribution to the line 
width is believed to be rather small. The refinement is 
taken into account for the sake of generality and 
because it simplifies the quantitative development of 
the theory. 

2. The nonlinear interaction between the excited 
spin waves is taken into consideration. ‘The mathe- 
matical development of the theory is greatly compli- 
cated by this refinement, and for the sake of simplicity 
only the essential parts of this interaction are retained. 

It will be shown that the essential part of the non- 
linear interaction can be taken into account by re- 
placing the conventional spin-wave frequencies by 
effective frequencies which are dependent on the 
excitation of the uniform mode and on that of all other 
spin waves. The physical basis for this effect is that the 
excitation reduces the z component of the magnetic 
moment and hence the demagnetizing field. Thus, the 
effective spin-wave frequencies increase with increasing 
power level. 

The fine structure can now be understood quali- 
tatively by reference to Fig. 1. Let the surface of 
constant frequency a characterize the signal frequency 
at a given power level. At a higher power level all 
spin-wave frequencies are shifted upwards. Thus the 
line representing the (constant) signal frequency in 
Fig. 1 is shifted downwards to position 6. With in- 
creasing power level a series of situations is realized in 


7E. Schlémann, Bull. Am. Phys. Soc. Ser. IT, 4, 53 (1959). 

8 Clogston, Suhl, Walker, and Anderson, J. Phys. Chem. Solids 
1, 129 (1956). 

9S. Geschwind and A. M. Clogston, Phys. Rev. 108, 49 (1957). 

1 FE. Schlémann, J. Phys. Chem. Solids 6, 242 (1958). 
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Fic. 1. Schematic representation of spin-wave modes in k space. 
Each point corresponds to a possible mode of oscillation consistent 
with the boundary conditions. The curves a and b represent 
surfaces of constant frequency. The index n characterizes layers 
of spin waves whose wave vectors have the same z component. 


which the signal frequency coincides with the effective 
frequency of a z-directed spin wave. It is apparent that 
this will give rise to a fine structure in the decline of y”’ 
with power level. It will now be necessary to develop 
the theory in more quantitative terms in order to 
compare the predicted with the observed 
phenomena. 


effects 


III. QUANTITATIVE DEVELOPMENT 
OF THE THEORY 


The formulation of the equations of motion in the 
present paper deviates slightly from the conventional. 
In Suhl’s work the equations of motion are expressed 
in terms of the Fourier components of the transverse 
components of the magnetization vector. In the present 
paper we shall first introduce new variables which are 
related to the transverse components of the magneti- 
zation vector and in fact reduce to these variables in 
the limit of small excitation. The advantage of this 
procedure is that the equations of motion appear in 
their canonical form. They can be derived very easily 
from the Hamiltonian which is proportional to the total 
energy of the system. The contributions to the energy 
considered explicitly comprise the Zeeman energy, the 
exchange energy, and the dipolar interaction energy. 
Other contributions such as-crystalline anisotropy and 
strain-induced anisotropy can also be taken into 
account. 

Let @ be a unit vector pointing in the direction of the 
magnetic moment 


M= Ma. (1) 


Conventionally the equations of motion are expressed 
in terms of the Fourier components of a,(r) and a,(r). 
It is known that in the limit of small amplitudes a, and 
a, behave essentially as conjugate coordinates and 
momenta. It is, therefore, convenient to introduce new 
variables p and g which behave in this way even for 
finite amplitudes. The new variables are related to the 
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old variables by 
as= pLl—i(P+¢’) J}, 
ay=g1—-1(P+¢)}, 
a,=1 —3(p’+q°). 
We then introduce a complex variable 
s=ptig, 
and the Fourier components s, of this variable 


s(r)=Doa sxe™**. (4) 


s is the classical equivalent of the spin deviation 
operator discussed by Holstein and Primakoff."' We 
have assumed periodic boundary conditions and the 
components of the wave number vector are integer 
multiples of 2x/L, where L is the length of the perio- 
dicity cube. In the absence of dipolar interaction the 
variables s, would be the normal coordinates of the 
problem; i.e., for small amplitudes the equations of 
motion would be separated if expressed in terms of 
these variables. The presence of dipolar interaction 
makes necessary an additional linear transformation 
to new variables ,. 


Uy =DgSet ES—K*. (5) 
This transformation was introduced by Holstein and 
Primakoff"' and has also been used by Suhl.* The 
coefficients 4, and yw, are given in reference 3. The 
equations of motion now have the very simple form 


1, =10K/du,*, (6) 


where the asterisk denotes the complex conjugate and 
where 


5 = (2y/ML?) f Ed'r 


is the Hamiltonian. E is the energy density, y the 
gyromagnetic ratio, and M the saturation magnetiza- 
tion. The integration in Eq. (7) extends over the 
periodicity volume L’ 

The Hamiltonian including Zeeman, exchange, and 
dipolar energy can be calculated without major diffi- 
culty. It can be expanded in powers of the amplitudes 
u,. The significant contributions to the Hamiltonian are 


=D wyty*up th DY gu (uy*u_p*uc?+c.c.) 
k 


k¥0 


HES Junrten ayy * uy 
kk’ 


HRS Ugertey ui yee 
k, k’ £0 
k#tk’ 


4 3 Pye ty* Uy — y(huy*+c.c.), (8) 
kk’ 


“ T, Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 
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where c.c. denotes the complex conjugate of the 
expression preceding it. 

The first part on the right of Eq. (8) gives rise to the 
usual linear equations of motion and the w; are the 
spin-wave frequencies 


wn= {LH +Hex(ak)?+4aM sin, [H+ Hex (ak)? J}. (9) 


Here H is the internal (demagnetized) magnetic field 
and H,.x a phenomenological constant characterizing 
the strength of the exchange coupling. “a’’ is the lattice 
constant and 6 the angle between the propagation 
direction and the dc magnetic field. 

The second term in Eq. (8) represents the nonlinear 
interaction between the uniform mode and the spin 
waves. It can be shown that this term gives rise to 
unstable growth of certain spin-wave pairs if the ampli- 
tude of the uniform mode mp is sufficiently large. It 
should be pointed out that in general a term involving 
u;*u_;*uo is also present in the Hamiltonian. This term 
gives rise to instability of spin waves with half the 
signal frequency. It is neglected in Eq. (8) because 
under the conditions of the experiment to be discussed 
all spin waves have frequencies appreciably higher than 
half the signal frequency so that this process is effec- 
tively forbidden. The ‘coupling constant” g, is to a 
good approximation given by 


gr=jomu(1—3 sin’6,), (10) 
where wy=y4rM. 

The third and fourth terms of Eq. (8) represent the 
important parts of the nonlinear interaction between 
the excited spin waves. For the present calculation only 
the coefficients involving nearly z-directed spin waves 
are required, because only these spin waves are excited. 
In this case the coefficients are approximately 


Jee =4om(2N.+1), 
Jox= Ji0= Swmu(N,—Ni+ 1 P 
joo= Swu(NV,—N,), 


Lex =fom(2N,+1), 


where it is assumed that the sample is a spheroid 
magnetized along its axis and where .V, and \, are the 
longitudinal and transverse demagnetizing factors (both 
equal to } for a sphere). 

The fifth term of Eq. (8) represents an interaction 
between spin waves (including the uniform mode) 
which is due to inhomogeneities. Such inhomogeneities 
can arise on a microscopic scale from the availability 
of various sites to the magnetic ions in the spinel 
lattice.’ They are also present in polycrystals because 
of the anisotropy of the individual single-crystal 
grains.*!° Surface roughness will also contribute to this 
part of the Hamiltonian. The coefficients Pi,- form a 
Hermitian matrix. They are related to the Fourier 
components of certain random functions which describe 
the inhomogeneities present in the sample. For a more 
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complete discussion of the matrix P;, for the special 
case of polycrystals the reader is referred to reference 
10. In the present context this part of the Hamiltonian 
plays only a minor role, and it will not be necessary to 
specify Pi... in great detail. 

The last part of Eq. (8) represents the contribution 
of the rf magnetic field to the Hamiltonian. Here 


h=h,+ih,, (12) 


and it has been assumed that the rf field is uniform over 
the sample volume. 

The Hamiltonian of Eq. (8) is approximate. It 
contains only those terms that are believed to be 
important in the present context. The neglected terms 
include: 


1. The third order terms previously mentioned. 

2. All terms of higher than fourth order in the 
amplitudes. 

3. Fourth order terms that do not involve the ampli- 
tudes and their conjugates two times each. 

4. Fourth order terms like m,*uy-*uj-uye except 
those explicitly retained in Eq. (8). 


The neglect of these terms can be justified with 
varying degrees of rigor. 

The equations of motion can now easily be derived 
from Eqs. (6) and (8). Spin-lattice relaxation can be 
taken into account by assigning positive imaginary 
parts to all spin-wave frequencies. We shall assume that 
the driving field is circularly polarized, i.e., h~e'*'. 
The stationary solution in the presence of this driving 
field is such that all spin-wave amplitudes (including 
the uniform mode) have the same time dependence 
~e'. The amplitudes are related by a complicated 
set of nonlinear algebraic equations. This set of equa- 
tions can be written in the form 
(Q.—w) ut Guceru_.*+ prmo=0, for kX¥0, (13) 
(Qo—w) uot uo* > gympu_y 

k#¥O 
+ 3° Poxtk=yh, for k=0. 
k¥0 


(14) 


Here 2; is an effective spin-wave frequency 


OQ. =wrt Dive Jen | Me |?+ine, (15) 


where 7; is a phenomenological damping constant. 
Similarly g; is an effective coupling constant. 


Gr=eit oT Pa a pr / Ue. (16) 


k’ #0, k,—k 


The coefficients p, are related to the inhomogeneity 
interaction 


Pe=Prot DL Prrtty:/Uo. (17) 


k'#0 


The formal solution of the equations of motion can 
now be achieved by combining Eq. (13) with its adjoint 
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(the complex conjugate equation with k replaced by 
—k). Since 2Q,=Q_, and g,=9_-x, one obtains after 
elimination of u_,* 


UK — pr (Qu*—w) + Gep_e* | uo? 
—= ‘ (18) 


uo |Qe—w |?@— | ge |?| wo 4 





Insertion of Eq. (18) into Eqs. (16) and (17) leads to 
two sets of self-consistency conditions for g, and px 
which involve only the absolute squares of the spin- 
wave amplitudes. 

In its present general form the problem posed by the 
nonlinear equations of motion is obviously not amenable 
to a simple solution. We shall, therefore, now introduce 
two further approximations which will greatly simplify 
the problem. The approximations consist in replacing: 
(a) px by Po and (b) ge by ge. Physically the approxi- 
mation (a) means that in the inhomogeneity interaction 
only that part is retained which involves the uniform 
mode. This is probably a good approximation in the 
range of small signal powers and it has generally been 
adopted in previous calculations.*: In the present case 
the approximation is not as well justified since spin 
waves other than the uniform mode are also excited to 
a comparatively high level. The neglected interaction 
may be expected to contribute to the decay constants 
of the spin waves in the same way as the retained 
interaction contributes to the decay constant of the 
uniform mode. Since the decay constants are treated 
as adjustable phenomenological parameters this part 
of the interaction is in fact implicitly taken into account 
in the theory. 

The physical significance of approximation (b) is the 
neglect of the nonlinear interaction between excited 
spin waves (with k0) except for a rather trivial part 
which leads to a shift of the spin-wave frequencies with 
power level. This approximation cannot generally be 
justified except as a device to simplify the mathematical 
problem. Inintroducing this approximation one 
probably looses a large part of the physically significant 
information. It will be shown, however, that the fine 
structure is essentially unaffected by this approxi- 
mation. 

Using these approximations and the fact that 


P_yo* =Pro= Poy", (19) 


one obtains from Eqs. (14) and (18) 


(Qhets—w)Uo= yh, 20) 
where Qoert is an effective resonance frequency for the 
uniform mode 
= (OQ. —w— ge! uo|?)? 
Qoett= Qo+ | to]? S ge! Pox atoee "ner 
kx0 (|Q,—w |?— gx? | Ho} *)? 
Q,*—w— gy| Uo|? 
p& | Pos 2 


; , (Qt) 
k¥0 |Qe—w |?— gy? | wo 4 
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and 


= wotd Jok | Uk 2+aMn9. 


(21a) 


It will be recognized that in the limit as |%|—>0 the 
last term on the right of Eq. (21) reduces to the in- 
homogeneity contribution to the complex resonance 
frequency that has been discussed previously." 

Equation (21) shows that one of the important 
consequences of the excitation of the uniform mode 
may be described as a reduction of the loss parameter 
of the spin waves. To make this more apparent it is 
convenient to redefine the complex spin-wave fre- 
quencies as 


O.= Wk +it:., (22 ) 
where 
(22a) 


(22b) 


=o t+> x Dik? | ux |?, 


e— gi2| uo! 4)4. 
With this convention the denominators in Eq. (21) are 
proportional to |&,—w|-* and |Q,—w|-*, respectively. 

The physical reason for the reduction of the damping 
constants #, with increasing power level, resides in the 
time-varying coupling between spin-wave pairs (k and 
—k) which arises from the large excitation of the 
uniform mode. This coupling transfers energy from the 
uniform modes to the spin waves. It has been shown by 
Suhl* that it leads to unstable growth of certain spin 
waves if the amplitude of the uniform mode exceeds a 
threshold value related to the low power damping 
constants of the potentially unstable modes. The 
threshold is reached as the smallest of the effective 
damping constants given by Eq. (22b) approaches zero. 
It was pointed out in the introduction that at low power 
levels the separation of adjacent spin-wave modes is 
much smaller than the inverse of their relaxation times. 
The spin-wave spectrum is, therefore, quasi-continuous 
and no fine structure would occur. It is very important 
in the present context that at high power levels the 
damping constants of z directed spin waves are reduced 
to a value smaller than their frequency separation. 

In order to evaluate the sums in Eq. (21) we note 
that the functions |Q,—w|~* and |Q,—w!~* have sharp 
peaks at the position @,—w=0. It is easily shown that 
these functions approach 6 functions in the limit of 
vanishing damping constant. 


Similarly 


where 6’ is the derivative of the 6 function. 


In the usual resonance experiments at high signal 
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power the dec field is adjusted for resonance at each 
power level. The real part of the nonlinear contribution 
to Qoerr is, therefore, irrelevant as far as the magnitude 
of the absorption is concerned since it is compensated 
by a change in the dc magnetic field. The imaginary 
part of Qoer is, according to Eqs. (21) and (21a), (23), 
and (24), 
k Wk 
=notr| Uo +> | Pox | Ps, 


k¥O Nk 


Imo. “= 


> Pox | pen, (@,.—w) 


k¥O Nk 


+1 | Uo 


le 
+r> Pox |?—6(@— 


k¥O Nk 


The sums over & in Eq. (25) will later be evaluated as 
sums of integrals, where each integral contains the 
contribution of a layer of spin waves whose wave 
numbers have the same z component. 

If the amplitude of the uniform mode is very small 
the third sum on the right of Eq. (25) is much larger 
than the first and second. The third sum in fact reduces 
to the well-known inhomogeneity contribution to the 
line width in the limit of zero excitation (when | %|—> 0 
and #.— x). If one is interested in the range of fairly 
low signal powers it is convenient to expand the right- 
hand side of Eq. (25) in powers of | #|*. The third sum 
contributes to the constant term of this expansion and 
only the second sum contributes to the linear term. It 

can easily be shown from this that in the range of fairly 
low signal powers the susceptibility should vary linearly 
with the square of the rf magnetic field.” 

In the present context, the extreme nonlinear range 
is of particular interest. Under these conditions ||? 
is very close to the minimum possible value of n4/gz. 
Hence 44<n;. for some spin waves and the first sum in 
Eq. (25) may be expected to outweigh the second and 
third sum. We shall therefore not consider the last two 
sums in detail. Their contribution to the line width, 
however, as far as it is independent of the power level, 
is, of course, taken into account. 

The coupling constants g; are largest for z-directed 
spin waves. The region corresponding to nearly z- 
directed spin waves therefore contributes most strongly 
to the first sum of Eq. (25). It is thus permissible in 
the evaluation of this sum to use approximate ex- 
pressions valid in this region for the dependence of the 
spin-wave frequencies and the coupling constants on 
the wave number vector. It was mentioned before that 
the frequency separation of adjacent modes, whose 
wave number vectors have the same z component, is 
much smaller than the frequency separation of adjacent 
modes, whose wave number vectors have different z 
components. It is, therefore, reasonable to evaluate the 
sum in Eq. (25) by integration over layers corresponding 
to fixed values of k, and summation of these integrals. 
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This calculation is described in the Appendix. For 
practical purposes the summation of the integrals 
representing the contributions of individual layers can 
in part be approximated by an integral. Only the first 
few and largest terms in this sum must be added 
separately. In this way one obtains for the effective 
damping constant (i.e., the imaginary part of the 
complex resonance frequency) 


ImQoers = Fol 1-+cF (Uo) ]. (26) 


Here jo is the damping constant of the uniform mode 
at low power levels. It contains a contribution arising 
from spin-lattice relaxation (mo) and a contribution 
arising from the inhomogeneity interaction. ¢ is a 
dimensionless constant which is calculated as 


C= (4a? | Po. | ‘3aaV vijo) ( aE /y a. (27 ) 


where \ is the wavelength of the unstable spin waves 
and Po, the matrix element of the inhomogeneity 
interaction, which connects the uniform mode and the 
unstable (z-directed) spin waves. It should be noticed 
that c is independent of the volume since | Po|? is 
proportional to L~* (see reference 10). 

The function F(U») describes the dependence of the 
effective loss parameter on the amplitude of the uniform 
mode. It is convenient to express it in terms of a reduced 
amplitude U» which approaches unity (or values slightly 
in excess of unity) at high power levels. 


Uo=| uo (wa ‘2nx)?. (28) 
Here the damping parameter 7; relates to the unstable 
spin waves. The function F(Uo) has been calculated 
explicitly for the two cases in which the surface of 
constant frequency a or 6 in Fig. 1 either intersects a 
layer in the immediate vicinity of the z axis or just 
barely misses it. Using approximations described in the 
Appendix one obtains 


i-f 
F(U»o) =F (U0) =— ; 5 
fi—(1—B)?U 0" }} 


sin (1—8) Uo? } 
= ». 29) 
Ue 


if the first intersection is far away from the ¢ axis. 
Similarly 
BU 


F(U,) =F2(U») =F (U0) +——, 
( 


) 


(30) 


1-—l 0)? 


if the first intersection is very close to the z axis. Here 


Ni X 
fete Bom om, 
Nit} L 


(31) 


Since the effective spin-wave frequencies @, increase 
with increasing power level the two limiting cases 
characterized by Eqs. (29) and (30) are realized 
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alternately. For instance, the first intersection might 
occur far away from the z axis at low power levels. 
Under those conditions Eq. (29) is applicable. As the 
power level is raised the first intersection moves towards 
the z axis until finally Eq. (30) becomes applicable. If 
the power level is raised further, the surface of constant 
frequency will cease to intersect the layer, which 
previously contained the first intersection. Thus the 
function F(U 9) changes abruptly from Fy: to F;. It is 
obvious that a series of such transitions will occur as 
the power level is raised. 

Consider now the circular susceptibility as a function 
of the power level. Its negative imaginary part at 
resonance (where the real part of Qoere—w vanishes) is 


x” =M|uol/h. (32) 


By introducing the susceptibility appropriate for low 
power levels 


Xo" = yM/o, (33) 


and the reduced amplitude of the uniform mode [Eq. 
(28) ], Eq. (32) may also be expressed as 


x" Fo 2nk } : 
= l 0- 
Xo" yh WM 


From Eq. (26), on the other hand, 


(34) 


x” 1 

. (35) 
Xo”  1+c¢F(U») 
By elimination of U» between the last two equations 
one obtains the susceptibility as a function of the rf 
field strength. 

Following Suhl* we shall discuss the solution of Eqs. 
(34) and (35) by a graphical method. If X’’/X9” is 
plotted as a function of Uo, the first equation is repre- 
sented by a set of straight lines through the origin, 
whose slopes are inversely proportional to the rf field 
strength. The second equation, on the other hand, is 
represented by a curve with a horizontal tangent at 
U1, which intersects the abscissa in the vicinity of 
U o=1. Figure 2 shows this construction. The two 
dashed, curved lines correspond to the two limiting 
cases in which the surface of constant frequency (a or 
b in Fig. 1) either intersects a layer in the immediate 
vicinity of the k, axis or just barely misses it. The 
actual curve representing [1+cF(Uo)}! must lie 
between these limits. It is represented by the full 
zigzag line in Fig. 2. This curve has not been calculated 
in detail. The separation of subsequent kinks, however, 
will be discussed below. From Fig. 2 it is obvious that 
the susceptibility should be approximately constant at 
low power levels. It will then decrease and finally drop 
off as 1/h at very high powers, where Up is approxi- 
mately constant. Superimposed on this general decrease 
there will be a fine structure which arises from the 
discrete nature of the spin-wave spectrum. 
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Fic. 2. Graphical solution of Eqs. (34) and (35). The dashed 
curved lines represent the two limiting cases in which the surface 
of constant frequency either intersects a layer of spin-wave modes 
in the immediate vicinity of the k, axis or just barely misses it. 
These curves are calculated from Eqs. (35), (29), and (30) using 
c=1, 8=0.1. Under the usual experimental conditions both 
constants are appreciably smaller. The fine structure is then less 
conspicuous. 


We shall now calculate the separation of subsequent 
kinks. In this connection it is important to remember 
that the resonance frequencies of all spin waves in- 
cluding the uniform mode are changed with increasing 
excitation. In the conventional experiments the change 
in the resonance frequency of the uniform mode is 
compensated by a change of the dc magnetic field. One 
thus has to calculate the shift in the spin-wave fre- 
quencies subject to the side condition that the effective 
frequency of the uniform mode is constant. 

In this calculation we shall neglect the frequency 
shift produced by the real parts of the two sums in Eq. 
(21). This appears to be a good approximation if the 
inhomogeneity interaction is not too large. Thus, the 
effective resonance frequencies of the uniform mode and 
of nearly z-directed spin waves are according to Eq. 

24) 


(22% 


wo . wot Joo Uy 2+ Jo ® 
kx 


| te |, 


@,= W + jo} tol? jeer Dd | Wy 2. (36) 


k¥O 


Here we have used the fact that the important spin 
waves are confined to a fairly small region of k space 
and that the coefficients jo and ji. are approximately 
constant over this region. If the sample is a spheroid 
with the dc field applied along the axis of rotation, we 
and wo are both linearly dependent on the dc magnetic 
field with the same factor of proportionality. Thus, the 
dependence of the effective spin-wave frequency a; on 

uo|? and >- | u,|? subject to the side condition a)—w=0 
is given by 


9 


Wk | do —w =0= const oa (Jro— Joo) | Uo | ~ 


= (jox— jun’) se | ay | (37) 


kxO 


The frequency separation of adjacent z-directed spin 
waves is calculated in the Appendix. For spheroids 
magnetized parallel to the axis of rotation this sepa- 


ration is in the range of interest equal to wyN,d/L, 
where L is the length of the sample in the direction of 
the dc magnetic field. Between subsequent kinks the 
quantity on the right of Eq. (37) has increased by an 
amount equivalent to the frequency separation of 
adjacent z-directed spin waves. Thus 


‘ - Jok— Jer’ Be si Py 
im - > | Ux | ° 
Jko— Joo *#0 n 
wauN, A 


=cont-+-————- —2. 
jJko— J00 B 


(38) 


Here the quantity on the left should be taken at the 
nth kink. Using the coefficients given in Eq. (11), Eq. 
(38) may also be written as 
r 
2— ($—N,) > | u,|*),=const+2N,—n. 
k#¥0 


(| uo (39) 


A comparison with experimental data has indicated 
that the second term in the parenthesis is usually much 
smaller than the first term as long as the power level 
is not too high. 

In order to test Eq. (39) quantitatively one has to 
infer ||? and S°i#o|u|? from the experimentally 
accessible quantities such as x”, h, and M. |u| is 
easily obtained from Eq. (32), but the determination 
of }°i~0|m|* is not as straightforward. For a rough 
test of the theory it is sufficient to plot the values of 

uo|? at the various kinks versus the order n. These 
points should fall on a straight line. For each material 
the slope of this line should be inversely proportional 
to the diameter of the sample. It should be noticed 
that it is immaterial which kink is assigned the index 
n=(). 

For a more sophisticated comparison between theory 
and experiment which extends to fairly high power 
levels the second term in the parenthesis of Eq. (39) 
must be taken into account. Thus one has to infer 
dix! ux|* from the experimentally accessible quan- 
tities. This can be achieved if one uses the fact that 
under stationary conditions the dissipated power 
equals the power absorbed. One can show from the 
general equations of motion that under stationary 
conditions 


De m| Me |?=y Im (ha*). (40) 


The validity of this relation is not limited to the case 
in which the Hamiltonian has the particular form given 
under Eq. (8). It is valid as long as the nonlinearities 
do not generate frequencies different from the signal 
frequency. 

The left-hand side of Eq. (40) can now be split up 
into two contributions. One arises from the uniform 
mode and from spin waves excited through their 
inhomogeneity interaction with the uniform mode. 
The other part arises from spin waves excited through 
the nonlinearity. At resonance (where x is purely 
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imaginary), one then obtains 


Mk Lok | Me|? Xo" 
pe hey (41) 


Here the k summation extends only over those spin 
waves which are excited through the nonlinear terms 
in the equations of motion, and it has been assumed 
that the damping constant m; is essentially the same 
for all these modes. 

Using Eq. (41) one can obviously infer }* |, |? from 
experimentally accessible quantities if the damping 
constant , is known. The damping constant in turn 
can be obtained from Suhl’s theory and measurements 
of the onset of saturation effects. At the present time, 
the correct interpretation of such experiments is not 
completely settled because the inhomogeneity inter- 
action, which was neglected in previous calculations, 
apparently plays a rather important role.’ For the 
purposes of applying the correction in Eq. (39) it is 
probably justified to assume that m, equals jo. 


IV. DISCUSSION 


In this section the validity of various approximations 
introduced in the course of the paper will be reviewed. 
Finally, the physical information obtainable from an 
interpretation of experimental data in terms of the 
present theory will be discussed. 

The unqualified use of periodic boundary conditions 
can be very misleading in the present context. Since 
the discrete nature of the spin-wave spectrum plays a 
major role, it is obviously very desirable to consider the 
exact normal modes. Mathematical difficulties have so 
far rendered this approach impractical. In the present 
paper the periodic boundary conditions are not used 
indiscriminately. In determining the frequency sepa- 
ration of adjacent z-directed spin waves it was assumed 
that these modes are standing waves containing an 
integer number of half-wavelengths over the thickness 
of the sample. This appears to be very reasonable 
although slight modifications may be expected if the 
exact physical boundary conditions are taken into 
account. 

In Eq. (25) the last two sums were not considered 
in detail. It is clear that these sums will modify the 
function F(U») of Eq. (26) which describes the de- 
pendence of the effective damping constant on the 
excitation of the uniform mode. It is equally clear, 
however, that the location of the kinks if expressed in 
terms of Eq. (39) is not affected by the inclusion of the 
two neglected sums. This approximation is, therefore, 
well justified in the present context. 

Similar arguments apply to the approximations 
involved in replacing p, by Po and g, by gx. These 
approximations also modify the decline of the absorp- 


2H. Suhl, J. Appl. Phys. (to be published). 
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tion with increasing power level, but do not affect the 
fine structure. 

In Sec. III the Hamiltonian (8) was simplified by 
restricting the term representing scattering to the 
lowest order (bilinear) in the spin-wave amplitudes. 
This approximation probably breaks down at very 
high power levels. The interpretation of the fine 
structure, however, is not affected by this approxi- 
mation. 

An interpretation of experimental results in terms 
of the present theory should yield information about 
the strength of the exchange coupling. With the help 
of Eq. (39) one can obtain the ratio of the wavelength 
of the unstable spin waves to the diameter of the 
sample. The exchange field occurring in Eq. (9) can 
then be inferred from the relation 


Hx (2ra/d)?=49M Ni, (42) 


where ‘‘a”’ is the lattice constant. 

The exchange field obtained in this way is propor- 
tional to the curvature of the spin-wave band in the 
region of small wave numbers. The same curvature 
determines also the magnetic contribution to the 
specific heat at low temperatures and the temperature 
dependence of the saturation magnetization at low 
temperatures. The exchange field of Eq. (42) is also 
related to the Curie temperature and various other 
magnetic properties, but those relations are not quite 
as direct. A comparison between the values of the 
exchange field obtained by the different methods 
should be very interesting. Experimental evidence in 
support of the present theory is described by Schlémann 
and Green." 
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APPENDIX. CALCULATION OF THE EFFECTIVE 
DAMPING CONSTANT 


Let k, be the transverse component of the wave 
number vector. (kK; is perpendicular to the z axis.) The 
spin-wave frequencies depend only on k, and k,= lk; |. 


One easily obtains from Eq. (9) for k?<k,? 
we=7{ H+ Hex (aks)? +[Hex(akz)?+24M |(k,/k2)*}. (Al) 


If we characterize the important layers by an index 
(=0,1,2---) in the way indicated in Fig. 1 the de- 
pendence of the spin-wave frequencies on k; in each 
layer is given by 


wn =y[H+H x (ak,”)* |+0m(Nitd) (Ri/ ke). 


13. Schlémann and J. J. Green, Phys. Rev. Letters 3, 129 
(1959). 
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In the second term on the right we have used the fact 
that yH.x(ak,)*=wa.\, for the important spin waves, 
and k,“” has been replaced by &,“. Similarly the 
coupling constant g, for nearly z-directed spin waves is 
according to Eq. (10), 


£i= (wm, 2)[1—$ (hk k,)?]. (A3) 

The summation in Eq. (25) will now be carried out 
by means of an integration over k, and subsequent 
summation over the layer index n. The summation 
sign in Eq. (25) can be replaced by 


Ly? Ls? 
) fava, = 29 r( ) fae (A4) 
T n \29 


The factor 2 arises from the fact that two directions of 
propagation must be considered. 

It is reasonable to expect that the damping constant 
n, and the square of the matrix element | Po |? do not 
vary appreciably over the range of & values which 
contributes most strongly to the sum under con- 
sideration. The factor in front of the 6 function in this 
sum is therefore proportional to 


[1—$(k/k.)? P 
(1—[1—3(k,/k2)7 PU ty! 


f(k) = (AS) 


Here we have used Eqs. (22b), (A3), and (28) and Uo 
is the reduced amplitude of the uniform mode. The 
contributions of individual layers to the first sum of 
Eq. (25) are now according to Eq. (A2) proportional to 


L\? 
( ) feat, ((4)0(0x" —w) 
2r 


T L*<* 
=—— (=) sas ). (A6) 
ww (N,+4) r 


Here k,” is the solution of w,—w=O0 in the nth layer, 
and }\=22/k, is the wavelength of the unstable spin 
waves. The effective damping constant of the uniform 
mode thus becomes 


Im Mett=Fot+CUs' Dn fhe), (A7) 


where 


2n*| Pox |? (“) 
Co 
wa (N,+4) nN 
The significance of #9 was described before in connection 
with Eq. (26). 

Before the remaining summation over m can be 
carried out it is necessary to determine the value of 
k,™ for each layer. We note that for adjacent layers 
the z components of the propagation vectors differ by 
constant amounts inversely proportional to the di- 


(A8) 
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ameter of the sample. In this connection the boundary 
conditions are quite important. Unfortunately it is very 
difficult to determine the correct normal modes, which 
satisfy the physical boundary conditions. Mercereau 
and Feynman" and Walker'® have discussed this 
problem for the limiting case, in which the wavelength 
is very large, so that exchange effects can be neglected. 
Because of this approximation their analysis cannot be 
applied in the present case without major modification. 
One, therefore, has to rely on the use of fictitious 
boundary conditions introduced for the sake of their 
mathematical convenience. If periodic boundary con- 
ditions are imposed, the components of the permissible 
wave number vectors are integer multiples of 2x/L. 
Another type of boundary condition which can be 
discussed without difficulty, consists in requiring the 
components of the rf magnetization to vanish along the 
surface of a cube (or more generally along the surface 
of a rectangular volume). In the latter case the com- 
ponents of the permissible wave number vectors are 
integer multiples of +/Z. In the present paper we have 
used periodic boundary conditions. The calculation 
can be readily adapted, however, to the case of the 
second kind of (equally arbitrary) boundary condition. 
The only changes required consist of extending the k 
summations over the new set of permissible wave 
number vectors and imposing certain side conditions 
(like «_,.=—«,) on the dynamic variables. The final 
results are essentially unchanged except for a change in 
the frequency separation of adjacent z-directed spin 
waves. Since the correct normal modes have the 
character of standing waves their frequency separation 
should be very close to that obtained with the second 
kind of boundary condition discussed above. In this 
case the values of k, associated with adjacent layers 
differ by x/L 

k,£M—k,M=n/L. (A9) 
Hence 


(e™)®— (het? Pa (ke™)0/L. (A110) 


Finally from Eqs. (A2) and (A10) for values of » which 
are not too large 


Ck” /k, PxatBpn, (A11) 


where 
B=30Ni/(Nit}) D/L, (A12) 
and 


0<a<p. 


So far we have neglected the fact that the effective 
spin-wave frequencies increase with increasing ex- 
citation. Since the frequency shift is approximately the 
same for all the important spin waves it can formally 
be taken into account by assuming a to be dependent 


“T. E. Mercereau and R. P. Feynman, Phys. Rev. 104, 63 
(1956). 
1° L. R. Walker, Phys. Rev. 105, 390 (1957). 
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on the power level. With increasing power level a 
decreases continuously to zero, jumps abruptly to 8, 
decreases again continuously to zero and so on. The 
effective damping constant considered as a function of 
the amplitude of the uniform mode U» thus varies 
between two limiting curves which correspond to the 
cases in which either a=0 or a=8. 

Consider now the sum of the integrals f(k,"”) as a 
function of a 


S(a)=En fhe). (A13) 


According to Eq. (A5) and (A11) the sums corre- 
sponding to a=0 and a=8 are almost identical, with 
S(0) having one additional term. 


S(0)=S(8)+1/(1—Uot)?. (A14) 


In the evaluation of S(8) we shall, for simplicity, 
approximate the summation by an integration, even 
though this is a rather poor approximation for small 
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values of ». Thus 


no (1—6n)? 
sia f ———_—__—.. 
1 [1i—(1—Bn)*Uo*}} 


The upper integration limit mo is not very important 
since for Up~1 the major contribution to the integral 
comes from small values of n. For simplicity we will 
take mo= 1/8. One then obtains by standard integration 
techniques 


(A15) 


1 1-s 
5()=- as 
BU [1—(1—8)?U 0 }! 
sin 1 (1—B)U 0? ] 
Ue 


(A16) 


Equation (26) is now obtained from Eqs. (A7), (A8), 
(A13), (A14), and (A16). 
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Microwave Faraday Rotation in Antiferromagnetic MnF.t+ 


A. M. Portis AND DALE TEANEY 
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Microwave Faraday rotation has been observed in MnF; from 30°K up to 300°K. The antiferromagnetic 
resonance frequency is computed from the rotation measurements below the Néel point. The results are in 
good agreement with direct observation of the antiferromagnetic resonance and molecular field theory extra- 
polations except close to the transition where evidence for magnetic clustering is found. The Kramers-Kronig 
relations are applied to antiferromagnetic media and it is shown that the Faraday rotation depends both on 
the shift of the resonance with field and on very small field-induced intensity changes which are present. A 
study of Faraday ellipticity establishes the need for using terms in the equation of motion which relax the 
magnetization toward the instantaneous field direction. 


INTRODUCTION 


pee systems which show magnetic resonance 
absorption in or near the microwave region of the 
spectrum, Faraday rotation studies offer an alternative 
to direct observation of the absorption. As such these 
measurements have a number of advantages over direct 
observation. First, resonance effects may be studied 
at any convenient frequency without having to go to 
high magnetic fields. Second, the rotation may actually 
yield information about the response of the resonant 
system which is not readily available from a study of 
the resonance itself. Third, it may simply not be 
possible to detect the direct resonance in the presence 
of other nonmagnetic frequency dependent absorption. 
Under these circumstances there may still be a meas- 
urable rotation. These advantages will be particularly 
clear in the description of the continuous observation 
of rotation through an antiferromagnetic transition. 

Microwave Faraday rotation in paramagnetic salts 
was first observed by Wilson and Hull.'! The technique 
employed is to fill a section of cylindrical wave guide 
with the salt to be investigated and to measure the 
rotation of the plane of polarization of the microwaves 
on passage through the salt. The rotation angle is 
written as 

0=4n°(I/d) (/w), 


= 


where ¢ is the parameter characterizing the rotation, 
1 is the length of the sample, and X is the wavelength 
in the sample. The assumption is made that the sample 
is matched to the guide so that internal reflections may 
be neglected. 

If the magnetic medium is isotropic or at least is 
cylindrically symmetric the rotation may be understood 
in terms of a decomposition into circularly polarized 
microwave fields. If the medium has axial symmetry 
along the wave guide, the two circularly polarized 
components propagate independently. We can then 
consider the phase velocity of each wave separately. 
If the susceptibility of the positive component is larger 
than that of the negative component it will have a lower 


t Supported in part by the U. S. Atomic Energy Commission. 
1M. C. Wilson and G. F. Hull, Jr., Phys. Rev. 74, 711 (1948). 
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phase velocity. Then it will have rotated through a 
larger angle on passing through the sample. We may 
now recombine the two circularly polarized components 
to find that the resultant field is rotated through the 
angle 6. This analysis gives for the rotation parameter 


$= }w(X_—X,). 


For paramagnetic salts one can easily compute the 
result 
/ a 
¢/ yHo= —=Xo, 


where Xo is the static magnetic susceptibility. Static 
magnetic susceptibilities are of the order of 10~ or 
smaller at room temperature. 

Considerably larger rotations are observed in the 
passage of microwaves through ferromagnetic media. 
Faraday rotation through ferrites has been discussed 
by Hogan.? It is the existence of large rotations which 
makes possible the microwave gyrator. For a ferro- 
magnetic sample we expect 


¢/yHo= — Mo/Ho. 


Initial susceptibilities of 10 are not unusual for ferrites, 
putting the rotation some six orders above the para- 
magnetic rotation for the same magnetic field. 

The possibility of rotation in an antiferromagnetic 
crystal was first recognized by Wangsness.’ He showed 
that the rotation should be smaller than that for a 
paramagnetic salt by a factor 


w/YH eH a, 


where Hg and Hy are the exchange and anisotropy 
fields. An interesting difference between rotation in 
antiferromagnetic media and in the other two media 
has been pointed out by Wangsness. For both para- 
magnetic and ferromagnetic media, a bulk magneti- 
zation is established by the axial magnetic field. It is 
this magnetization which interacts with the microwave 
magnetic field to produce the rotation. In the case of an 
antiferromagnetic sample there need not be any axial 

2 C. L. Hogan, Bell System Tech. J. 31, 1 (1952); Revs. Modern 


Phys. 25, 253 (1953). 
3R. K. Wangsness, Phys. Rev. 95, 339 (1954). 
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magnetization established at all. All that is necessary 
is that the microwave magnetic field establish a trans- 
verse magnetization. As a matter of fact it will be seen 
from a more complete treatment of the rotation that 
any axial magnetization tends to reduce the rotation. 
To obtain a reasonable net rotation one must choose a 
sample with moderately low exchange and anisotropy 
fields. Perhaps more important, there must be no ferro- 
magnetic component of the magnetization or the anti- 
ferromagnetic contribution to the rotation will be 
swamped. A material ideally suited to these studies is 
MnF>. The magnetic superlattice structure has been 
determined by neutron diffraction. The antiferro- 
magnetic resonance has been observed by Johnson and 
Nethercot® and by Foner.* Magnetic susceptibility 
measurements have been performed’ and lead to a 
value for the exchange field of 556000 oersteds at 
T=0°K. From a comparison with the resonance data 
one estimates an anisotropy field of 7840 oersteds. This 
agrees very well with the theoretical calculation by 
Keffer® of 8560 oersteds. More recently a study of the 
fluorine nuclear resonance? has provided additional 
information on the temperature dependence of the 
sublattice magnetization. Finally we have been able to 
obtain a large single crystal of MnF: which showed no 
detectable paramagnetic or ferromagnetic contribution 
below the transition.'® 

If one substitutes the values of exchange and ani- 


sotropy fields into the expression for the rotation, one 
obtains {/yH~10-®. Then in one centimeter of crystal 
in a field of 10000 oersteds one expects a rotation of 


at most 10-5 radian. This is too small an angle to 
measure directly with any accuracy. One might hope 
to make a power measurement rather than an angle 
measurement as suggested by Allen.” Assuming that 
only the rotated component of the microwave field is 
detected, the expected power amounts to 10~” watt. 
With a superheterodyne scheme this is a barely meas- 
ureable microwave power. 

By placing the sample in a bimodal cavity” one 
obtains a considerably enhanced rotation. The rotation 
angle is now given by 0~ fQof/w where f is the sample 
filling factor and Qp is the quality factor of the cavity. 
Putting in representative numbers one expects an 
enhancement of the rotation angle by a factor of 10° 


‘ a4 A. oro Phys. Rev. 90, 779 (1953). 
. M. Johnson and A. H. Netherc: yt, Jr., Phys. Rev. 

(1986), 114, 705 (1959). 

6 Simon Foner, Phys. Rev. 107, 683 (1957). 

™M. Griffel and J. W. Stout, J. Chem. Phys. 18, 1455 (1950); 
H. Bizette and B. Tsai, Compt. rend. 238, 1575 (1954). 

*F. Keffer, Phys. Rev. 7, 608 (1952). Also private com- 
munication. 

9V. Jaccarino and R. G. Schulman, Phys. Rev. 107, 1196 
(1957); V. Jaccarino and L. R. Walker, J. phys. radium 20, 341 
(1959). 

10 We are extremely grateful to Dr. A. M. Clogston of the Bell 
Telephone Laboratories for making this sample available to us. 

uP, J. Allen, Rev. Sci. Instr. 25, 394 (1954). 

2 A.M. Portis and D. Teaney, J. Appl. Phys. 29, 1692 (1958). 
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One can then obtain a microwave power of 10~* watt, 
which is comparatively easy to detect. 

In the next section we discuss the experimental 
technique and the connection between the microwave 
power measurements and the value of the rotation 
parameter ¢. Following that, the rotation is discussed 
from the point of view of the Nagamiya-Kittel phe- 
nomenological equations of motion. The position of the 
antiferromagnetic resonance as a function of tempera- 
ture is computed from the rotation data. The rotation 
is next considered from the more general point of view 
of dispersion theory. Finally relaxation effects are 
discussed. 

EXPERIMENTAL 

A section through the bimodal cavity is shown in 
Fig. 1. The cavity is resonant at approximately 9200 
Mc/sec in two degenerate TF1:; modes. It is excited 
through a coupling iris on the side from a rectangular 
wave guide propagating in a Ti) mode. Microwave 
power is coupled out through the end of the cavity into 
a second 79 rectangular wave guide. For optimum 
coupling the second wave guide is shorted a half guide 
wavelength below the coupling window. The magnetic 
field is applied along the axis of the cavity. Resistive 
and capacitive tuning plugs are used to initially balance 
the cavity so that no power is coupled between the 
wave guides in the absence of sample rotation. The 
location of these plugs is shown in Fig. 2. The usual 
tuning procedure is to couple a small amount of power 
between the wave guides in zero magnetic field with 
either capacitive plug 2 or 4. Then either capacitive 
plug 1 or 3 is adjusted to maximize the coupled power. 
Next either plug 2 or 4 is adjusted to reduce the coupled 
power to a minimum. Finally one of the resistive plugs 
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Fic. 1. Section through the bimodal cavity. Microwave power 
is coupled into the cavity through an iris in the top. Coupling into 
the second wave guide is through an iris in the end of the cavity. 
The sample is mounted opposite the output iris. 
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Fic. 2. Transverse section 
showing tuning plugs and cou- 
pling irises. Plugs 1 through 4 
are metallic and vary the ca- 
pacitance across the cavity. 
Plugs 5 and 6 are absorbers 
used to adjust the losses in the 
x and y modes. 


5 or 6 is adjusted to reduce the coupled power to zero. 
If the initial unbalance is large it may be necessary to 
repeat this procedure several times to obtain a good 
balance. Stable isolation between the wave guides to 
better than 80 db has been achieved with a solidly 
constructed cavity. It is usually found desirable to 
have one each of the three sets of plugs well out of the 
cavity. A quite delicate final balance can then be made 
with these plugs. 

In order to observe the rotation as a first order 
change in coupled power one of the resistive plugs is 
detuned to couple through about one microwatt of 
power. The fractional change in power coupled to the 
second wave guide may be calculated” to be 


5P» coté 8rQoft 


P, [(1+8)(1+8:)}  o 


where 8; and #2 are the coupling coefficients into the 
cavity from wave guides 1 and 2, respectively, and 6 is 
the coupling parameter defined so that the ratio of the 
coupled power to the maximum possible coupled power 
is sin?20. The cavity coupling coefficients are measured 
with a slotted line. The unbalance can be determined 
by means of a calibrated attenuator and Qp is calculated 
from the frequency half-width of the coupled power. 
This leaves the sample filling factor as the only other 
unknown in the above equation. We have chosen to 
determine the filling factor by making a measurement 
of the rotation in the paramagnetic range where ¢ in 
small fields is known to be simply —X,yHo. 

Our data for the temperature dependence of the 
rotation parameter ¢ of MnF2 are shown in Fig. 3. 
Since for small values of the magnetic field, the rotation 
is proportional to the field, we choose to plot the ratio 
¢/yHo. The data are normalized to the calculated 
paramagnetic rotation as described above. Especially 
to be noted is the drop in rotation by nearly three orders 
of magnitude as the sample is cooled below the Néel 
point. 

THEORY 

We analyze the rotation in terms of the Nagamiya- 
Kittel"? equations of motion. This theory, which couples 

3C, Kittel, Phys. Rev. 82, 565 (1951); T. Nagamiya, Progr. 
Theoret. Phys. (Kyoto) 6, 350 (1951); F. Keffer and C. Kittel, 
Phys. Rev. 85, 329 (1952). 
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two magnetic sublattices by a molecular field and 
assumes axial symmetry, should give a reasonably 
adequate description of MnF». There are two tempera- 
ture regions in which the molecular field theory gives 
only a very crude approximation to the actual situation. 
At low temperatures there is a high degree of correlation 
in the excitation which cannot be described by magnetic 
sublattices and one must consider spin waves. This 
problem has been discussed recently by Oguchi."* The 
results of his calculations are in reasonable agreement 
with the low-temperature observations of the anti- 
ferromagnetic resonance® and of the fluorine nuclear 
resonance.’ A second range where the sublattice model 
is not adequate is in the immediate vicinity of the 
transition. Even though there may be no long-range 
order one may still expect antiferromagnetic clusters 
to contribute a resonance absorption at some very low 
frequency. There are indications of this effect in the 
rotation data. 

We take the view here that the Nagamiya-Kittel 
equations give a phenomenological description of a 
resonance phenomenon of the kind of interest here, 
One may have to insert values for the exchange and 
anisotropy fields on the basis of other considerations 
but this in no way violates the resonance equations. 
We will examine the consequences of these equations 
and then discuss the expected rotation from a more 
general theory based on the Kramers-Kronig relations. 
For the static magnetic field parallel to the symmetry 
axis we have for the equations of motion describing the 
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Fic. 3. Temperature dependence of the rotation parameter ¢. 
All data is normalized to the parallel susceptibility above the 
transition. 


4'T, Oguchi, Phys. Rev. 111, 1063 (1958). 
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sublattice magnetizations M; and M2: 


dM,/dt=yM.iX (H+ Heit Ha), 
dM./dt=yM.2X (H+He.+H.:), 


Hr= —)M,, 
Hai=+2H4, 


Hz2= —)Mi, 
Ha.= = 8H a. 
The z component of the external field is Ho and the 
transverse components oscillate at the microwave 


frequency. We wish to describe the response of the 
system to circularly polarized microwaves : 


H,=H, coswt, H,= +H; sinot. 


In complex notation we write 


H,= He“, A, =F 1H ec“, 


where it is understood that only the real part of the 
above expressions has physical significance. The cus- 
tomary procedure for solving the equations of motion 
is to introduce the fields: 
H,=H,+iH,=2Hie™ or 0, 
H_=H,—iH,=0 or 2H,e*, 


where the value depends on the sign choice. As long as 
the microwave magnetic field is small we may write 


My? = Mo+3XiHo, M,?#= — Mot3XnHo. 


An average exchange field may be defined as Hg=Mo. 
We define the rotating components of the magnetization 


M,=M,+iM,, M_=M,-iM,. 


We obtain solutions of the equations of motion of the 
form 


M,.=X,H, A. =F... 


As expected for a uniaxial medium there is no mixing 
between the two polarization directions. The rotating 
susceptibilities have the form 


wow4Xy+ay HX 
x4 (s)=——__—,, 
(w—we) (w—wy) 


W103X,—wy HX, 
X (0) = 
(w—w1) (w—ws) 


where the resonance frequencies are 


oe a= [wo?+ (ayHy, 2)? }}—yHo(1 —a/2), 
w= —w3= —[wo?+ (wyHo/2)?}}—yHo(1—a/2), 
with 
wor= YH « (2H e+ Ha), 
a=AXi, 
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Fic. 4. Rotating susceptibility vs frequency. The solid curve 
represents the susceptibility in zero external field. The dashed 
curve corresponds to a static external field in the positive direction. 
Both resonances are shifted to positive frequencies. The positive 
frequency resonance w2 is enhanced. The negative frequency 
resonance w, is reduced. The rotation parameter, which corre- 
sponds to the slope near zero frequency, depends on both factors. 


and 


2M .Ha— (1—a) HX, 





X= a = 
* By (Ha+2Hs)— (1-0) He 


As long as there is no damping it is possible to describe 
the result of positive or negative circular polarization 
by a single susceptibility expression. Until now we have 
considered w to be a positive frequency ; however, if we 
change the sign of w in the expression for X;(w) we 
obtain the expression for X_(w) so we can define a 
rotating susceptibility X,(w) which is equal to X;(w) 
when w is positive and is equal to X_(w) when w is 
negative. We may write 


wow4X,+wyH oX;; 
(w tte we) (w—w4) 


where the frequency w may be positive or negative 
depending on the sign of the circular polarization. We 
show in Fig. 4 a plot of X, vs frequency. The solid line 
represents the susceptibility in zero magnetic field. If 
a magnetic field is imposed both resonances w2 and w 
shift toward positive frequencies to first order in the 
magnetic field. Since the rotation parameter is given by 


£= $u[X_(w) —Xy (w) ]=4o[X-(—w)—X,(+e)], 


we expect a rotation to be produced as a result of this 
shift. But there is a second modification in the resonance 
which acts to reduce the rotation. In the vicinity of we 
we have 
wsXityHoX, we 
a 7 
X= . 
We—-W4 W—-W2 


and in the vicinity of ws we have 


weXytyHoX ws 


r. 


W4—- We W—-W4 
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From a comparison of these two expressions we see that 
the negative frequency resonance decreases in amplitude 
and the positive frequency resonance grows since y is 
negative in sign. The dashed line in Fig. 4 represents 
the susceptibility in the presence of an external static 
field. 

The rotation can of course be expressed analytically 
from the susceptibility expressions. To first order in the 
external magnetic field we obtain 


w 
t/yHo= -—— aaa {L(2—a)X.—X 1 JoP? +X"). 
wo?—w?)? 


At temperatures sufficiently below the transition that 
w can be neglected as compared with wo, we obtain 


¢/yHo~ — (w*/we?)[ (2—a)X1— X11 J. 


If the anisotropy field is small as compared with the 
exchange field, we can approximate 


we~2yHerH, and aX,~X,,. 


We then obtain for the rotation 
o/yHo~ — (Xi —Xu1)/YH eH a. 


This expression agrees with that of Wangsness? in the 
limit of low temperatures since the parallel suscepti- 
bility approaches zero at T=O0°K. At higher tempera- 
tures one must consider the more complete expression 
involving the difference between the perpendicular and 
the parallel susceptibility. 

One can now find the temperature dependence of the 
antiferromagnetic resonance frequency by inverting the 
above expressions for the rotation parameter ¢. We have 
used the data of Griffel and Stout’ for the anisotropy 
in the static susceptibility, which is the only way in 
which the susceptibility enters as long as one is more 
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Fic. 5. Temperature dependence of the antiferromagnetic 
resonance frequency computed from the rotation data. The curve 
is the associated Brillouin function fitted to the direct resonance 
data of Johnson and Nethercot. 
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than a few degrees below the transition. Our computed 
values of the resonance frequency are shown in Fig. 5. 
The curve drawn is the so-called associated Brillouin 
function 

p= voBs2(T/T yw), 


where we have taken v=261.4 kMc/sec and 
Ty =67.7°K. These values were found by Johnson and 
Nethercot to give better than 1% agreement with their 
data which extended up to 64°K. Our values agree 
with those of Johnson and Nethercot over the range 
where they were able to take data. Even if we were to 
carry our measurements to low temperatures, they 
would not be sufficiently accurate to check the effect 
of spin waves on the resonance. It is in the vicinity of 
the transition that we find deviations from the pre- 
dictions of the molecular field theory. In particular our 
data indicates that the rotation does not approach zero 
as rapidly as this theory would suggest. We take this 
to indicate that the antiferromagnetic resonance fre- 
quency does not vanish at the Néel point. 


DISPERSION RELATIONS 


As has been discussed, the Nagamiya-Kittel equa- 
tions when used with molecular field theory give at 
least qualitative agreement as regards the temperature 
dependence of ‘the position of the antiferromagnetic 
resonance. We have taken the point of view that where 
there are deviations between experiment and theory 
they lie with the use of molecular field theory rather 
than with the equations of motion, provided that one 
regards them as phenomenological equations with 
adjustable parameters. In particular the sublattice 
magnetization which enters the equations of motion 
need not be the same magnetization that is measured 
by neutron diffraction or from the shift in the fluorine 
nuclear resonance.® 

We consider here whether one can rigorously compute 
the antiferromagnetic resonance frequency from the 
static susceptibility and rotation data alone. We 
attempt to do this by making use of the dispersion 
relations only. We find that a change in the intensity 
of the two resonances, which is not directly observable, 
also enters into the rotation. We conclude from the 
agreement with experiment that the Nagamiya-Kittel 
equations of motion seem to give the intensity change 
correctly. 

We start with the Kramers-Kronig relations and the 
assumption that the absorption associated with the 
resonance is largely localized around the resonance 
frequency. One may then compute the rotating suscepti- 
bility at all frequencies and from this find the rotation. 
The complication here is that we are dealing with a 
tensor medium and we must consider the dispersion 
relations connecting the various elements of the sus- 
ceptibility tensor. 

The dispersion relations in tensor media have been 
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discussed by Gourary.'® He finds that the usual dis- 
persion relations here connect the real and imaginary 
parts of each element of the susceptibility tensor. If we 
write for the 17 element of the susceptibility tensor: 


X j= Xi’ —1X,;"", 
then we have 


2w pr” Xi;'(w 
eine 
wr Jo 


2 ra w’X4;!"(w’) 
xa'w)=+= f eae dw’. 


To =e 


Our discussion of Faraday rotation has been in terms 
of the microwave susceptibility for the rotating com- 
ponents. From our definition of the rotating suscepti- 
bility of an isotropic medium 


X4(w)=Xez2(w)+iX2,(w), X—(w)X=X22(w)— 1X zy(w), 


where the frequency w is positive. If we permit w to be 
either positive or negative then we have simply 


X-(w) =X z2(w) + 1X 2y(w). 


We divide X, into real and imaginary parts by the 
relation 
X-(w) =X,! (w) — 1X," (w). 
This gives 
Xy! (w) =Xz2' (w)—Xay""w), 
Xe!" (w) = — X22" (w) —X ay’ (w). 


Now by substituting into the dispersion relations for 
the linear components we obtain new and very much 
simpler dispersion relations for the rotating suscepti- 
bility, namely: 


1 *X'(w ‘do’ 
x"u)=-- f - —, 


rv’. wtw 


x") 
X,! (a) =+- = fas 


qa-@ 


We now imagine that the absorption of the sample 
for circularly polarized microwaves is known. We expect 
that in zero magnetic field, since the sample has re- 
flection symmetry, there will be a resonance absorption 
at some frequency wo and also at the negative frequency 
—wpo. If we apply a magnetic field we must expect that 
to first order in the field both resonances will shift by 
equal amounts in the same direction. If we neglect for 
the moment any first order variation in absorption 
strength with applied field 


1 XiwWe 


X,' (w) Pe ae 


2 W—-We 


1 Xyw4 


sn 2w—ws 


15 Barry S. Gourary, J. Appl. Phys. 28, 283 (1957). 
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To first order in the magnetic field we take 


we=wotayH, 
On —wotayH. 


We compute a rotation parameter 


3w9?—w? 
as ngligh ———————, 
yHo (woer?—w? 2)2 


This expression is not in agreement with the result of 
the phenomenological equations. Since these equations 
must after all be consistent with the dispersion relations 
at low excitation levels, it appears that we have un- 
necessarily restricted the field dependence of the 
resonance absorption. We must in addition allow for a 
change in the intensities of the resonances in a magnetic 
field. We write 

Xw4 


4 ’ 
W—We W—W4 


Xwe 





where f2 and f, are the oscillator strengths of the two 
resonances. At zero frequency but with a static field 
along the axis we obtain 


X-' (0) = (fot fa)Xi= Xi. 
Then the two oscillator strengths must sum to unity 
independent of magnetic field. To first order in the 
magnetic field we now take 
fro= I ( 1 — byH/wo), 
fs=3(1+byH0/w0). 
The rotating susceptibility will be given by 


0° (3a— b)woer?— (a = b)w* 
$+ wy HX , 


wo? —w* wor—w 


and the rotation parameter becomes 


is (3a— “b)wo?— (a— ~~ 


ee 


yHo 


ey 


The above expression has been developed without any 
detailed model of the antiferromagnet such as the 
assumption of molecular fields. In principle at least by 
measuring the rotation at a number of frequencies one 
should be able to determine the zero field frequency and 
the splitting and variation in intensity produced by a 
magnetic field. In the present work we have measured 
the rotation at just one frequency and used the 
Nagamiya-Kittel equations to compute the antiferro- 
magnetic resonance since these equations give: 


b=14+(X,,/X1)—a/2~1+a/2 


That the shifts are given correctly by this theory has 
been reported by Johnson and Nethercot.® That the 


a=1 —a/2, 
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intensity variations are also correctly given may be 
inferred from the present work. 


RELAXATION EFFECTS 


As has been shown by means of the dispersion rela- 
tions, the rotation parameter is insensitive to the 
relaxation rate as long as the absorption is localized 
near the resonance. On the other hand the relaxation 
should introduce a transverse signal 1/2 out of phase, 
which we describe as a Faraday ellipticity. If we take 
account of relaxation, the rotating susceptibility will 
be a complex quantity and the rotation parameter ¢ 
will be complex. The real part of ¢ is associated with 
the Faraday rotation and the imaginary part with the 
ellipticity. We introduce relaxation into the equations 
of motion by adding relaxation terms of the Landau- 
Lifshitz type. The closely related problem in ferri- 
magnetic resonance has recently been discussed by 
Wangsness.'® We write the equations of motion in the 
form 


dM, 9 ‘dt= yM,. oX (H— M2 i+H,) 


—AM.2X[M,,2x (H—AMb, + H,)]. 


Solving the equations of motion, we obtain an ex- 
pression for the circular susceptibility of the form: 


wat 3 (w tw! py HX + (w 
X4 (w) = wa 


we 1 (co! +a!) (wows) + w2w4+ (ca!! —w “ey 


’—w YY Mo 


where 
w w 


“1-tAMy/y 


a 41M2/y 


. w2=y(HetHa), 


and we, w4, and X, are defined as before. The rotation 
parameter is still defined as 


- 5-7 a 


f=('—it" = ho[X_(w)—X,() ], 


where now we have the relation 


X_(w) =X,*(—w). 


In the limit of small magnetic fields we obtain 


¢ w 


Ho 


wo" ( h4dhene~ w* 


x|0-0” wo®(1-+ 9") Xi + 2iwyM op 


1 —e 
xl 
wh(1+)+ ie w 1+)? 

where p= AMo/y. 

The line width of the antiferromagnetic resonance 
s wzp from the above expression. Assuming that this 
width is small compared with the antiferromagnetic 
resonance frequency itself we have finally for the real 


16 R. K. Wangsness, Phys. Rev. 111, 813 (1958). 
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and imaginary parts of ¢: 


: O62 a) Xu Jou Xi! 
Sea —a)X,— Xi Xi ’ 
vyHo age ‘ , i 
e 


a 


—7M>/w:) 


ihn y we 
—X1 jwr?+[(2—a) (yM o/w2z) +X w*}. 


The ellipticity may be measured directly by un- 
balancing the bimodal cavity with the capacitative 
plugs."? In this case the fractional change in coupled 
power 


e—w 


coté 


[(1-+61)( 1+8, ie 


The ratio of the signals on resistive and capacitive 
unbalance will be given at low frequencies by 


6/6 ~ Lewes 2p/w?. 


Taking the line width at 40°K from the data of Johnson 
and Nethercot to be 2 kMc/sec we expect ¢/¢’~ 10%, 
An effort was made to detect the Faraday ellipticity 
experimentally. However it did not prove possible to 
detect such a small ellipticity in the presence of the 
large Faraday rotation by the cavity technique. Our 
measurements yield an upper limit for the ellipticity of 
1% of the rotation which is consistent with direct 
observations on the center of the resonance line. 

It is interesting to compute the Faraday ellipticity 
on the basis of other forms for the relaxation term. If 
we introduce relaxation toward the static fields only 
we may replace w by w—i/r in the susceptibility 
expressions. We expect the ratio of signals to be 
approximately 

"/e'~1/ar. 


This predicts an ellipticity 200 times larger than that 
given by the Landau-Lifshitz damping if we take 1/7 
to be the width of the central line. A relaxation ex- 
pression of this type has been critized by Wangsness!® 
because it does not provide relaxation toward the 
instantaneous field and therefore is inconsistent with 
the Kramers-Kronig relations. Further it permits a 
change in the magnitude of the sublattice magnetization 
as it relaxes, which seems unphysical. No ellipticity as 
large as that predicted by this relaxation expression is 
observed. It is of course possible that the central line 
width is determined primarily by strain and is much 
larger than the relaxation width but this seems unlikely 
at temperatures as high as 40°K. 

In order to determine whether the discrepancy 
between the predictions of the two relaxation expres- 
sions arises from the neglect of the instantaneous field 
or from the lack of a constraint on the magnitude of the 
magnetization, we have investigated equations of 
motion with Bloch relaxation toward the instantaneous 
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field. We write 
dM, /dt=(MiX Hers) — (1/7) (Mi— Mess), 


and a similar equation for M». 
In the limit of low frequencies and long relaxation 
times we obtain for the ratio of ellipticity to rotation 


s/t / / 
0" /¢' =2w/we?r. 


This result is equivalent to that obtained using a 
Landau-Lifshitz relaxation term. We conclude then 
that the neglect of relaxation toward the microwave 
frequency fields is responsible for the erroneous ellip- 
ticity computed with static relaxation only. 


CONCLUSION 


Microwave Faraday rotation has been observed in 
Mnf; both in the antiferromagnetic and paramagnetic 
ranges. The paramagnetic rotation is associated with the 
static susceptibility and is not further discussed. The 
antiferromagnetic rotation is associated with the inter- 
action between the magnetic sublattices and is of 
considerable physical interest. We have shown how the 
position of the antiferromagnetic absorption frequency 
can be computed from the observed rotation and 
phenomenological equations of motion. The computed 
absorption frequency is in good agreement with the 
direct observations of the antiferromagnetic absorption. 
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However the results obtained deviate from the pre- 
dictions of molecular field theory in the vicinity of the 
transition in a direction which suggests magnetic 
clustering. 

We have investigated the question of whether one 
can compute the antiferromagnetic resonance frequency 
from the rotation data without reference to a specific 
model for an antiferromagnet. We find that one can do 
this in principle provided that measurements are made 
at a number of frequencies. In the present work meas- 
urements were made at just one frequency and the data 
were analyzed with the assistance of the Nagamiya- 
Kittel equations of motion. That the computed fre- 
quencies agree with those actually observed indicates 
that the equations of motion are adequate over the 
range in which they are used to describe antiferro- 
magnetic resonance. 

An attempt to observe Faraday ellipticity was made. 
It was concluded that the Faraday ellipticity was less 
than 1% of the rotation. This result is consistent with 
a relaxation equation which properly takes account of 
relaxation toward the instantaneous field direction. 
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The importance of spin-orbit coupling in modifying the energy levels in the 6d band for the actinide 
metals is discussed. The energy matrix, Ho, used in this paper, neglecting spin-orbit effects, is derived from 
Kohn’s variational principle by expanding the wave function in terms of the five atomic d orbitals having 
cubic symmetry. A single disposable parameter, Ez, occurs in this model such that 224 is the width of the 
d band. The spin-orbit energy matrix, H,., contains the spin-orbit splitting parameter, /., which is equal 
to the ds;2—ds5/2 level separation. The complete 10X10 energy matrix has been diagonalized analytically 
along a fourfold symmetry axis and numerically at 150 points in the Brillouin zone for the case Eso/Ea=0.2 
appropriate to face-centered cubic thorium with £,.=0.4 ev and -4=2 ev. Plots of the energy variation 
along the two, three, and fourfold axes in the Brillouin zone are presented. Calculations based upon this 
model are also presented which show that the usual Pauli spin paramagnetism of the conduction electrons 
can be modified quite significantly by spin-orbit coupling. 


I. INTRODUCTION 


HE purpose of this paper is to present the results 

of an investigation of the effect of spin-orbit 
coupling on the energy levels in the 6d band for face- 
centered cubic actinide metals.!? 

Ridley’s nonrelativistic self-consistent field calcula- 
tions’ on metallic uranium indicate that the valence 
bands in the actinide metals consist of a 6d band 
(4-6 ev wide) overlapped by a narrow 5f band (1-2 ev 
wide). The 5f band shifts to lower energy relative to 
the 6d band as the number of valence electrons is 
increased from four in thorium to six in uranium and to 
eight in plutonium. Moreover, this relative 5 f—6d 
spacing is quite sensitive to the form of the potential 
energy function chosen for the calculation. 

A complete discussion of the electronic structure of 
the actinides must include the effects of spin-orbit 
coupling. Estimates of the atomic 5/ and 6d spin-orbit 
splittings have been made using a Thomas-Fermi 
potential function, and in thorium, these states are 
split by about 0.7 ev and 0.4 ev, respectively.? It is 
important to note that the 5/ spin-orbit splitting is of 
the same order as the estimated band width and thus 
may not be treated as a small perturbation. 

A simple parameterized model, based upon Kohn’s 
variational principle,‘ has been developed to study 
spin-orbit effects for narrow d and f bands. The energy 
matrix elements, neglecting spin-orbit coupling, derived 
from this model are quite similar to those obtained 
from the tight-binding interpolation scheme proposed 


*This work was supported by the U. S. Atomic Energy 
Commission. 

1 For a recent survey concerning the atomic structure of the 
actinide elements see Glenn T. Seaborg, The Transuranium 
Elements (Addison-Wesley Publishing Company, Reading, 
Massachusetts, 1958), p. 140. Also note the following reference. 

2G. W. Lehman, in Metallurgy and Fuels, edited by J. P. Howe 
and H. M. Finniston (Pergamon Press, Ltd., London, 1959), 
Vol. II, p. 570. 

3 E. Cicely Ridley, Proc. Roy. Soc. (London) A247, 199 (1958). 

4 W. Kohn, Phys. Rev. 87, 472 (1954). 


by Slater and Koster,’ while the effects of spin-orbit 
coupling are included by means of a unitary transforma- 
tion. However, this treatment of the spin-orbit coupling 
is much more general than might be implied by the 
simplified method used to compute the energy matrix in 
the absence of spin-orbit effects. 

Although the spin-orbit effects are more profound in 
the 5f band, the discussions in this paper will be 
restricted to the 6d band. 

II. ENERGY MATRIX ELEMENTS FOR 
THE d BAND 

Kohn’s approach for computing energy levels in 
monatomic metals is based upon a cellular variational 
treatment.‘ He shows that the extremals, U(k,r), of 
the functional 


J= Re f dr U*(H—E)U 


+f as U*(r.) [DU (r) ] exptik-t) (1) 


satisfy the Schrédinger equation inside the atomic 
polyhedron for an energy FE, and the Bloch periodic 
boundary conditions on the surface of the polyhedron 
for a wave vector, k. The vector, r,, denotes a point 
conjugate to the point r on the surface, and t is one 
of the primitive lattice vectors carrying r, into r. Both 
integrals include a sum over spin coordinates. The 
operator D in the second term denotes the normal 
derivative operator at a point on the polyhedron surface. 
The Hamiltonian operator, H, is a sum of the kinetic, 
potential, and spin-orbit terms. 


A. Construction of Spin-Angular Harmonics 
for d Symmetry 
The crystal wave function is assumed to be a linear 
combination of the ten atomic d orbitals suitable to 


5 J. C. Slater and G. F. Koster, Phys. Rev. 94, 1498 (1954). 
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cubic symmetry. Each orbital is a product of a radial 
factor, R, and a spin-angular harmonic function, Sy. 
Using methods described in Condon and Shortley,® 
one can construct the S,’s in terms of the Kubic 
Harmonics, K,,, (discussed by von der Lage and Bethe’) 
and the usual spin eigenfunctions a and 8. For brevity, 
we denote the five normalized angular harmonics 
having d symmetry as components of a column vector, 
K. These components are ordered according to the 
cartesian coordinate representation xy, yz, 2x, 2°—y’, 
and 3z2?—r?. With this convention, one finds that the 
spin-angular harmonics having d symmetry can be 
represented by the ten components of the column 
vector S=MY, where M is a 10X10 matrix defined 
below and Y is a column vector whose row representation 
is (Kit, Ket, -++Ks+, K,-, K.-, -++Ks—). The 
plus and minus signs following the K,’s refer to a 
and spin eigenfunctions, respectively. 
The matrix, M, is given by 


ll —ia 0 a 0 0 ib —b 0 
0 —ic 0 0 0 0 0 0 
0 0 0 a 0 1¢ C 0 
0 ib 0 O 1a 0 0 a 
id 0 d 0 0 (0) 0 0 
0 0 0 0 —id 0 0 d 

—ib 0 b 0 Q0 —ia a (0) 
0 -if f 0 0 0 0 0 1) 
0 0 0 g 0 -if —f 0 
0 1a 0 0 —ib 0 0 —b 








The quantities a,b,c,d,f, and g appearing here denote 
the positive square roots of 2, yo, 75, 3, 3, and 3 
respectively. The matrix, M, is easily seen to be 
unitary and has been constructed so that the spin-orbit 
energy operator, H,,, is diagonal in the S representation 
with the eigenvalues given by the following equation: 


_ 3ly 
H,,S=B 5 (2) 


where B is proportional to dVo/(rdr), with Vo being 
the atomic potential energy function. The symbol /, 
denotes a unit matrix of order while 0 denotes a null 
matrix. Equation (2) shows that the first four compo- 
nents of S belong to the total angular momentum 
quantum number j= 3 while the remainder belong to 
j=h. 

B. General Form of the Energy Matrix 

Including Spin Effects 


The crystal wave function is determined by the 
linear combination of the atomic orbitals, (RS,), 
which extremalizes Eq. (1). The extremals are found to 

6 E. U. Condon and G. H. Shortley, Theory of —_ Spectra 


(Cambridge University Press, Cambridge, 1935), p 
7 F. C. von der Lage and H. ’A. Bethe, Phys. Rev. Pat ‘ci2 (1947). 
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be U=RQS, where Q is the matrix which diagonalizes 
the energy matrix 

Ho, 
0, Ao 


i 0 | | —3E sol 4/5, 0 
H=M M* +'/| ' 
| 0, 2Esol 6/5 
Here, E,. represents the magnitude of the 6d spin-orbit 
splitting and Hp is just the 5X5 energy matrix obtained 
by neglect of spin-orbit effects. M and M* denote the 
complex-conjugate and complex-conjugate transpose 
of M, respectively. 

The matrix elements of Ho with the zero of energy 
chosen to be that of the atomic d level as derived from 
Eq. (1) are given by 


Hav so Bd mateo exp(ik- R,)Cmn(R,), (4) 


where 
a f dS RK »(t.)D(RK,(1)); 
B m -{ dr (RK m)? (V- Vo). (5) 


The surface integration appearing above is to be taken 
over the gth surface of the atomic polyhedron normal 
to the lattice translation vector, R,. The symbol V 
denotes the crystal potential energy function. 


C. Spherical Cap Approximation 


The problem now is to evaluate the surface integrals 
given by Eq. (5). In order to obtain a simple energy 
band model, each plane surface of the face-centered 
atomic polyhedron is replaced by a spherical cap whose 
radius is equal to the Wigner-Seitz sphere radius for 
this structure.’ The surface area is chosen to be that 
of each face. Using this approximation, one notes that 
the evaluation of C,,, reduces to a quadrature over a 
spherical cap. However, following Slater and Koster, 
it is advantageous to rotate the z axis parallel to R, 
by means of a unitary transformation. The surface 
integrals with the z axis so chosen are isomorphic to 
the two-center integrals involving o, 7, and 6 orbitals 
discussed by Slater and Koster. Consequently, the 
energy matrix elements of H» have exactly the same 
form as in their case except for the meaning of the three 
parameters representing the o, 7, and 6 integrals. For 
completeness of this discussion, the energy matrix is 
Table I where the three parameters do, d), 
(ddr), and (dd5) two-center 
The symbols ¢; 


given in 
and d» denote the (dda), 
integrals in Slater and Koster’s paper. 
and s; denote cosine and sine functions whose arguments 
are (ak;/2), where a is the cube edge of the unit cell. 
8J. R. Reitz, in Solid State Physics, edited by F. 


| Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1955). 
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TABLE I. Energy matrix elements for fcc d band 
(neglecting spin-orbit effects). 


Ay,°=2(d,+d2) (C2 +¢y)C, Hy2=2(d2—d) 5252; 
+ (3do+d2)czC,; 
Hy=2(d2—d;)sys:;5  Hig=0; 
Hof =2(d,+d2) (Cy+c2)Cz 
+ (3do+d2)CyCs; 
Hf = (v3 /2) (do—d2) SySz; 
H33°=2(d\+d2) (+€z)Cy 
+ (3do+d2)c.c:; 
H35°= 3 (ds—do)sz5, 
Hy =} (3do+4d,4+9d2) (C2. +¢y)c 
+4diczty; 
H 5° = } (do +12d,4+-3d2) (cz +¢y)e, 
+ (dot+3d2)crcy 


Aig =v3 (dyo—d2)525y 
Ho°=2(d2—d))szSy; 


Ho? = 3 (d2—do) SySz 
Hy@=— (v3 /2) (do—d2) 5252; 


H,°= (v3 /4) (do—4d,+3d2) 
X (€r—Cy) Ce 


D. Comparison of Spherical Cap Model with 
Tight-Binding Calculations for Nickel 


The Ho matrix has been diagonalized by Fletcher 
and Wohlfarth for the case of the 3d band of face- 
centered cubic nickel.? They actually evaluated the 
two-center integrals from the 3d wave functions and 
potential obtained from a Hartree atomic calculation. 
At this point, it is interesting to compare the values 
of do, di, and d, derived from the spherical cap method 
discussed in the previous section with the equivalent 
two-center integrals derived by Slater and Koster from 
the calculations of Fletcher and Wohlfarth. The 
comparison is shown in Table II. One notes that the 
two sets of results agree remarkably well if Ea is 
treated as a disposable parameter equal to y= 1.35 ev 
for nickel. 

In the remainder of this paper, the deviation of V 
from cubic symmetry will be assumed to be negligible. 
This means that the B,,’s of Eq. (5) are equal and 
produce a shift in the zero of energy which can and will 
be subsequently neglected. 


III. SPIN-ORBIT EFFECTS IN THE 6d BAND 
FOR THE ACTINIDE METALS 


The spherical cap model discussed in the previous 
section will now be used to obtain the qualitative 
behavior of the energy levels in the 6d band for the 
actinide metals, and especially to make detailed calcula- 
tions of the spin-orbit effects. 


TABLE II. Comparison of two-center integrals for the 3d band of 
nickel with those derived from spherical cap method. 


di = (ddr) 


0.1348 Ey 
0.1310 Ey 


Method 


LCAO 
Variational 


dz = (ddd) 


do = (dda) 


—0.2504 Eo 
—0.2535 Ea 





—0.0204 Ep 
—0.0235 E4 





9G. C. Fletcher and E. P. Wohlfarth, Phil Mag. 42, 106 (1951); 
G. C. Fletcher, Proc. Phys. Soc. (London) A65, 192 (1952). 
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A. Energy Matrix Including Spin-Orbit Coupling 


It is now advantageous to transform the energy 
matrix H to a representation in which the basis vectors 
are Ka and Kf. Setting H’=M*HM, one finds 

H’ = Hol 2+ (E,./5)[Lio-+Lyo,+ Loz], (6) 

where o,, oy, and a, are the Pauli spin matrices.” L,, 
L,, and L, form a matrix representation of the angular 
momentum operators appropriate to cubic symmetry 
for quantum number j=2. L, can be derived from 
L,and L, using the commutation relation" L,L,—L,L, 
=1L,. with 

0 0 0 || 

10 —i —v3il 

i 0 oO |; 

0 i 0 0 ! 

0 i 0 O | 


0 0 
0 0 0 
0 0 = 
0 i 0 
0 —v3i 0 


Equation (6) is just the matrix representation of the 
Hamiltonian operator using the Kubic Harmonics as 
basis functions. It is important to note that our H’ 
energy matrix can be made more exact in the one- 
electron approximation by using an accurate Hy and 
including s, p, f, «+ spin-orbit terms. 


B. Energy Levels Along A(0,0,k.) 


The level distribution in the d band along the fourfold 
symmetry axis (0,0,4,) in the Brillouin zone is given by 
diagonalizing Eq. (6). From Table I, one notes that Hy 
is diagonal with H».°=H;;°. If one now changes the 
order of the elements of H’ from the natural order 
1, 2, ---10 to 1, 4, 5, 7, 8, 6, 9, 10, 2, 3 it is seen that 
these 5X5 blocks have no connecting elements. It is 
further observed that each block contains two identical 
diagonal elements arising from the H»°=H3;° de- 
generacy. Without going into details, one can use this 
fact and show that both 5X5 blocks lead to the same 
set of 5 eigenvalues. Six doubly degenerate energy 
levels occur given by 


E=Hy+E.h/5, 


where 
h'+ (a+b—1)/?+[8+a(1—6) Jh+2(6—a— 2b) =0, 


with 
€=5 (H, Y— Hy’), ae ; b 5 (H, - Ho) / Ego. 
The four remaining energy levels, also doubly de- 
10 See reference 6, p. 55. 
1 See reference 6, p. 43. 
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generate, are given by 


2E= H+ Hs5°— Exo/5 
+[ (H5s°— H22°+ Es./5)?+ 24 (Eso/5)? }*. (7) 


At the point I'(0,0,0), one has Hy,°=H2°=H;;° 
and Hu°=H,;,;°. Consequently, it can be shown that 
two groups of fourfold degenerate levels have energies 
given by Eq. (7) above. The remaining two levels are 
doubly degenerate and are given by 


E=Hy)+2E,o/5. 


This occurrence of the double degeneracies is in 
agreement with Elliot’s group theoretical considera- 
tions.” Some attempts have been made to derive the 
above results for the point I by group theoretical 
methods as outlined by Koster using the double 
group approach. At the present time, only reducible 
representations have been obtained for the d band. 


IV. APPROXIMATE DETERMINATION OF 
6d LEVELS FOR ALPHA THORIUM 

From the discussion of Sec. II, Part D, one notes that 
the model for the 6d band of thorium in the absence of 
spin-orbit coupling is essentially equivalent to that 
derived by Fletcher and Wohlfarth for nickel provided 
the half-bandwidth parameter Fg is fixed by experi- 
mental data. For purposes of studying spin-orbit effects, 
Ea was chosen to be 2 ev or a total 6d bandwidth of 
roughly 4 ev. Arguments supporting this choice are 
presented elsewhere.” 

As mentioned in the introduction, the spin-splitting 
parameter is of the order £,,=0.4 ev for thorium. 
The detailed numerical calculations of the energy 
levels in the 6d band, reported in this paper, are based 
upon F,o/Ea=0.2, with the energy scale or Eg still 
arbitrary. However, do, di, and d: are chosen to be those 
used by Slater and Koster shown in Table II as LCAO. 
This choice enables one to compare the results when 
spin-orbit coupling is included with those neglecting 
spin-orbit effects. 


A. Numerical Results for the 6d Band 
of Alpha Thorium 


For an arbitrary point in the Brillouin zone, one 
must diagonalize the complete 10X10 H’ matrix in 
order to determine the energy levels. Since the energy 
levels will possess cubic symmetry at every point in 
the zone, it is only necessary to diagonalize H’ over 
1/48 th of the zone bounded by the plane surfaces: 


k,=2n/a, kz=0, kathy tk,=31/a, k.=k,, and kz=k,. 


As an initial step, a mesh of 150 points was chosen and 
H’ was diagonalized for these points using an IBM 704 
computer. 

#R, J. Elliot, Phys. Rev. 96, 266 (1954). 


3G, F. Koster, in Solid State Physics, edited by F. Seitz and 
a (Academic Press, Inc., New York, 1957), Vol. 5, 
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Fic. 1. Variation of energy along a fourfold axis in the Brillouin 
zone for a d band. In this and subsequent figures, dashed, and 
solid lines refer to zero spin-orbit coupling and E,,./Eo=0.2, 
respectively. The notation is that due to Bouckaert, Smoluchowski, 
and Wigner. 


The energy levels were found to be doubly degenerate 
at each point in the Brillouin zone in agreement with 
group theoretical predictions. No other degeneracies 
exist except those at I’ which were discussed in a 
previous section. For each k, there are five distinct 
energy levels denoted by /i, Fx, .../5. The energy 
levels are arranged in order of increasing energy, and 
the subscript, ”, refers to the mth band. Although the 
bands associated with different regions of k space can 
overlap, they cannot cross. 

Some of our numerical results are summarized in 
Figs. 1, 2, and 3. Figure 1 shows the importance of 
spin-orbit coupling in removing the degeneracies along 
a fourfold symmetry axis in the Brillouin zone. Figures 
2 and 3 show the energy variation along the two and 
threefold axes in the Brillouin zone. The dashed lines 





Fic. 2. Variation 
of energy along a 
twofold axis in the 
Brillouin zone. 
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Fic. 3. Variation 
of energy along a 
threefold axis in the 
Brillouin zone. 











refer to E,.=0 and correspond to the calculations made 
by Fletcher and Wohlfarth. The labeling on these 
figures follows the convention established by Bouckaert, 
Smoluchowski, and Wigner. 


B. Modification of Pauli Spin-Paramagnetism 
Due to Spin-Orbit Coupling 


The well-known Pauli spin-paramagnetic suscepti- 
bility of a metal arises from the interaction of the 
electron spin and the external magnetic field. The 
Hamiltonian operator describing this interaction is 


Hnng= pol H202+H oy +H], (8) 


where H,, H,, and H, are the components of the 
magnetic field vector, H, and yo is the Bohr magneton. 

In the absence of spin-orbit coupling, one finds that 
the eigenvalues of the complete Hamiltonian H’+ Hing 
are E,(k)+po|H|, where £,(k) are field free energy 
levels. 

On the other hand, when the electron spin is coupled 
to its orbital motion, it is found that the energy levels 
can be significantly modified from the expression given 
above. Preliminary calculations have been carried out 
for H=(0,0,H,) along three and fourfold symmetry 
axes in the Brillouin zone for some of the bands labeled 
E, in Figs. 1, 2, and 3. For this case, Hnnag=poo.H, 
has a diagonal 10X10 matrix representation with the 
first five elements being +1 while the last five are —1. 
The complete Hamiltonian, H’+Hieg, with H’ given 
by Eq. (6), was diagonalized for several very large 
magnetic fields showing that the perturbed levels were 
linear in field. In fact, the slopes of the energy against 
magnetic field plots are given by u(k)=y0(o,) where 
(c,) is the appropriate expectation value of o,. Con- 
sequently, the energy levels in the presence of spin-orbit 
coupling are given by E£,(k)+yu(k)|H|!. Numerical 
results appear in Fig. 4 showing the variation of u(k) 
with wave number along a fourfold axis in Band 2 
and along a threefold axis in Band 3. 


“ Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 
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Fic. 4. Variation of the magnetic moment of an electron in a d 
and along directions in the Brillouin zone as indicated. 


It appears to be clear from this analysis that the 
Pauli spin-paramagnetic susceptibility, given by this 
model of the d band with strong spin-orbit effects 
present, would not be proportional to the density of 
states if the Fermi surface is associated with a region 
of k space in which u/yo varies greatly from unity. 


Vv. SUMMARY 


A detailed investigation of the energy level structure 
for a d band of a face-centered cubic metal has been 
given which was based upon a parameterized energy 
band model derived from Kohn’s variational treatment 
modified to account for spin-orbit interaction. 

The model is somewhat oversimplified since it is 
assumed that the crystal wave functions are primarily 
those having d symmetry only and that the bandwidth 
is narrow. However, it is still quite useful in illustrating 
the marked modification of the d band structure when 
strong spin-orbit interactions are present. 

The energy matrix for a d band derived here contained 
a half-bandwidth parameter, Ez, and _ spin-orbit 
splitting parameter, £,., and took a form which is 
closely related to that obtained from the Slater-Koster 
interpolation scheme. When £4=1.35 ev and E,.=0, 
it was found that the energy matrix agrees almost 
exactly with that obtained by Fletcher and Wohlfarth 
from a tight-binding calculation for the 3d band of 
nickel. 

For the general case of spin-orbit coupling it was 
found that the 10X10 energy matrix must be solved. 
Analytic expressions for the energy levels have been 
obtained for wave vectors lying along a fourfold sym- 
metry axis in the Brillouin zone. It is important to 
note that these expressions have a greater validity at 
the center of the zone than elsewhere unless the 
perturbation induced by the higher lying g states is 
extreme. For this case, the energy levels depend upon 
Eso and the separation of the double and triple de- 
generacy associated with a d band in the absence of 
spin-orbit effects. Two fourfold and one twofold 
degeneracies occur as predicted by group theoretic 
arguments. 

Previous work? indicates that Ez=2 ev and F,,=0.4 
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ev are reasonable parameters for face-centered cubic 
thorium. Therefore, to complete the study of spin- 
orbit effects in the 6d band, the 10X10 energy matrix 
was diagonalized for this case (/,./EHa=0.2 with Eg 
arbitrary) at 150 points in the Brillouin zone using an 
IBM 704 computer. The energy levels were found to 
be doubly degenerate everywhere as required by the 
group theoretical considerations of Elliot. The results 
of these calculations have been summarized in figures 
showing the energy variations along the three principal 
symmetry axes with and without spin-orbit effects 
included. These figures show that all of the previously 
existing degeneracies, except those at the center of 
the zone, have been removed and the energy variations 
smoothed out by spin-orbit interaction. 


PHYSICAL REVIEW VOLUME 


SPIN-ORBIT COUPLING 


116, 


IN ACTINIDE METALS 851 

It has been shown that the energy levels associated 
with spin-external magnetic field interactions can be 
written as E,(k)+y(k)|H|, where Z,(k) are the field 
free energy levels, |H| is the magnitude of the magnetic 
field vector and u(k) is the effective electron magnetic 
moment. Plots of u(k)/uo have been presented showing 
that large deviations from unity can arise along certain 
directions in the Brillouin zone. 


ACKNOWLEDGMENTS 


The author wishes to thank Dr. John E. Hove for 
a number of stimulating discussions and Mrs. Carolyn 
Justus for programming the Hermitian matrix diagonal- 
ization routine and handling the numerical computa- 
tions described in this paper. 


NUMBER 4 NOVEMBER 15, 1959 


Solutions of the Secular Determinant on the Brillouin Zone Faces 
for Face-Centered Cubic Lattice Vibrations 


W. C. OvERTON, JR. 
United States Naval Research Laboratory, Washington, D. C. 


(Received June 23, 1959) 


The contours of constant frequency of the longitudinal branch have been plotted on the hexagonal 
Brillouin zone face to aid in the study of the vibration spectra of the two-force constant model for face- 
centered cubic lattices. These contours are based on machine solutions of the secular determinant as well as 
on closed-form solutions along the edge lines of the 3th portion of the hexagonal face cut by the planes of 
the irreducible trihedral angle (1/48 zone). Newly found closed-form solutions along the bisectrix of the 
ith portion provide greater accuracy of the contours. The graphical study has disclosed new types of critical 


points on the hexagonal zone faces. 


HE two-force-constant central-force model for 
monatomic face-centered cubic lattices has been 
found to give reliable specific heats! and is applicable 
to 21 or more elements in the periodic table. Therefore, 
new mathematical properties of the model are of 
interest. In particular, knowledge of contours of con- 
stant frequency on the Brillouin zone faces is an aid in 
understanding the nature of the constant frequency 
surfaces in the interior of the zone. 
The 3X3 secular determinant of the model may be 
expressed in the form 


fu= 2+2(y la) S 2—¢ "(C;+C ‘ ) — 2, 
fis=SiS;, (off-diagonal terms). 


(diagonal terms), 


(1) 


Here S;=sin(raK;), C;=cos(raK;), a is the lattice 
constant, the KA, number components, 
\?=29?Mv?/a, X is the reduced frequency, v the fre- 
quency, @ and vy are the nearest and next-nearest 
neighbor interatomic force constants, respectively. As 
usual, i, 7, k correspond to [100], [010], and [001 ] 


are Wave 


1J. de Launay, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 


directions and the Brillouin zone is considered in terms 
of the reduced wave number coordinates, x, y, z= 1aK;j, 
nak ;, raK,, respectively. Because of symmetry it is 
necessary to consider solutions of Eq. (1) only in the 
1/48 of the zone shown by heavy lines in Fig. 1. 


[001] 
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i) / | 


x | 
vy ‘a 
ce 


Fic. 1. Positive octant of the Brillouin zone showing the sym- 
metry irreducible basic trihedral angle (heavy lines) and zone 
face line segments A, B, C, D, E, F, and G. 
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Fic. 2. Portion of the hexagonal zone face contained by the 
basic trihedral angle showing contours of constant reduced fre- 
quency for the longitudinal branch, the Q critical points, and line 
segments A, B, C, D, and E. The contours are identified by the 
reduced frequency values shown and are for a force-constant ratio, 
y/a=—0.10. 


As part of a general investigation of the vibration 
spectra of fcc lattices, we obtained machine-calculated 
solutions? of Eq. (1). These give frequencies at 70 
points distributed over the faces of the irreducible 1/48 
zone. The constant frequency contours for the longti- 
tudinal branch shown in Fig. 2 were constructed from 
the machine solutions plus closed-form solutions along 
lines A, B, C, D, and E. These latter allowed more 
precise construction of the contours. From these con- 
tours it was evident that two-dimensional saddle points 
exist at 0, and Q_. Subsequent detailed investigation 
revealed that these are critical points of a type only 
recently discussed.? 

The closed-form solutions on the lettered lines of 
Fig. 2 are obtained as follows: If we put x=y in Eq. (1) 
it factors into linear and quadratic forms giving \? as 
a function of position in the x=y plane. From this we 
obtain A along C (and also D after appropriate rotation). 
If we put y=0, solutions on the y=0 plane are obtained 

2 W. C. Overton, Jr., and E. Dent, Naval Research Laboratory 
Report NRL-5252, March 9, 1959. This contains tables of dis- 
persion relations for each branch for 11 values of y/a along each 
of the 70 vectors in the 1/48 zone in the form of 20 solutions per 
vector at equally-spaced points between the origin and the 
zone faces. 
es... C. Overton, Jr., Bull. Am. Phys. Soc., Ser. II, 4, 276 


JR. 


in the same way and from these we obtain A in closed 
form along line B. The closed-form solutions for all 
three branches in these two planes are given by 
Leighton.‘ Putting z=m in Eq. (1) gives closed-form 
solutions over the entire plane of the square zone face 
containing lines A, G and F. 

Line E lies on the intersection of the plane, x=2/2, 
and the plane of the hexagonal zone face, x+y+z 
=3r/2. When x=72/2 is put in the latter we have 
y=mn—z, and when both conditions are put in Eq. (1) 
it factors and we find the following closed-form solutions 
in terms of the z coordinate of any point lying on E: 


Az?=2.5+ (y/a)+ (v/a) sin*s+ 1/2{[1—2(y/a) 
+2(y/a) sin’ ]?+8 sin?z}!, 
?=3—[2—2(7/a) ] sin’z, (2) 


where A, is the solution for the longitudinal branch, 
\— for the low-transverse branch, and ,; for the high- 
transverse branch. 

Critical points such as the Q types have not been 
found for the transverse branches along lines A, B, C, D, 
or E, and so the construction of contours of constant 
frequency for the transverse branches on the hexagonal 
face with the aid of closed-form solutions along these 
five lines is straightforward. 

Of special interest are the properties of the Q points 
whose existence was disclosed by the study of zone face 
solutions. For the usual critical points first discussed by 
Van Hove,® Vxv vanishes in three dimensions. For one 
of the types discussed by Phillips® the gradient vanishes 
in a particular plane, but the frequency varies linearly 
normal to this plane. The surfaces about the Q points, 
whose equations have already been reported,’ differ in 
that linear, quadratic and cross-product terms are 
involved in the localized coordinates below the zone 
face. These Q points are to be discussed in detail in a 
later paper. 

The appearance of the contours of Fig. 1 suggests the 
interesting possibility of mirror symmetry across line £, 
especially since A is the same along A as B, and the 
same along C as D. However, numerical calculations at 
a point in the EAC triangle and its diametrical opposite 
in the EBD triangle showed that such symmetry does 
not exist. 


4R. B. Leighton, Revs. Modern Phys. 20, 165 (1948); also 


reference 1. 
5L. Van Hove, Phys. Rev. 89, 1189 (1953). 
6 J. C. Phillips, Phys. Rev. 104, 1263 (1956). 
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Millimeter Wave Absorption in Superconducting Aluminum. 
I. Temperature Dependence of the Energy Gap 


MANFRED A. Bronpr AND M. P. GARFUNKEL* 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received June 24, 1959) 


Measurements of the temperature dependence of the microwave absorption in superconducting aluminum 
have been made in the wavelength region 20 mm to 3 mm. The results, when plotted as isotherms of surface 
resistance ratio vs photon energy, show that, at a well-defined energy for each temperature, there is a rapid 
rise in absorption with increasing energy. This has been interpreted as the onset of absorption resulting 
from direct excitation of electrons across a forbidden energy gap. The isotherms then permit the determi- 
nation of the temperature dependence of this energy gap. At absolute zero the gap value is found to be 
& (0) = (3.240.1)kT, (where T,=1.178°K is the superconducting transition temperature), in reasonable 
agreement with the theoretical value of 3.52k7, obtained by Bardeen, Cooper, and Schrieffer. Furthermore, 
the temperature variation of the gap exhibits the same shape as that given by the theory. Finally, reasonable 
agreement is obtained between theory and experiment concerning the detailed shapes of the surface re- 
sistance vs temperature curves over the measured wavelength range, provided that the experimental value 


& (0) is used in the theory. 


I. INTRODUCTION 


HE existence of a gap in the electronic energy 
spectrum of superconductors has become evident 
both from experimental and theoretical points of view. 
Experimentally an energy gap has been inferred from 
two basically different observations: (a) the existence 
of a threshold frequency in the electromagnetic absorp- 
tion spectrum,’ and (b) the exponential temperature 
variation of properties which depend on the number of 
electrons thermally excited across the energy gap.*~* 
Recent theories of superconductivity’:* have an energy 
gap in the electronic spectrum which is a universal 
function of the superconducting transition temperature, 
T.. Furthermore the gap width is a function of temper- 
ature, decreasing monotonically to zero at T,. Recently, 
Tinkham and Ferrell,® and Ferrell'® have shown that, 
independent of a detailed microscopic model, certain 
kinds of gaps in the electronic energy spectrum at the 
Fermi surface lead to the low-frequency electromagnetic 
behavior of a superconductor; in particular, they give 
rise to the characteristic diamagnetism. Qualitatively, 
the thermal properties also follow from an energy gap 
* Now at the University of Pittsburgh, Pittsburgh 13, Pennsy]l- 
vania. 
. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 
(1958). 

2M. A. Biondi and M. P. Garfunkel, Phys. Rev. Letters 2, 
143 (1959). 

3 For a general review see Biondi, Forrester, Garfunkel, and 
Satterthwaite, Revs. Modern Phys. 30, 1109 (1958). 

4B. B. Goodman, Proc. Phys. Soc. (London) A66, 217 (1953). 

5Corak, Goodman, Satterthwaite, and Wexler, Phys. Rev. 
102, 656 (1956). 

6 A. G. Redfield and A. G. Anderson, Proceedings of the Kamer- 
lingh Onnes Conference on Low-Temperature Physics, Leiden, June, 
1958 [Physica 24, $150 (1958). 

7 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957); 
hereafter referred to as BCS. 

8 Bogoliubov, Tomalchev, and Shirkov, A New Method in the 
Theory of Superconductivity (Academy of Sciences U.S.S.R. 
Press, Moscow, 1958). . 

9M. Tinkham and R. A. Ferrell, Phys. Rev. Letters 2, 331 
(1959). 

1. A. Ferrell, Bul]. Am. Phys. Soc, Ser. II, 4, 225 (1959). 


model; in fact, the existence of an energy gap was 
originally inferred from the temperature dependences 
of the specific heat® and of the thermal conductivity‘ at 
low temperatures. 

It is the purpose of this paper to describe in detail an 
experiment on the temperature and frequency depend- 
ence of the microwave absorption in superconducting 
aluminum, previously reported in preliminary form."* 
The range of frequencies was selected in order to 
observe the changes in absorption that occur as the 
photon energy becomes greater than the expected 
energy gap. This absorption change was found to be 
sufficiently abrupt to permit a determination of the 
magnitude of the energy gap. Furthermore, the observed 
temperature dependence of the absorption curves has 
permitted us to deduce the temperature dependence of 
the gap. Finally, a comparison of our results with the 
theory of Bardeen, Cooper, and Schrieffer? (BCS) and 
with recent thermal measurements on aluminum reveals 
general qualitative and, in some cases, quantitative 
agreement. 

The range of frequencies where direct excitation of 
electrons across the gap becomes evident (v>kT,/h) is 
just above the range in which extensive superconducting 
absorption studies were made a decade ago.” In this 
lower frequency range, energy is absorbed by the 
electrons that have been thermally excited across the 
energy gap. A typical curve for microwave absorption 
at frequencies well below the energy gap has the form 
given in Fig. 1. The abscissa is the reduced temperature, 
=T/T., where T, is the superconducting transition 
temperature. The ordinate is the surface resistance” 

1 Biondi, Garfunkel, and McCoubrey, Phys. Rev. 108, 495 
(1957). 

2 A. B. Pippard, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1954), 
Vol. 6, pp. 1-45. This paper gives a detailed review of the low- 
frequency microwave work in both normal metals and super- 
conductors. 


‘8 The surface resistance is the real part of the surface imped- 
ance, Z, defined as Z=4r(E/H)o, where (E/H)o is the ratio of 
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Fic. 1. Surface resistance ratio r as a function of reduced 
temperature ¢ at microwave frequencies. This is the form of the 
curve for superconducting aluminum at a wavelength at 25 cm 
(after Faber and Pippard, reference 23). 


ratio, r= R/R,, where R, refers to the surface resistance 
in the normal state just above 7,. For the high conduc- 
tivity of pure metals r is accurately equal to the ratio 
of the absorptivities in the two states. The rapid drop 
in absorption just below the transition temperature is 
largely caused by the rapid reduction in the penetration 
of the electromagnetic field into the superconductor. 
The drop to zero at T=0 is the result of the disappear- 
ance of thermally excited electrons. 


Il. EXPERIMENTAL METHOD 


The objectives of the experiment involved the 
determination of the absolute values of absorptivity 
over a wide range of frequencies on a single sample 
whose surfaces were sufficiently good to approximate 
the behavior of an ideal bulk superconductor. In 
addition, it was desirable to carry the measurements to 
temperatures sufficiently below 7, that very few 
thermally excited (normal) electrons remained. These 
objectives were achieved by use of (a) a sample in the 
form of a one-piece wave guide with chemically bright- 
ened surfaces, (b) a calorimetric determination of 
absolute absorption of microwave energy by monitoring 
the temperature rise produced in the sample, and (c) a 
double Dewar apparatus employing liquid He® in the 
inner section which reached ~0.35°K by pumping. A 
detailed description of the experimental techniques is 
given below. 


electric to magnetic fields at the surface of the metal. In general, 
Z=R+iX is complex; the imaginary part is the surface reactance, 
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(a) Sample Form and Preparation 


In view of the uncertainty concerning the expected 
value of the energy gap and of the need to measure the 
absorption over a rather broad frequency range which 
includes the gap, aluminum samples were fabricated 
in the form of wave guides short-circuited at one end. 
The internal cross section of the guide was 0.020 in. 
0.420 in. Thus, the cutoff wavelength was 21 mm 
(hv~0.6kT..) and measurements were possible over a 
continuous range of shorter wavelengths. The reduced 
height of the guides served to increase the absorption 
in the ~3-in. long samples. Even so, the maximum 
absorption of the guide (in the normal state just above 
T.) was only ~1% of the incident energy. It was 
therefore essential to eliminate any joints in the sample, 
since mechanical contacts were likely to give comparable 
absorption. In the final, and best, sample (Al 5c) a 
one-piece extruded section of aluminum’ was used 
with a short-circuiting end plate heliarc welded to the 
end (see Fig. 2). The heliarc process provided a fused 
aluminum joint without adding measurable impurities. 
An earlier sample (Al 3a) was fabricated in two halves 
with a blind-ended wave-guide cross section sawed and 
milled to shape; the two sections were then bolted 
together [see Fig. 2(b)]. The cut in the wave guide 
occurred at zero current lines so that under ideal 
conditions, with the proper mode of guide excitation, 
no absorption should take place at the mechanical 
joint between the two halves. 

The two types of wave guide samples were processed 
in similar fashion; the preparation of the one-piece 
sample is discussed here. The aluminum extrusion was 
mechanically polished on the inside wave guide surfaces 
and machined on the outside to form the coupling 
flanges, chemically etched (50% HCl solution) and 
rinsed, then annealed at 500°C for 4 hours. The shorting 
end plate, similarly cleaned, was then heliarc welded 
to the sample. The whole was lightly etched by drawing 
solution through the sample (via small holes drilled in 
the end plate), again annealed, and finally chemically 
brightened'® on all surfaces exposed to microwave 
energy by means of a solution of 94% orthophosphoric 
acid and 6% nitric acid. This preparation, together 
with proper coupler design to eliminate spurious 
absorption, resulted in a sample whose residual absorp- 
tion was negligible. In addition, at our longest wave- 
length, 19 mm (hv=0.64kT.) the transition region was 
sufficiently sharp and the data obtained on the two 
different samples agreed well enough that we conclude 
that the absorption measurements are characteristic of 
pure bulk aluminum. 


4 The material used was high-purity (99.99+%) aluminum 
ingots supplied by the Aluminum Company of America. 

18 The sample was extruded at ~485°C around a steel mandrel. 

16 Chemical brighteners have a polishing action similar to that 
obtained by electropolishing tocadouns and can be used on 
closely spaced interior surfaces where electropolishing is not 
convenient, 
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Fic. 2. Schematic representation of the measuring section of 
the apparatus: (a) Cross section view of the wave-guide assembly 
showing the aluminum sample and the copper monitor. The 
couplers provide alignment of the sections but maintain thermal 
isolation. They are constructed of thin-walled stainless steel 
tubing, silver soldered to a central ring of heavy copper. The 
inner surface of the copper is coated with a 0.005 in. thick layer 
of aquadag to absorb leakage radiation (see text). The V symbols 
represent thermal “grounding” of the couplers to the liquid He® 
bath. Electrical heaters H, and carbon resistance thermometers 
T, are mounted on the two wave guides and on the copper ring of 
the coupler. (b) End view of the two wave-guide samples; the 
extruded sample, Al 5c and the sawed sample, Al 3a. 


Two additional checks on sample quality were made. 
A sample in suitable form for dc conductivity measure- 
ments was cut from the same stock and processed in 
similar fashion to the wave-guide section. The ratio of 
resistances at 300°K and 4°K was 700, corresponding 
to a residual resistivity of 4.4X10-* esu. Also, upon 
completion of the experiment, the extruded sample was 
opened for examination. The surface showed a few 
polishing scratches and varied from a shiny finish over 
most of the surface to a matted finish in patches. 


(b) Measuring Section 


The measuring section of the apparatus consists of 
the aluminum wave-guide sample and a copper wave- 
guide monitor suitably coupled together to prevent 
leakage of microwave energy, yet essentially thermally 
isolated from each other (see Fig. 2). These sections are 
fed by a tapered wave-guide section which transforms 
from the ordinary K-band guide size 0.170 in. X0.420 in. 
to the measuring section size 0.020 in. 0.420 in. 

The measurements are calorimetric in nature; that 
is, the absorption of energy in the wave-guide sample 
causes a temperature rise which is detected by carbon 
resistance thermometers.'? The time constants of 
response of the copper and aluminum samples are 
adjusted by choice of the heat leaks connecting them 
to the temperature regulated base. Temperature rises 
resulting from absorption of microwave energy are 
reproduced, with the microwaves off, by the dc heaters.'8 

17 Speer type AR 7404-1200 ohm resistors. 


18The heaters consisted of 0.003-in. diam 
having a total resistance of 100 ohms. 
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By measurement of the dc power required, the absorbed 
microwave power is determined, without appeal to 
thermometer calibration. With thermal time constants 
of ~6 sec the minimum detectable absorbed power 
was 10~*-10~* watt. In a given run the base was set 
at a fixed temperature and the temperature of the 
aluminum sample varied over the full range (~0.38° 
<T<1.25°K) by means of the dc heater attached to 
the sample. 

The couplers are designed to eliminate spurious 
absorption effects in the aluminum measurements 
resulting from the inevitable mechanical contact be- 
tween sample and coupler. In this design the energy 
leaking out of the space between the wave guides is 
made small by using the minimum practical spacing 
between the sections.” As the leakage microwave energy 
propagates into the coupler space it encounters the 
aquadag coating on the copper ring, intended to absorb 
and thermally ‘‘ground” energy which otherwise might 
reach the mechanical joint between the coupler and the 
aluminum. Furthermore, the energy is made to divide 
so that most of it is in the copper monitor-coupler 
space instead of the aluminum sample-coupler space 
(see Fig. 2). This is accomplished by using a small 
spacing between the aluminum flange and coupler. 
This design, which was evolved from several earlier 
versions, succeeded in reducing spurious absorption in 
the extruded sample measurements to the point where 
the residual absorption at low temperatures is less than 
1% of the normal state value (see Sec. III). 


(c) Double Dewar Apparatus 


In order to reach temperatures very much lower than 
the transition temperature of the aluminum sample 
(T.=1.178°K) a double Dewar apparatus, employing 
liquid He’ in the inner section, was used (see Fig. 3). 
The inner section is contained in an evacuated housing. 
The use of a gold O-ring gasket and demountable 
flanges gives access to the measuring section. The outer 
liquid He‘ bath is reduced in temperature to ~1.3°K 
by pumping and serves as a radiation shield for the 
inner section. Connections between the outer and inner 
sections are limited to poor thermal conductors such as 
a thin-walled stainless steel section in the tapered feed 
wave guide and 0.003-in. diameter niobium leads for 
the heaters and thermometers. 

The inner reservoir is initially filled with ~6 cc of 
liquid He*® from a five liter volume gas reservoir at 
~0.8 atmosphere. A closed pumping system is used 
consisting of a modified” Welch Duo Seal Pump, type 

19 At operating temperatures the spacing was estimated to be 
~0.003 in. Using the heater and thermometer attached to the 
coupler, measurements of the leakage power were made. It was 
found to be less than 1% of the power incident on the wave guide. 

2” The Welch pump was modified by addition of rubber O-ring 
seals between all sections, a double shaft seal, and all ‘dead’ 
volumes were reduced to minimize the quantity of oil required 


(~100 cc). 
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1405, and a Consolidated Electrodynamics Corporation 
type MB-10 booster pump rated at 10 liters/sec speed. 
With this system the inner section reaches a tempera- 
ture of 0.35°K and the liquid He? lasts for approximately 
one day. The temperature of the inner Dewar is 
electronically regulated to within +10-°°K by means 
of a sensing thermometer and heater attached to the 
liquid He? reservoir. 

The values of the absolute temperatures were deter- 
mined and the resistance thermometers calibrated by 
a vapor pressure bulb attached to the He’ reservoir 
(see Fig. 3). The vapor pressure bulb was connected 
through a 0.219 cm diam tube to a McCleod gauge at 
300°K. After the thermomolecular pressure corrections” 
were made, temperatures were calculated from the He? 
vapor pressure-temperature scale.” 


(d) Microwaves and Other Details 


The sources of microwave energy were reflex klystrons 
rated at cw outputs of one milliwatt or greater. The 
available klystrons permitted us to operate over a 
continuous range of wavelengths from 19 mm to 
~5.0 mm; then there was a gap in our spectrum. The 
next source covered the range 4.2 mm-3.95 mm; then 
there was a gap (unfortunately, in a most interesting 
region of this experiment—see Sec. IV) until the final 
source, which covered the range 3.36-3.12 mm. 

In order to minimize effects on the transition temper- 
ature resulting from either the earth’s or stray labora- 
tory magnetic field a set of Helmholtz coils was used to 
cancel the field to <0.05 gauss over the region of the 
sample. 
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Fic. 3. Schematic diagram of the low-temperature part of the 
apparatus. The symbols 7 and T refer to heaters and carbon 
resistance thermometers, respectively. (See the text for the 
description of the functions of the various components.) 


21 T. R, Roberts and S. G. Sydoriak, Phys. Rev. 102, 304 (1956). 
# S. G. Sydoriak and T. R. Roberts, Phys. Rev. 106, 175 (1957). 
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The reduced temperature scale used to display the 
experimental results was based on a transition temper- 
ature, T,=1.178°K, determined from the 19-mm wave- 
length absorption curve. The transition region, even at 
this rather substantial photon energy (hyv=0.64kT.), 
was sufficiently sharp, ~0.001°K, to permit this 
determination with some confidence. This value of 7, 
for aluminum is in essential agreement with the value 
1.17°K obtained by longer wavelength microwave 
studies of Faber and Pippard™ but disagrees substanti- 
ally with the value 1.196°K obtained by critical mag- 
netic field measurements of Cochran and Mapother.” 


III. MEASUREMENTS 


The experimental determinations of the absorptivity 
of the aluminum are conventionally expressed as curves 
of surface resistance ratio r=R/R, versus reduced 
temperature /=7/T,. (R is the surface resistance; the 
subscript refers to the normal state value at 7, or 
slightly above.) The surface resistance is directly 
proportional to the absorptivity ; thus the measurements 
of the power, P, absorbed in the aluminum wave guide 
relative to that absorbed in the copper monitor wave 
guide yield r through the relation 


Pai(t)/Pou 


Seacrneeee en, (1) 
Pai(t>1)/Peu 


Hpj= 


Measurements were carried out at thirteen wave- 
lengths ranging from 19 mm to 3.1 mm (0.64k7.<hv 
<3.9kT.). The curves obtained with the one-piece 
extruded sample at six representative wavelengths are 
shown in Fig. 4. These data are plotted as measured, 
with no normalization or other adjustment. As will be 
discussed shortly, this condition is essential if we are 
to draw conclusions concerning the existence and value 
of the suggested energy gap from our experimental 
observations, without appeal to theory. 

The curve obtained at the longest wavelength, 19.05 
mm, resembles the lower frequency microwave data 
(Fig. 1) in that there is a rather abrupt decrease in the 
absorption as the temperature falls slightly below T. 
and the absorption tends essentially to zero as ¢ ap- 
proaches zero. At successively shorter wavelengths 
(higher photon energies) the absorption falls more and 
more slowly as the temperature is reduced below T.. 
However, for all photon energies less than 3.087, the 
absorption effectively approaches zero as ¢—0. In 
terms of an energy gap picture, the absence of absorp- 
tion at absolute zero indicates that these photon 
energies (hv<3.08kT.) are too small to span the gap. 
Similarly, the substantial absorption at absolute zero 
indicated by the curves for hy>3.63kT, indicates that 


*%T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955). 

J. F. Cochran and D. E. Mapother, Phys. Rev. 111, 132 
(1958). 
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Fic. 4. Measured values of the surface resistance ratio r of superconducting aluminum as a function of the reduced temperature ¢ at 
several representative wavelengths. The wavelengths and corresponding photon energies are indicated on the curves. 


these photon energies induce transitions of electrons 
across the forbidden gap. 

In order to investigate possible sample dependence 
of these results, measurements were carried out on the 
two-piece sawed sample (Al 3a) at a wavelength for 
which only the fundamental guide mode can be excited, 
wavelength= 19 mm. It was hoped that possible current 
flow across the mechanical contacts between the two 
halves would thus be avoided and spurious absorption 
from this source eliminated. However, zero current flow, 
even in the fundamental guide propagation mode, 
requires absolute symmetry of the two halves of the 
sample; unfortunately, slight nonuniformities in the 
widths of the two sawed slots were unavoidable. The 
results at 19 mm obtained with the two samples are 
shown in Fig. 5. It will be seen that the two curves 
agree, within experimental error, except at the lower 
temperatures. Here a systematic deviation correspond- 
ing to an additional absorption of ~0.5% occurs in 
the sawed sample, and is most probably the result of 
the above mentioned asymmetry in the slot. Thus, we 
conclude that the absorption is not sample dependent 
but is essentially characteristic of pure bulk aluminum. 

In order to obtain more accurate information con- 
cerning the value of the energy gap at absolute zero 
and the variation of the gap with temperature, iso- 
therms of the surface resistance ratio as a function of 


the reduced energy hv/kT, were constructed from the 
measurements of Fig. 4 (see Fig. 6). The data points 
were obtained from the r vs ¢ curves at each of the 13 
measured wavelengths. If we consider the ‘=0.7 curve, 
it will be seen that the absorption rises slowly with 
increasing frequency (photon energy) until hv/kT.~ 2.6, 
following which the absorption increases much more 
rapidly. 
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Fic. 5. Sample dependence of the measured values of the 
surface resistance ratio at 19 mm wavelength. The crosses refer 
to the sawed sample, Al 3a, and the circles refer to the extruded 
sample, Al 5c. The scale for the upper curves is ten times that 
shown on the ordinate. 
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Fic. 6. Isotherms of surface resistance ratio r as a function of 
reduced photon energy hv/kT,. The points are taken from the 
curves of Fig. 4 at each of the measured frequencies. The arrows 
on the ¢=0.7 curve indicate the estimated limits of uncertainty 
in determining the value of the energy gap. 


The effect of the onset of the increased absorption is 
quite pronounced for the low-temperature isotherms, 
becoming less distinct as > 1. The curve for ‘=0 is 
derived through an extrapolation procedure described 
in the next section. If one argues that, at a given 
temperature, a fixed number of electrons are thermally 
excited across the forbidden gap, then the slow variation 
of absorption with frequency may be ascribed to these 
electrons, while the abrupt increase in absorption above 
a critical frequency can be ascribed to electronic 
transitions induced by photons possessing sufficient 
energy to span the gap. The energy gap values deduced 
from Fig. 6 and limitations of this approach are dis- 
cussed in the next section. 


IV. DISCUSSION 


In order to obtain an estimate of the energy gap at 
=() we must extrapolate the absorption curves of Fig. 
4 to ‘=0. Pippard,”® basing his argument on the two- 
fluid model, proposed that at low temperatures, r is a 
function of f(#)=(1—#)/(1—@)*. In view of the 
energy gap it would seem more reasonable to expect 
that r is a linear function of g(t)~exp(—6&,/2k7T). 
However, for the accuracy that we are interested in, 
these give essentially the same result for extrapolations 
of our data. Figure 7 shows the low-temperature portions 
of several of the absorption curves when plotted against 


28 A. B. Pippard, Proc. Roy. Soc. (London) A203, 98 (1950). 
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f(t). Most of the curves are fairly straight lines when 
plotted in this way, giving some justification for the 
method. All of the curves for hv/kT.<3.08 have an 
intercept at /=0 which is less than 1%, and the average 
is about 0.3%. We assume that this residual absorption 
is extraneous and due either to leakage into the couplers, 
imperfections in the sample surface, or foreign material 
deposited on the sample surface.?* For photon energies 
such that hv/kT,.>3.63 the substantial absorption at 
t=0 is assumed to result from direct excitation across 
the energy gap. (Extraneous absorption of the magni- 
tude observed at the lower photon energies would 
make a negligible difference at these frequencies.) From 
the extrapolations of Fig. 7 we obtained the points for 
the =0 curve of Fig. 6. 

At low temperatures (¢<0.6) the absorption curves 
of Fig. 6 show an abrupt increase in absorptivity at a 
fairly well defined photon energy, indicating that the 
energy gap has been exceeded. The major uncertainty 
associated with determining precisely this absorption 
edge results from the limited number of frequencies at 
which data are available. It is necessary to interpolate 
between hv/kT.=3.08 and hvy/kT.=3.63 to obtain the 
critical photon energy (the width of the gap) at temper- 
atures up to /=0.6. At the higher temperatures the 
interpolation range is not so large, but the more rapid 
frequency variation of the absorption due to the 
thermally excited electrons makes the determination of 
the onset somewhat uncertain. In addition, at finite 
temperatures, the determination of the value of the 
energy gap from the onset of increased absorption is 
complicated by the fact that the electromagnetic skin 
depth alters in the vicinity of an absorption edge. This 
leads to a slight increase’ in the surface resistance at 
photon energies less than the energy gap. 

The above considerations are taken into account 
in establishing the values of the energy gap and the 
estimated limits of error. These are indicated by the 
arrows on the f=0.7 curve in Fig. 6, and by the vertical 
extent of the rectangular symbols in Fig. 8, which shows 
the deduced values of the energy gap &, as a function 
of reduced temperature. The solid line is the best 
smooth curve drawn through the points and forced to 
go to zero at /=1. The dashed curve is from the theory 
of Bardeen, Cooper, and Schrieffer.’ In shape, the curves 
agree very well, but the absolute values of the predicted 
energy gaps are about 10% larger than those deduced 
from the experiment. This is at least as good as one 

26Tt is conceivable that the sample has some true residual 
absorption at #=0 and photon energies less than the energy gap. 
This could be the result of some electrons remaining normal at 
t=0. If this were indeed the case, we estimate that the maximum 
number of electrons that can remain “‘uncondensed” is ~1% of 
the normal electrons at T,. 

27 In order to show that the corrections to the deduced energy 
gap values resulting from this effect are relatively small, it is 
necessary to calculate the surface reactance X. We do this in the 
following paper [M. A. Biondi and M. P. Garfunkel, Phys. Rev. 


116, 862 (1959) ], in which we also discuss the frequency depend 
ence of the skin depth. 
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can expect for the highly idealized BCS theory. Because 
of the necessary interpolation between experimental 
frequencies, the uncertainty in the experimental value 
of &,(0) is about +3%. The interpolation indicated in 
Fig. 6 gives the value &,(0)=3.25+0.10kT.. 

Biondi, Garfunkel, and McCoubrey" (BGM) in 
measurements over smaller frequency and temperature 
ranges (0.65 <hv/kT.<3.04 and 0.75</<1.0) were also 
able to infer a temperature varying energy gap in 
superconducting aluminum. Because of the limited 
extent of the data, it was necessary to resort to a less 
direct method to obtain the temperature dependence 
of the energy gap. It was assumed that the microwave 
absorption is the sum of two parts; a background 
absorption by those electrons that have been thermally 
excited across the energy gap, and absorption resulting 
from direct excitation of electrons across the gap by 
sufficiently energetic photons. The background absorp- 
tion, calculated as described in the Appendix, is sub- 
tracted from the total absorption, the difference being 
ascribed to direct excitation across the gap. It is found 
that at each photon energy there is a temperature 
below which there is no direct excitation across the gap. 
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Fic. 7. The measured low-temperature values of the surface 
resistance ratio r as a function of f(t) =(1—#)/(1—#)? for several 
representative wavelengths. These curves are used to extrapolate 
the values of r to ¢=0. 
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Fic. 8. The temperature dependence of the energy gap in 
superconducting aluminum. The solid line is the experimentally 
determined curve and the dashed line is from the theory of 
Bardeen, Cooper, and Schrieffer, reference 7. The rectangular 
symbols are from the measurements on Al 5c. They are derived 
from Fig. 6 as described in the text. The horizontal bars are from 
Biondi, Garfunkel, and McCoubrey, reference 11. 


At this temperature, then, the energy gap is just equal 
to the photon energy. The results so obtained are 
plotted as horizontal bars in Fig. 8. The agreement 
with our present results is very good considering the 
uncertainties of the above procedure; especially since 
our present results show that the data in BGM con- 
tained some extraneous absorption—probably from 
leakage of microwave energy. We are thus led to 
conclude that the success of the BGM method results 
from the large effect of direct excitation, so large that 
the errors introduced by the sources mentioned above 
only have a minor effect on the estimate of the energy 
gap. 

A more rigorous comparison between theory and 
experiment is provided by a detailed examination of 
the predicted shape of the surface resistance vs temper- 
ature curves. Unfortunately, the theory of microwave 
absorption in superconductors has not been worked out 
for the conditions of the experiment. The theory of 
Bardeen and Mattis** applies to certain limiting situ- 
ations, namely, when 6//1 and d/fK1 (the extreme 
anomalous limit). 6 is the skin depth and / the electron 
mean free path in the normal state, A is the supercon- 
ducting penetration depth, and £ the superconducting 
coherence length. In the case of our aluminum sample 
at these frequencies, the conditions above are not quite 
met, since 6//~0.015 and \/ £0.04. However, it seems 
that we are sufficiently close to the limiting case to 
introduce only a small error by the assumption that 
we are in the extreme anomalous limit. 

For this limiting case, Bardeen and Mattis** give the 
ratio of superconducting to normal surface impedance as 


ZL, Lr= (0,/On—i0;, Tn) t, (2) 


where ¢,=dc conductivity of the metal in the normal 
state and ¢,—io,=complex conductivity in the super- 


28D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 
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Fic. 9. Comparison of the experimental data with the theo- 
retically predicted surface resistance curves. The curves are 
obtained from the theory of Mattis and Bardeen, reference 28, 
with the energy gap scaled to the value 3.16k7., which gives 
the best over-all fit to the data. The points are from the present 
measurements. 


conducting state. Tables of ¢,/0, and ¢,/o, as functions 
of frequency and temperature have been calculated by 
Bardeen.” From this table we have evaluated Z/Z,, 
and since Z,=R,(1+iv3) for the limiting case we are 
discussing, we have been able to calculate r=R/R,. 
Since the experimentally determined value of the energy 
gap at absolute zero does not agree exactly with that 
of the BCS theory, we have taken the liberty of trying 
various values of the energy gap to get the best fit to 
our absorption curves. (The validity of this procedure 
has not been demonstrated.) 

Scaling of the energy gap was accomplished by 
multiplying all the frequencies in the table® by a 
constant scaling factor. The value of the energy gap at 
t=0 that gives the best over-all fit to our data is 
&,(0)=3.16kT.. The theoretical absorption curves® and 
the experimental points are plotted in Fig. 9. The 
theory clearly reproduces all of the main features of 
the experimental curves in this frequency region; it is 
therefore necessary only to remark on the shortcomings. 
At the lowest frequencies, the experimental data fall 
above the theoretical curves while at the highest 
frequencies the reverse is true. Therefore, if we were to 
try to fit only the lowest frequency curves by this 
technique, we would find it necessary to use a sub- 


*” J. Bardeen (private communication). 

% In the calculation from theory [references 7 and 28], at the 
higher frequencies the surface resistance ratio initially rises 
slightly above unity as the temperature is decreased below 7.. 
Since the total predicted rise is ~1% at the experimental fre- 
quencies, it is not possible to establish or disprove this prediction 
from the experiment. Furthermore, the prediction of a rise may 
be the result of rounding errors in the table of o,/o, and oi/o, 
calculated by Bardeen (reference 29). 
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stantially smaller value for the energy gap. Similarly 
if only the highest frequency curves were fitted, it 
would be necessary to use a larger energy gap value. 

Our values of the energy gap may be compared with 
those obtained from other, less direct determinations. 
If one uses the BCS theory to analyze the electronic 
specific heat data of Goodman* and of Phillips,® one 
obtains values of 6,(0) of ~3.1kT, and ~3.2kT,, 
respectively, in essential agreement with the present 
results. Redfield* has obtained an estimate of 6&,(0) 
~3.2kT.. from his measurements of the nuclear relaxa- 
tion rate in aluminum, again in agreement with our 
results. However, the thermal conductivity measure- 
ments of Satterthwaite* and of Zavaritskii* are in 
good agreement with the theory of Bardeen, Rickayzen, 
and Tewordt*® which uses a gap value &,(0)=3.5kT-. 
Since there would appear to be less ambiguity in the 
determination of the energy gap by direct photon 
excitation, the present results are considered to give 
the best present estimate of the gap in aluminum. 

Richards*’ and Tinkham** have made measurements 
of the energy gap at T=0 for a number of other 
superconductors by far infrared absorption techniques. 
Their results indicate that &,(0)/k7. varies from 4.7 
for mercury to 2.8 for niobium, in contrast to the 
universal value of 3.52 of the BCS theory. Furthermore, 
they have shown that if &,(0)/kT. is plotted as a 
function of the Debye characteristic temperature, a 
smooth curve is obtained. Our result for aluminum 
essentially falls on their curve. 

A best estimate of the energy gap is somewhat 
difficult to make. From our empirical determination 
from Fig. 7, we arrive at a value of 3.2527... But when 
we use the BCS theory to fit our absorption curves we 
find that a value of &,(0)=3.16k7. gives the best 
results. Probably a value of 6,(0)=3.20+0.10kT, is 
the best estimate that we can make from this experi- 
ment. The shape of the energy gap-temperature curve, 
within experimental error is just that of the BCS theory. 
Furthermore, the Bardeen-Mattis theory of the anoma- 
lous skin effect in superconductors predicts the general 
features of the temperature dependence of the absorp- 
tion for photon energies in the range about the energy 
gap. 


3B. B. Goodman, Compt. rend. 244, 2899 (1957). 

® N. E. Phillips, Proceedings of the Fifth International Conference 
on Low Temperature Physics, Madison, Wisconsin, August, 1957 
(University of Wisconsin Press, Madison, 1958). 

8 A. G. Redfield, International Union of Pure and Applied 
Physics Conference on Superconductivity, Cambridge, England, 
June, 1959 (unpublished). 

4 C. B. Satterthwaite, Bull. Am. Phys. Soc. Ser. II, 4, 149 
(1959); and International Union of Pure and Applied Physics 
Conference on Superconductivity, Cambridge, England, June, 
1959 (unpublished). 

35N. V. Zavaritskii, J. Exptl. Theoret. Phys. (U.S.S.R.) 33, 
1085 (1957) [translation: Soviet Phys. JETP 6, 837 (1958) ]. 

86 Bardeen, Rickayzen, and Tewordt (to be published). 

87 P. L. Richards, Bull. Am. Phys. Soc. Ser. I, 4, 149 (1959). 

38M. Tinkham, International Union of Pure and Applied 
Physics Conference on Superconductivity, Cambridge, England, 
June, 1959 (unpublished). 
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APPENDIX 


In this section we outline the procedure used by 
Biondi, Garfunkel, and McCoubrey" (BGM) to evalu- 
ate that part of the microwave absorption contributed 
by electrons which have been thermally excited across 
the energy gap, the so-called “normal” electrons. 
Holstein,® in his treatment of the surface resistance of 
superconductors, starts with the theory of the anoma- 
lous skin effect for normal metals and adapts it to 
superconductors by use of a two fluid model. The 
normal electrons are characterized by o/I, the ratio of 
conductivity to the free path. The superconducting 
electrons are introduced into the expressions as a 
dielectric constant, and are characterized by the super- 
conducting penetration depth, A. With these assump- 
tions expressions for the surface resistance are obtained 
as a function of the above two parameters and of the 
frequency. In his calculation, Holstein has treated the 
superconducting electrons both from the local theory” 
(London) and nonlocal theory“ (Pippard). Although 
the results for the surface resistance are somewhat 
different in the two cases, they do not appreciably 
affect the estimate of the energy gap made by BGM. 
In the results quoted in BGM only the local theory 
was used. 


3 T. Holstein (private communication). 

 F. London, Superfluids (John Wiley & Sons, Inc., New York, 
1950), Vol. 1, see Chap. B. 

41 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 
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The parameter ) in the surface resistance is repre- 
sented by the experimentally observed expression” 
A=Ao/(1—#)! (actually only the ratio A/Ao need be 
used). It is then assumed that, for the lowest frequency 
curve (hv/kT.=0.64), the photon energy is less than 
the energy gap at all temperatures (except possibly for 
a very small temperature region near 7.) and therefore 
all absorption is by thermally excited electrons. With 
these assumptions it is then possible to determine from 
the curve at hv/kT.=0.64 the temperature dependence 
of o/l. These values of o// can then be introduced into 
the Holstein expressions for the surface resistance to 
obtain the “normal” electron absorption at higher 
frequencies. 

The weakness of this analysis lies in the implicit 
assumption that o// and d are independent of frequency. 
In the following paper it will be seen that the real part 
of the conductivity of the superconductor (a quantity 
which is directly related to o// at photon energies less 
than the gap) is in fact a function of frequency. But, 
fortunately, the errors introduced by this assumption 
are not large enough to affect appreciably the estimate 
of the energy gap. 

An interesting side result of this analysis is the de- 
duced form of the temperature dependence of o/l. It 
turns out that, at hv/kT.=0.64, as the temperature is 
decreased below 7,., o// first rises to a maximum of 
about 2(¢//),.1 at (~0.8 before falling, presumably to 
zero at ‘=0. This behavior is very similar to that 
observed in thin films by Khaikin® and also by Glover.“ 
It can be shown to be a consequence of the piling up of 
the density of states on either side of the energy gap. 

# M.S. Khaikin, Doklady Akad. Nauk S.S.S.R. 86, 517 (1952). 

43 R. E. Glover, III, Proceedings of the International Conference 
on the Electronic Properties of Metals at Low Temperatures, 
Geneva, New York, August, 1958 (unpublished). 
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The skin depth in superconducting aluminum is calculated from the measured frequency dependence of 
the surface resistance through the Kronig-Kramers integral transforms. At absolute zero, it is found that 
the skin depth 4 is independent of frequency at low frequencies but begins to increase at higher frequencies. 
The maximum rate of increase of 6 occurs when the photon energy equals the gap energy, hv =3.2kT.=6&,; 
at this point 6(hy = & )/5(hv =0) 1.12. The maximum value of 6 occurs at hy ~4kT,. The superconducting 
penetration depth d [i.e., (iv =0) ] is found to vary approximately as d(t) =d(0)(1—#)-4, with A(0) =5.15 
X10-* cm and t= 7/T-. The effects of changes in the skin depth have been eliminated from the determination 
of the energy gap by calculation of the real part of the complex conductivity, o,. The energy gap values de- 
duced from the behavior of a, differ only slightly from the results obtained directly from the surface resistance 


measurements. 


I. INTRODUCTION 


N the preceding paper' (hereafter referred to as I) 
the surface resistance ratio of a superconductor was 
measured as a function of temperature and of frequency. 
It was noted that the accurate determination of the 
energy gap as a function of temperature requires 
information about the variation of the electromagnetic 
skin depth with frequency. The complex skin depth 6 
may be defined by 


1 ®@ 
juz —— f Hdy, (1) 
H(0) Jo 


where H(0) is the magnetic field at the surface of the 
metal and H is the field at a distance y from the surface. 
It then follows that, so long as H(#)=0, 


—ick(0)/H(0O) icZ 


(2a) 


- 
w 4trw 


where E(0) is the electric field at the surface, w is the 
angular frequency, and Z is the surface impedance. 
The skin depth so defined may be divided into a real 
and an imaginary part; 6=6,—76;, and since Z=R+iX 
(2b) 


(2c) 


6,=cX/4rw, 
5;=cR/41w. 


The quantities 6; and 5, are not independent, but are 
related by the Kronig-Kramers integral transforms’ 

1M. A. Biondi and M. P. Garfunkel, preceding paper [Phys. 
Rev. 116, 853 (1959) ]. 

2A. B. Pippard, Advances in Electronics and Electron Physics, 
edited by L. Marton (Academic Press, Inc., New York, 1954), 
Vol. 6, pp. 4, 5. In this paper it is pointed out that the skin depths 
defined above have a simple physical interpretation only for fields 
which decay exponentially. However, even when the —— 
is not exponential, if 6;=0 (as occurs in many of the cases of 
interest in the present paper), 6, is the ‘‘effective” extinction dis- 
tance. Even when 6;~0, it can be shown that 4, is still sufficiently 


2 £® w'5;(w’) 
f ———da' +5,(@), 


9 
os) 2a 


5,(w) = (3a) 


2w r” 5,(w’) 
5;(w) = —— ——dw'. 
T “Ho w’?@—w? 


(3b) 


It is the purpose of this paper to evaluate the real 
part of the skin depth 6,(w) from the measured values 
of surface resistance ratio r=R/R, through Eqs. (2c) 
and (3a). The limiting value, 6,(0), is the supercon- 
ducting penetration depth, A. It will be shown that, as 
a consequence of the energy gap, the skin depth (at 
least at the lower temperatures) rises with increasing 
frequency, reaching a maximum at photon energies 
somewhat greater than the energy gap and then falls 
toward the value of the skin depth in the normal state. 
Finally, we will show that the estimate of the tempera- 
ture dependence of the energy gap is only slightly 
modified (from that obtained in I) when the effects of 
penetration have been eliminated. 


II. METHOD OF CALCULATION 


In Fig. 6 of I, the frequency dependence of the 
microwave absorption is given at a number of temper- 
atures. Unfortunately, these curves only cover the range 
0.64<hv/kT.<3.9. In order to evaluate the real part 
of the skin depth, 6,, from Eq. (3a) it is necessary to 
know 6; (and thus the surface resistance) at all fre- 
quencies. Therefore, we have found it necessary to 
extrapolate our results to both higher and lower 
large to dominate and thus remains a good approximation to the 
extinction distance. We use 6, throughout the paper in this sense. 
Note added in proof.—To avoid confusion, we point out that our 
subscripts r and 7 refer to the real and imaginary parts, respec- 
tively, of the skin depth S, as defined in Eq. (1). On the other 
hand, in Pippard’s notation the subscript 7 refers to the resistive 
and i to the inductive part of the skin depth, as defined by Eqs. 
(2b) and (2c). Thus, our 6, is the same as Pippard’s 6;, and vice 
versa. 
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frequencies. In two cases this is a simple task. These 
are the extrapolation of the lowest temperature curves 
to zero frequency, and the extrapolation of the highest 
temperature curves to infinite frequency. For the low- 
temperature curves the values of the surface resistance 
ratio are already so small at hvy/kT.=0.64 that their 
contribution to the integral in Eq. (3a) at lower 
frequencies is negligible and is unlikely to cause any 
error. Similarly, the high-temperature curves at hv/kT, 
=3.9 are already so close to r=1 that it is unlikely 
that any appreciable error will be introduced in extra- 
polating these curves to the value r=1. In this case, 
however, there is the possibility of some difficulty if 
the curve were to go appreciably above r=1 and then 
approach unity at values of hv/kT. several decades 
higher.’ This does not seem to be very likely from the 
appearance of the aluminum data. Furthermore, the 
experimental results of Richards and Tinkham‘ on 
other superconductors give no evidence for such be- 
havior. For the other cases, namely, the low-frequency 
extrapolation of the high-temperature curves and the 
high-frequency extrapolation of the low-temperature 
curves, we have investigated the sensitivity of the 
results to the particular extrapolation that we use. 

In Fig. 1 we display the curves for r=R/R, as a 
function of hvy/kT, that are used in Eqs. (2c) and (3a) 
to determine 6,. The solid lines are from the data in I, 
while the dashed lines represent the extrapolations. 
For the extrapolations to hv/kT,.=0 the curves are 
drawn so that they join the data smoothly and go to 
zero at T=0.5 For the extrapolations to hvy/kT.= « 
the form of the curves was made consistent with the 
observed shapes of the higher temperature curves. 





- 








hu/kT. 


Fic. 1. Surface resistance ratio r as a function of the reduced 
photon energy hv/kT, at various reduced temperatures. The 
solid lines represent the measured values from I and the dashed 
lines are the extrapolations to higher and lower frequencies. 


’ The calculations from the theory (reference 18) predict that 
near t=1 there should be a small rise of r above 1 for the higher 
frequencies. However, this is too small either to detect in the ex- 
periment or to cause any errors in this analysis. (See also reference 
30 of I.) 

4P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 
(1958). 

5 The form of the curves we have used at very low frequencies is 
probably wrong, because one would expect the approach to zero 
to be much more rapid, having zero slope at hy=0. Since we do 
not have any good theoretical basis for the precise behavior, we 
used the simplest shape that goes to zero at jy =0. 
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hv/kT. 

Fic. 2. Surface resistance ratio r as a function of reduced 

photon energy hv/kT, for those cases in which the skin depth is 

most sensitive to the form of the extrapolations. The dashed 

curves marked A, B and 1, 2 represent reasonable limits for the 
extrapolations at these temperatures. 


In order to obtain a measure of the sensitivity of the 
results to the form of the extrapolations, several alter- 
natives were tried. Figure 2 shows curves of r vs hv/kT,, 
giving various possibilities for extrapolation, at those 
temperatures for which the skin depth is most sensitive 
to the details of the extrapolation. We shall show from 
the results that the extrapolation to low frequencies 
has a rather large effect on the penetration, while the 
extrapolation to high frequencies has a relatively small 
effect. 

In Eq. (2c) we see that the quantity 6;(w) which must 
be used in Eq. (3a) to obtain 6,(w) is proportional to 
the surface resistance, R. Since the measurements give 
r=R/R,, it is necessary to determine R,. We have no 
independent measurements of R,; therefore we have 
had to rely on the measurement of Faber and Pippard® 
at a frequency of 1200 Mc/sec. The theory of the 
anomalous skin effect in normal metals’’® was then 
used to obtain the frequency dependence of Ry. As 
mentioned in I, the conditions of the experiment were 
not completely in the extreme anomalous limit. Further- 
more, it turns out that at these frequencies we are 
approaching the region where retardation effects be- 
come important; that is, where the electromagnetic 
field changes appreciably while an electron traverses 
the skin depth. Thus we see that the relevant parameter 
w5/v9~0.07 (vo is the Fermi velocity) is not sufficiently 
small compared to unity for a negligible retardation 
effect.® 

In order to determine the effects of the above devi- 
ations from the extreme anomalous limit we use two 
different means of determining the frequency depend- 
ence of R,. The first (Case I) assumes that we are in 
the extreme anomalous limit. Then, we have from 
Reuter and Sondheimer,’ for diffuse reflection of the 


6T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) 
A231, 336 (1955). 

7G. E. H. Reuter and E. H. Sondheimer, Proc. Roy. Soc. 
(London) A195, 336 (1948). 

8 R. B. Dingle, Physica 19, 311 (1953). 

* In the remainder of the paper the extreme anomalous limit is 
taken to imply that the ratio of the skin depth to the free path 
5/l1 and that w5/1«1. 
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electrons at the surface, 
(v32r) kw! 
Fig ene, (4) 
c#(a,/T)3 


where o, is the dc conductivity of the metal and J is 
the electron mean free path. ¢,,// is then obtained from 
the results of Faber and Pippard at 1200 Mc/sec. The 
second means of determining R, is to use the detailed 
theory of the anomalous skin effect of Dingle® (referred 
to hereafter as Case ITI). In this theory it is necessary 
to introduce certain constants of the metal, namely, 7, 
the coefficient of the linear term in the electronic 
specific heat; 7,; and o,,/I. 

The values of the constants are as follows: ¢,//= 2.24 
10" esu,® y=1.36X10* ergs/cm*-deg?,” and o=2.25 
< 10” esu.! These quantities can then be used to define 
the effective mass m, the number density m, and also 
the Fermi velocity v9 by 


3\i hi son \! 
n-(—) -(*) =1.79X 1077 cm - 
8r7 &N\l 


3\! eh! Y 
n=(—) —— ———= 1.37 10-?" g, (5) 
(xk)? (c,,/l)! 


rk 2 g,/l 
— (~) ——=1.34X 108 cm/sec. 
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With these values we now determine R, as a function 
of frequency from Dingle’s tables.* 

While Dingle’s theory (as well as the Reuter- 
Sondheimer theory) is, strictly speaking, only applicable 
for spherical Fermi surfaces, and aluminum probably 
has a very distorted Fermi surface, it is believed that 
the experimental condition of random orientation of the 
sample’s crystal faces relative to the electromagnetic 
field make the application of the theory a reasonable 
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Fic. 3. The real part of the skin depth 6, as a function of the 
reduced photon energy hvy/kT, for the various extrapolations of 
Fig. 2, indicating the sensitivity of 5, to the details of the extra- 
polations of the surface resistance curves. 

WN. E. Phillips, Proceedings of the Fifth International Conference 
on Low-Temperature Physics, Madison, Wisconsin, 1957 (Uni- 
versity of Wisconsin Press, Madison, Wisconsin, 1958), p. 414. 
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Fic. 4. The real part of the skin depth 6, as a function of the 
reduced photon energy hv/kT,. derived from the surface resistance 
curves of Fig. 1. The dashed curve at ¢=0 is calculated assuming 
that the surface resistance in the normal state R,, has the frequency 
dependence given in the extreme anomalous limit (Case I), while 
the solid curves are calculated assuming that R,, has the frequency 
dependence given by the detailed theory of Dingle (Case II). 


approximation. With these assumptions, the integral 
of Eq. (3a) has been calculated numerically (with a 
high speed digital computer) for Case II at several 
temperatures and for Case I at ‘=0. The constant 
term in Eq. (3a), 5-(%) is zero for Case I since 6, « w~t. 
In Case II, however, 6,(%) is the skin depth of a free 
electron gas in the extreme retardation region, where 
w5/r9>1; i.e., 


~ [6,(2 ) ease 11= (mc?/4arne*)}. (6) 


With the values of m and m given above, we obtain 
[5,(% ) Icase | Gama 1.54 10-* cm. 


III. RESULTS 
(a) The Skin Depth 


The sensitivity of the results to the various extrapo- 
lations proposed in Fig. 2, and to the particular forms 
of the frequency dependence of R, that we have chosen 
is illustrated in Figs. 3 and 4. Figure 3 shows the values 
of 6,(w) obtained for the various cases of Fig. 2, using 
the R, of Eq. (4) (Case I). It is evident that over most 
of the frequency range there is very little difference 
between the different extrapolations used in each case. 
For the low-temperature curves ((=7/T,=0.35) the 
difference is insignificant for frequencies below about 
hv/kT.=4. For the high-temperature cases (¢=0.9) 
the only important difference occurs near hv/kT,.=0. 
Unfortunately, this region is important in determining 
the zero frequency intercept of 5,(w), which is the 





mm WAVE ABSORPTION IN 
superconducting penetration depth, A. This sensitivity 
to choice of extrapolation introduces a sizeable uncer- 
tainty in the deduced temperature dependence of the 
superconducting penetration depth at the higher 
temperatures. 

Figure 4 is a plot of the derived values of 6,(w) for 
Case I and Case II. The curves at /=0 have essentially 
the same shapes but differ by about 5% in absolute 
value. This difference is not unexpected since, strictly 
speaking, Case I is only approximately valid under 
experimental conditions. In both cases, the absolute 
accuracy (but not the variation with frequency) de- 
pends not only on the accuracy of the results of I, but 
also on the accuracy of the value of o,,// obtained from 
Faber and Pippard. 

In Fig. 4 we see that ‘=0, as we increase frequency 
the penetration stays essentially constant at low 
frequencies, i.e., until the photon energy approaches 
the value of the energy gap &,(0). It then increases, 
having its maximum slope" at hy= &,(0), and reaches a 
maximum value at photon energies somewhat larger 
than the gap. It has, in the meantime become greater 
than the normal state skin depth, and as frequency is 
increased further, 6, approaches the value for the skin 
depth in the normal state. This can be understood in 
the following way. At low frequencies the shielding by 
the superconductor resembles that of a perfect conductor 
or of a free electron gas and thus is independent of 
frequency. As the frequency increases, the approach 
to an absorption region (i.e., at energies exceeding the 
gap) is anticipated by an increase in the skin depth. 
When the photon energy exceeds the gap, electrons are 
excited across the gap, and these shield in much the 
same way as electrons in the normal state. With 
further increases in frequency more and more electrons 
are excited across the gap until the penetration is 
indistinguishable from that in the normal state. 

The curves at the higher temperatures have much the 
same behavior except that there is also a characteristic 
initial decrease of 6, with increasing frequency. This is 
the result of the frequency dependent penetration 
associated with the “‘normal”’ electrons, i.e., those that 
have been thermally excited across the energy gap. One 
might expect that, as hv/kT, approaches zero, there is 
a frequency below which the penetration associated 
with the thermally excited electrons is so great that it 
does not affect the total penetration, and thus there 
should no longer be any frequency dependence. In 
fact, the rapid frequency dependence that is shown at 


low frequencies is due entirely to our method of extra- 
polation to zero frequency. If we extrapolate our 
absorption results so that, at low frequencies, R= Cw” 


Jn fact, if there is a discontinuity in the slope of the r vs 
hv/kT, curves at the gap edge, the slope of the curve of 6, vs 
hv/kT. becomes infinite at that point. Our experiment has not 
been able to establish a discontinuity in the slope of the absorption 
curves, 
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then, for the proper choice of C, 6, is independent of 
frequency at low frequencies.” 

The change in skin depth at =0 between hy=0 and 
hv=6&, has been predicted from a microscopic model 
by Khalatnikov and Abrikosov™ as [6(8&,)/6(0) rn 
= 1.16. This is in essential agreement with our results 
which give [6(6,)/5(0) Jexp= 1.12. 

As stated earlier, the intercept at zero frequency is 
just the superconducting penetration depth A. This 
quantity has been determined by Faber and Pippard® 
by direct measurements of the surface reactance X [see 
Eq. (2b) |. Unfortunately, the method they used only 
enables them to obtain differences in the penetration 
depth as a function of temperature and thus they 
needed a detailed law for the temperature dependence 
in order to obtain the absolute magnitude of the 
penetration. The law that has been used was derived 
from the Gorter-Casimir two-fluid model; namely, 


A()=A(0)(1—-A#)“*. (7) 


The measurements of the difference between the 
penetration in the normal state and in the supercon- 
ducting states were plotted against (1—#*)~. This should 
give a straight line with slope A(0). In this way the 
absolute magnitude of \ was determined. 

Recently, Schawlow and Devlin’ have found that 
there are appreciable departures from this law, Eq. (7), 
in superconducting tin. This invalidates the method of 
determining \ and in fact it has been shown by Miller'® 
that the microscopic theory leads one to expect that 
there should be an error of ~10% in the penetration 
depth when it is determined in this way. Thus, the 
value of \(0)=4.9210-® cm obtained for aluminum 
by Faber and Pippard® may be in error. From Fig. 4, 
Case II, we obtain \(0)=5.15X10-* cm (for the less 
realistic Case I we get 4.9X10~* cm). It is difficult to 
estimate the accuracy of our value because we do not 
know how accurately the normal state surface resistance 
of Faber and Pippard applies to our sample, nor how 
the application of Dingle’s theory for an idealized 
metal affects the results when applied to a real metal. 
Furthermore, there are the errors of extrapolation of 
our results and also the uncertainty in the electronic 
specific heat constant, y. We estimate that our result 
is accurate to ~+3%. 

It is of some interest to compare the temperature 

2 There is an interesting point here with regard to the theory 
of Bardeen, Cooper, and Schrieffer [Phys. Rev. 108, 1175 (1957). 
In their theory the density of states falls from infinity at the edge 
of the gap and slowly approaches the normal state value at 
energies far removed from the gap. If the density of states does 
not go to infinity in a real superconductor, but goes to some large, 
approximately constant value at energies very close to the gap 
edge then the surface impedance would be expected to be propor- 
tional to the square of the frequency at low frequencies. A similar 
yroblem has been discussed by L. C. Hebel and C. P. Slichter 
EPhys. Rev. 107, 901 (1957) ]. 

18 Khalatnikov and Abrikosov, Advances in Phys. 8, No. 29, 
45 (1959). 

14 A. L. Schawlow and G. E. Devlin, Phys. Rev. 113, 120 (1959). 

15 P, Miller, Phys. Rev. 113, 1209 (1959). 
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Fic. 5. The superconducting penetration depth \ as a function 
of (1—#)-+. The highest point corresponds to ¢=0.85. From the 
Gorter-Casimir two-fluid model a straight line, with slope equal 
to the intercept at (1—#)-+=1, is expected. 


dependence of \ that we obtain with that of Eq. (7). 
In Fig. 5 we plot (the intercept at hv/kT.=0 for 
Case II) against (1—@)~!. Because of the increasing 
uncertainty in the intercept as temperature increases, 
we have shown values to /=0.85. To the estimated 
accuracy (error limits are indicated by horizontal lines), 
the points lie on a straight line. If Eq. (7) is valid, the 
slope and intercept should yield the same value of 
\(0). From the line determined by a least-squares fit, 
we obtain a slope of 5.4X10~-* cm and an intercept of 
5.2X10-* cm. This is as close agreement as we can 
expect. The accuracy is not sufficiently great to permit 
observation of the deviations from Eq. (7) that have 
been reported by Schawlow and Devlin.” 


(b) Determination of the Complex Conductivity 
and the Energy Gap 


The evaluation of the skin depth was _ initially 
motivated by the desire to eliminate the effects of 
penetration from the experimental determinations of 
the temperature dependence of the energy gap. These 
determinations are based on the observation of an 
absorption edge in the proper bulk property of the 
superconductor. 

In the London formulation'* of the theory of super- 
conductivity the current density was taken as the sum 
of a normal component, j,, and a superconducting 
component, 7,. The London equations may be written 
in the form 


j= jntje= (0,—ic2/4rwd)E, (8) 


where a, is the conductivity of the normal fluid and A 
is the superconducting penetration depth. Glover and 
Tinkham" have generalized this formulation by defining 
the complex conductivity in the superconducting state 
as the ratio of electric field to current density, 


(9) 


o= j/E=o,—10;, 


16 F, London, Superfluids (John Wiley & Sons, Inc., New York, 
1950), Vol. 1, Chap. B. 
17R. E. Glover, III, and M. Tinkham, Phys. Rev. 108, 243 


(1957). 
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where the London concept, that ¢, is the conductivity 
of the normal electrons, has been dropped. Thus, a 
sudden increase in absorption would be reflected in the 
real part of the conductivity, o,, without any of the 
complications of penetration. It remains to evaluate 
a, as a function of frequency from the absorption data. 
The Mattis and Bardeen" formula relating the sur- 
face impedance in the superconducting state, Z, to that 
in the normal state, Z,, is given in terms of the con- 
ductivities for the extreme anomalous limits'®: 


Z/Zn=(0,/0n—10;/on)*. (10) 


Aithough the conditions of our experiment are not 
completely in the extreme anomalous region, we have 
seen that the results for the skin depth are not much 
affected by assuming extreme anomalous behavior. 
For this reason, a calculation of o, from Eq. (10) 
should be accurate enough to determine the threshold 
for direct excitation and thus the energy gap. 

The assumption of extreme anomalous behavior gives 
for the normal state, Z,=R,(1+iv3). For the super- 
conducting state, X is evaluated from 6, by Eq. (2b). 
Substituting these quantities into Eq. (10), we obtain 
o,/o, and o/c, as functions of temperature and 
frequency. 

Figure 6 is a plot of o,/o, versus reduced photon 
energy for several temperatures. The knee of each curve 
is taken to indicate the energy at which the absorption 
edge occurs, the limits of uncertainty being indicated 
by the arrows. 

The rapid rise in ¢,/a, as hv/kT, becomes small is of 
some interest. It is this behavior which prevents the 
observed absorption from varying as the square of the 
frequency at low temperatures, as would be expected 
from a simple two-fluid model. This variation of ¢,/on 
is probably a consequence of a rapid decrease in the 
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Fic. 6. The real part of the conductivity ratio o,;/o, as a 
function of reduced photon energy hvy/kT, at various reduced 
temperatures. The knee of each of these curves occurs at the 
energy of the absorption edge at that temperature. The arrows 
indicate the estimated limits of the uncertainty. 


16D. C. Mattis and J. Bardeen, Phys. Rev. 111, 412 (1958). 

For superconductors, the additional condition \(0)/i<«1 
(where £& is the superconducting coherence length) is required 
to describe the extreme anomalous limit. 
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density of states as energy is increased beyond ‘the 
high side of the gap.” 

The energy gap-temperature curve deduced from 
Fig. 6 is shown in Fig. 7. The dashed curve is that 
obtained in I. As expected, differences between the two 
curves only exist at the higher temperatures. Con- 
sidering the uncertainty in the deduced values, the 
differences between the two curves are barely significant. 


IV. SUMMARY AND CONCLUSION 


The superconducting penetration depth for aluminum 
at absolute zero has been determined to be A(0)=5.15 
+0.15X10~* cm, and the temperature dependence is 
shown to be approximately that given by the Gorter- 
Casimir two-fluid model, \=(0)(1—@)-?. However, 
the accuracy is not sufficiently great to distinguish 
between this law and that observed in superconducting 
tin by Schawlow and Devlin. We note that the 
observed high frequency absorption properties lead to 
the characteristic small penetration depth of low- 
frequency magnetic fields.” In fact, the Meissner effect 
(i.e., dc behavior) has been shown to follow from the 
microwave and infrared absorption properties.”! 

In the superconducting state at ‘=0, the skin depth 
is independent of frequency at low frequencies, in- 
creases as the photon energy approaches the gap energy, 
has a maximum just above the gap, and falls toward 
the normal state penetration at high frequencies. This 
is in sharp contrast to the skin depth for a normal 
metal which falls monotonically as frequency increases 
(starting at infinity at Avy=0). In aluminum the 
fractional change in skin depth between hy=0 and 
hv= &,(0) is [6(6,)/5(0) ],o* 1.12. 

This method for determining the penetration depth 
\ has certain advantages over the other methods that 
have been used for bulk metals. In particular, it gives 

* This effect was also pointed out by R. A. Ferrell and M. 
Tinkham, Phys. Rev. Letters 2, 331 (1959), from an analysis of 


thin-film results. 
21 R. A. Ferrell, Bull. Am. Phys. Soc. Ser. II, 4, 225 (1959). 
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Fic. 7. The temperature variation of the energy gap in super- 
conducting aluminum. The values are derived from the real part 
of the conductivity ratio (Fig. 6) with the limits of uncertainty 
shown by the horizontal lines. The solid line is the best curve 
through these points, forced to go to zero at t=1. The dashed 
curve is that deduced from the surface resistance data, as given 
in I. 


absolute values of the penetration depth rather than 
differences in values, such as are obtained in the methods 
of Faber and Pippard,® and Schawlow and Devlin." 
On the other hand, the present method requires 
measurements over an extensive frequency range, which 
complicates the experimental techniques. 

The determination of the temperature dependence of 
the energy gap has been improved by the elimination 
of one of the sources of uncertainty, i.e., the variation 
of the skin depth near the absorption edge. It has been 
shown that this effect is only significant at the higher 
temperatures (¢>0.7) and even there is only slightly 
greater than the probable error of the derived curve. 
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Self-Adjustment of Internal Radiation Field to Compensate for Linearly 
Varying d Spacing in X-Ray Diffraction 
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It is now well known from studies of ‘“‘anomalous transmission” that the energy flow through a perfect 
crystal during symmetric Laue (transmission) diffraction is along the diffracting planes. If the planes are 
then fanned out, as in elastic bending, the question arises as to whether or not the radiation pattern can 
adapt itself to the changing d spacing so as to maintain diffraction conditions. If it does, the exit Bragg 
angle should differ from the entrance Bragg angle by an amount proportional to the bend. Experimental 
evidence is presented to show that this is indeed the case. Germanium crystals, judged to be perfect because 
of lack of etch pits, were used. Various anomalies in the transmitted intensities indicate that defects still 


exist. 





I. INTRODUCTION 


HE “anomalous transmission” of x-rays through 

nearly perfect single crystal slabs, discovered by 
Borrmann! and Campbell,? has been explained by 
Borrmann, Ewald,’ Zachariasen,! von Laue,> and 
others,® in terms of the reduction of normal photo- 
electric absorption due to the coincidence of electro- 
magnetic field nodes and atom sites inside the crystal 
when it is set for Laue diffraction. The appearance of 
the anomalously strong diffracted or transmitted beams 
will depend critically on crystal perfection and such 
studies have been made by Schwarz and Rogosa,’ and 
Hunter.* Hunter has reported integrated intensity data 
as a function of elastic bending strain in 1-mm thick 
bars of “dislocation free’ germanium, and, although 
the intensity usually decreased with bend, he found, 
strikingly enough, that in some crystals it increased, 
indicating the existence of further defects of some kind, 
The geometry of the bent crystal and the existence of 
crystals of extremely high perfection, suggested the 
possibility of checking a further aspect of dynamical 
diffraction; namely, would the standing wave pattern 
adapt itself to the varying d spacing through the 
crystal thickness in order to maintain diffraction 
conditions? If so, there should be no change of inte- 
grated intensity upon bending a perfect crystal, and, also, 
the Bragg angle on the exit side should differ from that 
on the incident side by an amount proportional to the 
bend. It has been determined that the exit Bragg angle 
does indeed vary with applied bend in germanium 
crystals, and this variation is independent of the 


1G. Borrmann, Physik. Z. 43, 157 (1941). 
2H. N. Campbell, J. Appl. Phys. 22, 1139 (1951). 
3P. P. Ewald, Acta Cryst. 11, 888 (1958). 
4W. H. Zachariasen, Theory of X-Ray Diffraction in Crystals 
(John Wiley and Sons, Inc., New York, 1945), p. 111 ff. 

5M. von Laue, Acta Cryst. 5, 619 (1952). 

6 P. B. Hirsch, Acta Cryst. 5, 176 (1952); N. Kato, Acta Cryst. 
11, 885 (1958). 

7G. Schwarz and G. L. Rogosa, Phys. Rev. 95, 950 (1954); 
G. Brogren and O. Adell, Arkiv Fysik 8, 401 (1954) ; H. Yoshioka, 
J. Phys. Soc. Japan 9, 636 (1954). 

8 L. P. Hunter, J. Appl. Phys. 30, 874 (1959). 


intensity, which is not constant but can present a 
variety of behaviors. 


II. SIMPLE RAY MODEL 


Through an expansion of the treatment of dynamical 
diffraction given by Zachariasen for a thick crystal 
(uof220) set for symmetrical Laue diffraction in 
transmission, it can be shown that, after an initial 
adjusting interaction on the incident side, the energy 
flows along the atomic planes, and, if the crystal has a 
center of symmetry, there will be two standing wave 
patterns perpendicular to the energy flow. This picture 
of the wave field has been developed in several treat- 
ments’ and verified by x-ray’ and neutron diffraction’ 
experiments. For the (220) reflection in germanium the 
nodes of one pattern (the A wave) coincide with the 
planes of atoms, while the nodes of the other pattern 
(the B wave) lie between the planes.* This pattern 


Fic. 1. The geometry of the simple ray model. The effects 
observed upon elastically bending a ‘“‘perfect”’ germanium crystal 
can be understood if the radiation behaves on the average like 
the ray “O#.’”’ It is believed that there are two standing wave 
patterns perpendicular to the energy flow: A, with nodes near 
the planes of atoms; and B, with nodes between the planes. 


9 J. W. Knowles, Acta Cryst. 9, 61 (1956). 
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is shown schematically in Fig. 1, assuming that it is 
also correct for a bent crystal. Thus, if the atoms 
were point absorbers, one half of the diffracted energy 
would pass completely through the crystal independent 
of its thickness, and would then divide equally into a 
transmitted (forward diffracted) beam and a diffracted 
beam. Given real atoms and available structure factors, 
the A wave is also absorbed eventually. Its rate of 
attenuation also depends on the x-ray polarization, the 
energy being more rapidly absorbed when the E vector 
lies in the plane of Fig. 1. After penetrating a thick 
perfect crystal, the x-ray beams are sharply mono- 
chromatic, parallel, polarized and still surprisingly 
strong. 

Despite complexities of much of the mathematics 
leading to the above picture of the wave field inside the 
crystal, many of the results, such as the net energy 
flow and the standing wave pattern, are suggestive of a 
simple ray model of a light beam traveling along by 
repeated reflections back and forth between two 
mirrors. If this analogy may be extended to the elasti- 
cally bent crystal (Fig. 1), then, for tilted mirrors, the 
angle of incidence differs at each reflection in such a 
way that, to first order, if Bragg’s law is satisfied at the 
entrance, it will continue to be satisfied throughout 
the region of changing d spacing. 

If a crystal of thickness ‘‘?” is elastically bent to the 
interior radius of bend Ro (Fig. 1), and the “diffraction 
channel” of cross section /) subtends the (very small) 
angle a, then 


l,—lp di—do t 
aS, (1) 


ly do Ro 


where do and d, are the extreme values of the d spacing 
and S§ is the strain. Since the strain is usually small 
(~10~), the required change in Bragg angle may be 
obtained by differentiating Bragg’s law: 
Ad t 
A6z= — — tanOon= — — tanAoz, (2) 


ado Ro 


where the wavelength is considered constant. For the 
ray “Od” it is a straightforward problem to show that, 


aN 








d, 4, 


Fic. 2. Behavior of the transmitted (forward diffracted) beam 
T with respect to the direct beam (dotted). (a) Unbent: 7 
parallel to direct beam; (b) concave bend: 7 diverges from 
direct beam; (c) convex bend: T converges towards direct beam. 
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Fic. 3. Schematic diagram of the equipment 
used in the experiment. 
after the initial entrance reflection, if ¢, is the depth of 
the nth reflection, the glancing angle of incidence 
changes from 49 to (@9— a) for a concave bend, and 
tn 2sin(4na) cos(@o—}na) 


= —_—___—___—_——.. na<. (3) 
Ro sin (0o—na) 


For small strain, Eq. (3), reduces to: 


t t 
— Abincident= a= tants( 1 --+- ) (4) 
0 Ry 


Thus, to first order, A9g=AOjncia if 00408, and the 
two changes compensate each other. For convenience, 
we will refer to this as the “compensation effect.” 

The above result also holds for the ray ‘“Ot’” as was 
pointed out by Cauchois” in her study of bent crystal 
monochromators used in transmission. As a matter of 
fact, from the geometry in Fig. 1, it can be seen that 
the Bragg relationship holds along any path, straight 
or zig-zag, through the crystal. Therefore it is not 
necessary for the radiation to be completely reflected 
by each atomic plane; the “tilted mirrors” form the 
outer boundaries of a diffracting “‘channel” limited top 
and bottom essentially by extinction effects. The most 
unexpected prediction of this simple model is that the 
bent-crystal transmitted beam will make an angle, na, 
with respect to the incident beam. This “compensation 
angle” is a linear inverse function of bend, Ro, and 
changes sign with change in direction of bend. This 
point is illustrated schematically in Fig. 2. 


Ill. EXPERIMENTAL 


To test the hypotheses that the forward diffracted 
beam changes direction in space when the anomalously 
transmitting crystal is bent, the crystal was placed in 
the first crystal position of a double-crystal arrangement 


10 Y, Cauchois, Ann. Phys. 1, 215 (1934). 
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(Fig. 3). Collimated (70-seconds divergence) direct 
radiation from a copper target tube was used. The 
crystal acts as its own filter; no radiation except a low 
background count was detectable when it was off the 
Bragg angle for the more intense radiation. The crystals 
were bars (30 mm X5 mmXapproximately 1 mm) of 
germanium containing dislocation densities (as revealed 
by normal etch pit counting techniques) varying from 
(--100/cm*. They were cut for symmetric Laue diffrac- 
tion from the (220) planes with (111) side faces. The 
crystals were mounted in a bending device which was 
mounted on a micrometer controlled microscope stage 
to permit translations. The stage was mounted on an 
Atlantex long-tangent-arm spectrometer with a motor 
driven micrometer drive for rocking the crystal. The 
long-tangent-arm spectrometer permitted reading rela- 
tive crystal settings to one-half second of arc with ease. 
The transmitted or diffracted beams from the trans- 
mitting crystal were detected by swinging the first 
Geiger counter into its proper position. The bend was 
produced by knife-edge pushes at one-third positions 
along the crystal length.* The amount of bend and its 
uniformity were determined by noting the change in 
setting, @, of the long-tangent-arm required to peak 
the diffracted intensity when the crystal was translated 
a known distance, 1, parallel to its length. For the 
bends involved, 


Ro=¢ T.. (5) 


The bends were not always uniform, and the micro- 
scope stage rotated about 20 seconds over a translation 
of 200 mils. Corrections were made for these factors in 
analyzing the data. The most severe curvatures ob- 
tained were the order of 15 in./mil, or Ro~ 20 inches. 

The transmitted beam from the first crystal (with 
the first Geiger counter swung out of the way) is then 
diffracted from a flat (220) face of another “‘perfect’’ 
germanium crystal which is mounted on a second long- 
tangent-arm spectrometer. The diffracted beam from 
this analyzer crystal is detected by the slit-free second 
Geiger counter. There is hardly any loss of intensity 
off the second crystal, and if one works with a constant 
wavelength, the only effect which requires a resetting 
of the second crystal is a change in angle of the radiation 
falling on it. Except for the “compensation effect,” it 
is difficult to imagine anything that one could do to the 
first crystal which should change this angle. 

The procedure followed was to bend the first crystal 
and determine the bend as outlined above, using the 
first Geiger counter and spectrometer. The bent crystal 
was set to diffract at the Cu Ka; maximum, and the 
transmitted beam allowed to fall on the second crystal. 
A rocking curve of the second (analyzing) crystal was 
then run and the shift in the setting for peak position 
was recorded. All peaks were quite symmetrical. To 
give some feeling for the numbers involved: with the 
first crystal removed, the width of the rocking curve at 
half max of the Ka; peak of the direct beam off the 
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second crystal was 100 seconds, and the a), a2 separation 
was 215 seconds; with the first crystal back in place, 
the half-width of the Ka; peak of the transmitted or 
diffracted beam through the first crystal, unbent, as 
recorded by the first Geiger counter, was a little less 
than 100 seconds; the half-width of the peak off the 
second crystal with the first crystal fixed and diffracting 
was 15 seconds. The theoretical width for the first 
crystal was about 5 seconds, and for the second, about 
12 seconds. Either instrument could be read to one-half 
second, but because of peak width and operating 
conditions, the value of peak position is not believed 
to be significant to better than +3 seconds of arc. 


IV. RESULTS 
(a) Angular Shifts 


Several crystals of different thicknesses and intensity 
behavior were bent both convexly and concavely and 
an angular shift of the transmitted beam of the pre- 
dicted magnitude and sign was observed. Figure 4 isia 
plot of the change in setting, A, of the second crystal as 
a function of the strain, S, in the first crystal for one 
particular sample which was bent until it broke. The 
concave bends are denoted by positive values of S; 
convex bends by negative S. The sense of A is as 
illustrated in Fig. 2. The straight line is a plot of 


(6) 


where 63=22.3° for the (220) planes of germanium 
and Cu Ka; radiation. It can be seen that the experi- 


A=S tanOoz, 
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Fic. 4. Relative settings of analyzer crystal, A, in seconds of 
arc, as a function of elastic bending strain, S=é/Ro, in first 
crystal. S is defined as positive for concave bends and negative 
for convex. The straight line is a plot of A=S tan@op. 
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mental points follow the line quite well and, in fact, it 
was impossible to produce enough strain in these 
crystals to observe any departure from straight-line 
behavior. 

Figure 5 is a composite of the data taken on all the 
crystals used. The thickness of the crystals ranged from 
8 mils to 80 mils. No significant departure was noted 
for the thinner crystals, even though the 8-mil crystal 
was in the edge of the “intermediate thickness case”’ 
(uot~3) with regard to the theory of dynamical diffrac- 
tion, and the asymmetric transmission was observable. 
There is a slight trend for the experimental points to 
lie “inside” the plot of Eq. (5), which, if not a system- 
atic error, might indicate that the entrance region of 
the crystal is involved in the process of channeling the 
energy and thus the effective thickness may be some- 
what less than that measured. 


(b) Half-Widths 


It was noted that the width at half maximum of the 
rocking curves from the bent crystal, as observed with 
the first Geiger counter interposed between the two 
crystals, decreased with concave bend and increased 
with convex bend, even though the integrated intensity 
might remain constant. At the same time, with the 
bent crystal fixed, the half-width of the curve from the 
second crystal always increased with increased bend of 
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Fic. 5. Composite of all data taken on compensation angle, A, 
as a function of elastic bend, S, in germanium crystals. ‘The 
thickness of the bars ranged from 8.2 to 80.2 mils. 
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Fic. 6. Upper curves: Rocking curves in transmission through 
first crystal of (220) Kq peaks as detected by first Geiger counter 
interposed between the crystals. (a) Severe convex bend; (b) 
unbent; (c) severe concave bend. Lower curves: Rocking curves 
of analyzing crystal, in reflection from (220) face, with first 
crystal set to transmit the a; maximum, and with (a) severe 
convex strain; (b) unbent; (c) severe concave strain. The shift 
in peak position and increase in half-width is illustrated. 


the first crystal, going from 15 seconds to as large as 
100 seconds for the smallest radii of curvature attainable 
with the thinnest crystals (see Fig. 6). These results 
are also understandable in terms of geometrical effects, 
since the direct beam had horizontal divergence and a 
finite cross section. The curved surface intercepted by 
the beam would thus appear to be mosaic. For an ideally 
parallel but extended beam, either type of bending should 
broaden the rocking curve of the bent crystal with 
respect to the unbent case, and should produce a 
broadening of the rocking curve from the analyzer 
crystal. However, a simple geometric treatment of the 
divergences will show that when bent concavely the 
crystal diffracts, for a given wavelength, over a more 
restricted range of angles when rotated, and thus the 
rocking curve is narrowed. The opposite holds for the 
convex bend. The rocking curve from the analyzer 
crystal is still broadened in either case; the concave 
bend produces a slightly greater half-width. This half- 
width may thus be used as a further check on the 
applied bend. Although the wavelength spread in the 
Ka, peak may contribute additional effects to the 
rocking curve of the bent first crystal, it should have 
little effect on the rocking curve width of the second 
crystal because of the parallel arrangement of the two 
crystals. 


(c) Intensity Considerations 


No two crystals used displayed the same integrated 
intensity behavior upon slight bending, although all 
intensities eventually dropped upon severe elastic 
straining. Some intensities initially went up; others 
went down; some went up with one side of the crystal 
towards the beam and went down with the other side 
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Fic. 7. Curve (a): Required variation in @ to satisfy Bragg’s 
law along some “channel” through the crystal. Curve (b): 
“actual” variation in @. The parameter y is proportional to the 
difference between these two curves at every point, and the 
“effective imperfection absorption coefficient” is related to the 
average of the square of this difference minus the square of the 
average. 


exposed ; some were high at some points on the crystal 
and low in other regions. Since the “compensation 
effect” leads to the expectation that there should be no 
change in integrated intensity upon bending, we must 
look for some additional mechanism to explain the 
intensity changes. Hirsh and Hunter have shown that 
for a perfect crystal of these dimensions the intensity is 
given by 


I=Iy exp{ —potoL 1—e(y?+1)-*]}, (7) 


where yo is the ordinary linear absorption coefficient, 
e is essentially related to the “size of the atom” through 
the structure factor (e=1 for point atoms), and y is a 
convenient parameter proportional to the difference 
between the correct Bragg angle at the point in question 
and the actual glancing angle of incidence. The inte- 
grated intensity is then proportional to 
iL 


. 2r 73 
b= f tay=1— exp —polo(1—«) ], (8) 
Moloe 


x 


if the assumption is made that J—0 unless y’<1, 
which reduces Eq. (7) to 


I =I exp[ —polo(1—e) ] exp(—}uoloey’). (9) 


If, for the “channel” under consideration, the required 
Bragg angle varies as curve (a) in Fig. 7 and the actual 
angles as (b), then that channel behaves like a foil 
whose absorption coefficient (y*) varies with depth. 
Therefore, we can write 


t 
| = Io expl — polo 1 - €) | exp( - base f vat). ( 10) 


Letting y= Yot+y(t), where Yo is y at the point on the 
incident side under consideration, and defining 
nq 


1 ¢’ 2a 
n=- f y(dat, sa f ¥0ai, 
t io 


0 


(11) 
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the integrated intensity (integral over Yo) becomes 
proportional to 


E= Ep exp[—}uotoe(J— H) ]. . (12) 


The quantity }¢(J—H”)yo thus plays the role of an 
“effective imperfection absorption coefficient.” 

An attempt is being made to generate functions, y(é), 
and distributions of functions, in order to evaluate J 
and H, from physical models of possible defect struc- 
tures, to see if some one(s) of them might not give the 
observed behaviors, and thus possibly identify the 
defect (s). Some data on integrated intensity have been 
taken as a function of crystal thickness but such 
experiments involve the loss of the sample through 
etching. Thus the main approach has been to study the 
intensity behavior under applied stress (bending, 
tension, etc.). One further difficulty in the analysis is 
that several channels may be involved in the measure- 
ment since the x-ray beams are somewhat extended. 
Hunter’s original “window model” consisted of taking 
y to be a linear function of ¢ with constants related to 
a possible intrinsic local bend, and then by the correct 
choice of distribution of these functions over the area 
of the beam the observed behavior was explained. 
However, with inclusion of the compensation effect, 
this particular model is no longer justified. It is expected 
that a more extensive analysis of the intensity data 
will be published soon." 

X-ray transmission photographs of some of the 
crystals have been taken by a method similar to that 
described by Lang,” since the experiment is set up 
ideally for this type of experiment. Crystal imperfec- 
tions can be seen in a crystal which showed no dislo- 
cation etch pits. One such photograph is reproduced in 
Fig. 8,where a single line defect can be seen running 
the length of the crystal, and various other imperfec- 
tions reveal themselves irregularly in the crystal. It is 
interesting to note that the long line, parallel to [110], 
appears white on the diffracted beam whereas in the 
transmitted beam, although its geometry is identical, 
it appears black and white. 


{110] 


Fic. 8. Photograph of a single imperfection (possibly a disloca- 
tion) running the length of one of the crystal bars. 

1 Preliminary data will be published in the Proceedings of the 
Conference on Properties of Elemental and Compound Semi- 
conductors, American Institute of Mining, Metallurgical, and 
Petroleum Engineers, August, 1959. 

2 A. R. Lang, Acta Cryst. 12, 249 (1959). 
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V. DISCUSSION AND CONCLUSIONS 


Since much of the theory of dynamical diffraction is 
couched in terms of the behavior of the index of 
refraction, if one supposes that the electron density is 
greater on the compressed side of the bend, then the 
average index is lowered there, and, for the concave 
case, the x-ray wavelength would get shorter as the 
radiation traveled through the crystal. This is exactly 
opposite to the conditions required to satisfy Bragg’s 
law when d is increasing and @ is kept constant. Thus, 
instead of explaining away the necessity for a slowly 
changing angle of incidence, as the radiation travels 
through the crystal, index of refraction considerations 
require an even greater change, if Bragg’s law is to be 
satisfied. That is, if one wishes to include a possible 
change in index of refraction, the change in required 
Bragg angle becomes 


Ad Ny 
—Adz= E +(1 — ~)| tanOyz, 
do Ne 


where mo is the index on the incident side, and 7; that 
on the exit side. However, as is well known in x-ray 
diffraction theory (from Snell’s law), for symmetric 
Laue diffraction, if Bragg’s law is satisfied throughout 
the crystal, then the index of refraction drops out of 
the final formulas and the only observable is still 


(13) 


described by Eq. (6). Thus, it is most likely that any 
change in index of refraction would first show up in the 
integrated intensity, where it could produce some 
deviation from compensation and contribute to y(é). 
Since Eq. (13) is slightly asymmetric with respect to 


concave versus convex bend, it might produce a small 
difference in the intensity in the two cases. 
Although it was impossible to reach a large enough 
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elastic bending strain in germanium to observe any 
deviation from compensation, if one considers the 
contribution of the next order term in the expansion in 
Eq. (4), then a strain of >5X10- should give a y(¢) 
[difference of curves (a) and (b) in Fig. 7] sufficiently 
large to significantly decrease the integrated intensity. 
This might be observed in silicon crystals where yo is 
enough lower to permit the use of even thicker crystals. 

If it were possible to maintain the perfection neces- 
sary to use this Borrmann-Campbell effect and at the 
same time to have micro-plastic flow, the rate at which 
the atomic planes straightened out front to back could 
be measured by observing the decrease of the “‘compen- 
sation” angle in time while the gross bend was held in 
the crystal. 

There is little doubt from these experiments that the 
forward diffracted (transmitted) beam from a bent 
perfect crystal cut for symmetric diffraction changes 
its angle upon bending in a way predicted by a simple 
ray model based upon the analogous case of a light 
beam traveling between two slightly tilted mirrors. 

Although the simple ray model appears to have 
validity for an elastic bend, the general question of 
whether the diffraction phenomenon should be con- 
sidered in terms of rays and partial reflections from 
each plane of atoms, or whether, in some sense, the 
radiation might follow a slowly changing channel as 
microwaves do a wave guide, is still open to some 
speculation. 
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Electron Emission from Silicon p-n Junctions 


B. SENITzKy* 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received June 17, 1959) 


Electron emission from uncoated, reverse biased, silicon p-n junctions has been investigated. A junction 
with a 1-cm diameter and a reverse bias of 0.1 amp gives rise to an emission current, around its perimeter, 
of the order of 10~“ amp. The emission commences at fields which are considerably lower than those required 
for breakdown and is dependent on the junction bias conditions as well as the lattice temperature. The 
degree of dependence on the lattice temperature is a function of the bias conditions. A simple mechanism 


is proposed to explain these phenomena. 


INTRODUCTION 


HEN electrons in a semiconductor are in the 

presence of a high electric field their average 
kinetic energy is greater than the vibrational energy 
of the surrounding lattice and the electrons are said to 
be at a higher temperature’ than the lattice. If the 
electron energy exceeds the work function of the surface, 
emission will be observed even though the lattice itself 
may be at room temperature. An effect of this nature 
has recently been observed by Burton? who used a 
reverse-biased silicon p-m junction to obtain a high 
electric field and a cesium layer to lower the work 
function at the surface. Working with junctions which 
had a perimeter of several hundred mils, Burton was 
able to measure emission currents of the order of 
5X10-° amp. A similar experiment was performed by 
Tauc’® on uncoated silicon p-n junctions which showed 
that this type of junction also gives rise to an electron 
emission. In the latter experiment the junction is 
placed several mm from the point of a Geiger counter 
and the entire apparatus operated in air at normal 
atmospheric pressure. 

In the experiment to be described Tauc’s measure- 
ments are repeated with the following modifications 
and extensions: (1) the junction is heated in a vacuum 
of 10-* mm Hg in order to partially clean the surface. 
(2) An electron multiplier‘ is used in vacuum to measure 
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Fic. 1. Schematic of the junction used for emission studies. 
* Present address: Technical Research Group Inc., Syosset, 
Long Island, New York. 
1 W. Shockley, Bell System Tech. J. 30, 990 (1951). 
2 J. A. Burton, Phys. Rev. 108, 1342 (1957). 
3 J. Tauc, Nature 181, 38 (1958). 
4J.S. Allen, Rev. Sci. Instr. 18, 730 (1947). 


the emitted current. (3) Quantitative measurements are 
taken both with pulsed and dc techniques. (4) The 
temperature of the junction is varied in order to note 
its effect on the emission current. 

It is the primary purpose of this experiment to 
indicate the junction operating conditions which effect 
the emission current and to present quantitative data 
relating the emission and these operating conditions. 
In addition, various mechanisms are considered as a 
source of the emission and are discussed in the light of 
the experimental results. 


EXPERIMENTAL 


The diode used in the electron emission experiments is 
shown in Fig. 1. It was fabricated by cutting wafers 
from a 0.03 ohm-cm n-type single crystal, and a p-n 
junction was formed by boron diffusion.® Part of the sur- 
face was lapped, forming an angle of 5 degrees with the 
remainder of the surface as shown in Fig. 1. It should 
be mentioned at this point that lapping was not found 
to be a necessary condition for a surface to emit 
electrons. Electron emission can be obtained with 
etched junctions as well. Furthermore, etching a 
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Fic. 2. Light vs bias characteristic of junction shown in Fig. 1. 


5 The diffusion was kindly performed by C. J. Frosch of this 
laboratory. 
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lapped junction does not cause a decided decrease in 
the emission current. This implies that the emission 
may be coming from any part of the junction edge and 
not necessarily from the part which is lapped. The 
reason for lapping was to make it more convenient to 
observe the recombination radiation®’ coming from 
the junction edge when the junction is operated in the 
breakdown region. The recombination radiation appears 
to come from the lapped edge in the form of a thin 
filament of uniformly distributed light located at the 
junction. Superimposed on this filament is a series of 
bright spots which probably correspond to localized 
breakdown regions. A 931A photomultiplier with an S-4 
response was used to measure the emitted radiation from 
the diode in Fig. 1 and a quantitative relation was 
obtained (Fig. 2) between the emitted light and the 
breakdown current. It is noted that for the range 
considered a linear relationship exists. 

The forward bias characteristic of the junction in 
Fig. 3 shows the expected exponential behavior and 
indicates that the ohmic contact resistance is less than 
0.01 ohm. This eliminates the possibility that thermionic 
emission is coming from poor ohmic contacts made to 
the semiconductor. The reverse characteristic is shown 
in Fig. 4 where a fairly well defined breakdown region 
is found. The breakdown is probably characteristic of 
the doping of the material and not the condition of the 
surface since much smaller area junctions made from 
the same material had identical breakdown voltages. 

The emission from uncoated silicon p-n junction is 
too weak to measure with a single collector plate and an 
electrometer. In order to increase the sensitivity of the 
measurements an electron multiplier was used. This 
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Fic. 3. Forward bias characteristic of junction shown in Fig. 1. 
6 R. Newman, Phys. Rev. 100, 700 (1955). 

7A. G. Chynoweth and K. G. McKay, Phys. Rev. 102, 369 
(1956). 
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Fic. 4. Reverse bias characteristic of junction shown in Fig. 1. 


consisted of 16 beryllium copper dynodes mounted on 
mica spacers. The current in the collector dynode is 
measured by two methods depending on the magnitude 
of the emission current. At very low signal levels a pulse 
counter is used to count the individual pulses which are 
an indication of the number of particles striking the 
first dynode. At higher levels of input signal, the current 
at the output of the multiplier is measured with an 
electrometer. This requires a knowledge of the gain of 
the multiplier which was found to be of the order of 10°. 

Using the electrometer to measure the multiplier 
output and plotting this against the breakdown current 
through the junction, the characteristic shown in 
Fig. 5 is obtained. When the diode is placed into the 
vacuum system and the system is pumped down, the 
initial emission is shown in curve J. This emission is 
unstable and not reproducible. After intermittent 
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Fic. 5. Electron emission characteristic of junction shown in Fig. 1 
taken with an electron multiplier gain of the order of 105. 
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heating of the junction to temperatures of the order of 
several hundred °C above room temperature for several 
hours in a vacuum of 10-* mm Hg, the emission 
decreases to curve II. The latter characteristic is 
fairly stable and is reproducible over long time periods. 
It is interesting to note that on the scale used in Fig. 4 
there is no noticeable change in reverse bias character- 
istic even though the baking in vacuum is sufficient to 
change the electron emission by an order of magnitude. 
This would tend to imply that, although the conditions 
on the surface must be changing considerably, the 
net current through the junction is constant and seems 
to be solely dependent on the breakdown in the interior 
of the junction. 

The fact that the emission is unstable when it is 
first placed in vacuum is not surprising since one would 
expect the emission to be very sensitive to the surface 
work function which in turn is strongly dependent on 
the surface conditions. A clean surface is not achieved in 
this experiment, nevertheless some stability of the 
surface conditions appears to have been reached after 
baking, as is evidenced by the electron emission results. 

The values obtained for the sample tested above are 
of the same order of magnitude as the values obtained 
for several other junctions of comparable properties. 
Consequently, some estimate of the electron emission 
densities which can be expected from these types of 
junctions is of interest. At 100 ma, the measured 
emission current is of the order of 10~* amp. The 
computation of the surface area which emits is extremely 
rough since the emission probably does not take place 
over the entire junction area but originates at the 
localized surface breakdown sites. At present there is 
no way of estimating the extent of these sites. If we 
consider the emission as originating over the entire 
junction and use a centimeter as a measure of the 
junction length and a micron as a measure of the 
junction width we obtain an emission density of 10~° 
amp/cm? which is probably too low by several orders of 
magnitude. 

One of the factors which severely limits the total 
emission is the unfavorable geometry used. From one 
point of view the geometry to be described® is more 
favorable. A very shallow m layer is diffused into p 
material so that a p-m junction is formed whose entire 
area is close to the surface. The aim in using this 
geometry is to enable electrons to escape from the 
entire area of the junction. By a sensitive weighing 
and etching technique, the m layer was estimated to be 
1400 A. There was no measurable emission currert 
down to several electrons per second which is the 
sensitivity limit of the detection system.’ 

® These units were fabricated by R. L. Batdorf and P. W. Foy. 
Le amet depth was measured by R. L. Batdorf and K. H. 
’ ® This structure was designed so that breakdown did not occur 


at the junction perimeter; consequently the type of emission 
observed in the other units was not seen here. 
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Considering the geometry of Fig. 1 again, let us 
consider some possible mechanisms to explain the 
results obtained in Fig. 5. First let us consider the 
possibility that the emission is thermionic and is due 
only to lattice heating due to the electrical power 
dissipated in the junction when it is operated in the 
breakdown condition. If this is the case, then at first 
glance one might expect that operating the junction in 
the forward direction with the same power dissipation 
as in the reverse direction would yield the same emission 
current. This experiment was performed and absolutely 
no emission was found in the forward direction. Had 
emission been found there would have been strong 
evidence that lattice thermionic emission is the sole 
mechanisms, but the negative results do not, by 
themselves, entirely exclude this possibility. The reason 
for this is that the distribution of power dissipation 
along the junction plane is different for the forward and 
reverse bias conditions. In the reverse bias condition 
the localized breakdown regions can achieve appreciably 
higher temperatures than their surroundings.'® Never- 
theless a calculation using Richardson’s equation and 
a 4-ev work function indicates that the expected 
emission is very many orders of magnitude less than 
that observed. Therefore unless the work function used 
is greatly in error, lattice thermionic emission cannot 
be the sole cause of the measured current. This does 
not imply that lattice heating, in conjunction with 
the energy available to the electrons from the electric 
field has no effect on the emission. This question will 
be discussed later. 

Another possible signal source which must be 
considered in this type of measurement is the recombina- 
tion radiation coming from the junction edge. The 
spectral analysis of this radiation by Chynoweth’ 
indicates that there are some photons energetic enough 
to eject electrons from the beryllium copper surface 
used in the multiplier. This possibility can be ruled out 
by comparing the photomultiplier and electron multi- 
plier outputs which are roughly the same. Since the 
sensitivity of the photomultiplier to light is many 
orders of magnitude greater than that of the electron 
multiplier, this implies that the light has a negligible 
effect on the electron multiplier output. 
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Fic. 6. Pulsed emission characteristic. 


10 B, Senitzky and P. D. Radin, J. Appl. Phys. (to be published). 
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The possibility that the emission is solely a function 
of the breakdown current is next investigated by means 
of the following technique. A mercury relay is placed in 
series with the bias supply and switched on and off by a 
rectangular pulse of known duration and repetition rate. 
The resistance in series with the diode is sufficiently high 
to make the bias supply a constant current source. 
Whereas the current pulse through the diode is rect- 
angular, the voltage pulse across the diode is not,’ 
since the junction heats up and the voltage increases 
during the intervals that the current is on. The pulse 
duration is varied from a quarter of a second to 5 sec 
with a repetition rate of 0.1 cps. A diode with roughly 
the same doping levels and breakdown voltage as the 
one shown in Fig. 1 is used. The output of the electrom- 
eter is measured with a pulse counter. If the emission 
is dependent solely on the current flowing through the 
junction, one would expect to get results which are 
independent of the duty cycle of the switching pulses. 
It is immediately apparent from the data shown in 
Fig. 5 that this is not the case. As a matter of fact, 
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Fic. 7. Schematic of arrangement for lattice temperature variation. 


changing the duty cycle, at constant bias current, can 
change the emission by a factor of three. In all cases 
the variation is in the direction of an increase in emission 
with increasing voltage and temperature. For the higher 
bias currents, a given change in duty cycle gives rise 
to a greater change in voltage or temperature, therefore 
the high bias currents in Fig. 6 have a characteristic 
with greater slope than the low bias currents. These 
results would seem to indicate that, for this junction at 
least, the breakdown current is not the predominant 
factor in determining the emission. The important 
variable seems to be the temperature or the voltage 
associated with the breakdown current. If one changes 
the current in such a manner that the junction has no 
opportunity to heat up, there appears to be only a 
small effect on the emission. These results were repeated 
for other junctions and the following conditions were 
noted: although some junctions showed a stronger 
dependence on the dc current at short duty cycles, in 
all cases there was a decided increase in the emission 
current with the duty cycle. 
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Fic. 8. Reverse bias characteristic for two different lattice 
temperatures. The J,=240-ma curve corresponds to a lattice 
temperature 150°C above room temperature and the 7,=0 curve 
corresponds to room temperature. 


In an attempt to further establish the effect of 
temperature on the emission a somewhat different 
geometry" was tried in which the temperature of the 
junction could be independently varied. A schematic 
representation of the arrangement is shown in Fig. 7. 
The junction is contained in an island which is etched 
out from the body of m material. The current J; is an 
ac current which is used to heat the entire unit. The 
temperature of the junction itself may be determined by 
noting the shift in the breakdown voltage corresponding 
to different values of J,. The V-7 characteristics for 
two different settings of the current J, are shown in 
Fig. 8. From these an estimate of the temperature 
differential? of 150°C can be made. It should be noted 
that the temperature referred to is the ambient tempera- 
ture. In the breakdown region, where there is a consider- 
able degree of self heating’® due to the current flowing 
through the junction, the junction temperature is 
higher than the ambient temperature. Consequently 
the 150°C temperature differential is only valid for 
points with the same current. If one considers points 
with the same voltage, the temperature differential is 
no longer as great as 150°C but the 7,=240-ma curve 
is still at a higher junction temperature than the 
J,=0-ma curve.“ The emission for the two ambient 
temperatures is plotted as a function of voltage in 
Fig. 9. It is seen that in the prebreakdown region the 
emission is somewhat higher for the unheated sample 
than it is for the heated sample, whereas the reverse is 
true for’the breakdown region. The onset of emission 
occurs at a voltage considerably lower than the break- 
down voltage. In some cases it was found that a junction 


11 The author would like to thank F. G. Allen for this suggestion. 

2G, L. Pearson and B. Sawyer, Proc. Inst. Radio Engrs. 40, 
1348 (1952). 

13 Since the voltage change between the two curves in the 
breakdown region is small compared to the breakdown voltage, 
constant current implies constant power dissipation. 

4 The temperature differential at constant voltage may be 
estimated from the following two considerations: (1) the tempera 
ture differential at the intersection of the two curves is known, and 
(2) the temperature rise along the separate curves due to self- 
heating may be computed from the results of reference 10. 
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Fic. 9. The electron emission characteristic corresponding to 
bias conditions shown in Fig. 8. 


which exhibits a reasonably sharp breakdown at 20 
volts gives rise to emission at 8 volts. This is in accord 
with the fact that whatever the lower limit is, it must be 
above the 4-volt work function of the material. The 
emission at constant current and varying junction 
temperature can be estimated with the aid of Fig. 8. 
It is found that in the breakdown region the emission 
at constant current increases with the junction tempera- 
ture. This is consistent with the pulsed data shown in 
Fig. 6. 
DISCUSSION 


The above experiments indicate that the electron 
emission from p-n junctions is dependent on the 
electric field, the lattice temperature and the total 
current flowing through the junction. Although the 
exact dependence is a function of the particular junction 
used and the surface conditions of that junction, there 
is an agreement between different junctions on the 
general shape of the emission characteristics and also 
on the order of magnitude of the emission currents. It 
will be shown by the following rough analysis that the 
emission currents can be related to the variables 
mentioned above, namely, the field, temperature and 
junction current and that the experimental results agree 
to within an order of magnitude with the predictions of 
this type of analysis. 

An estimate of the probability that an electron gains 
enough energy from the electric field to escape will be 
made. We will make the approximate simplifying 
assumption that the significant contribution to this 
probability comes from electrons that have travelled 
the minimum distance required to reach this energy 
without colliding. Let 1/7 be the probability per unit 
time that the electron will be scattered. This term is 
dependent on the various scattering mechanisms that 
are operative. At low energies the dominant scattering 
is by acoustical phonons, and at higher energies optical 
phonon scattering becomes{more important.’ At still 


higher energies the electrons gain sufficient energy from 
the field to create electron hole pairs as a result of a 
collision.® At these energies this is the dominant 
scattering mechanism. If 7 is proportional to «~4, as 
it is in many cases where the electron loses only a 
small fraction of its incident energy as a result of the 
collision, we can express the probability that an electron 
will attain the energy «€ as 


P(e)=exp(—«/gEn), (1) 


where has the properties of a mean free path independ- 
ent of the energy. The total probability per unit time 
of a collision can be taken as the sum of the probabilities 
for_the separate scattering mechanisms so that 


1/r=>0;(1/7;). (2) 


If the condition mentioned above is valid, namely, 
that 7; is proportional to e~}, one can write the probabil- 
ity that an electron attain an energy, e, as 


€ 1 evi. 4 
r(d=en| -(5 -) |=] -(-+—)] (3) 
gQEN i dj gQEX\X 2X 


where the mean free path \ corresponds to acoustical 
and optical phonon scattering and ), is the mean free 
path for ionization collisions. Because of the magnitude 
of the electric field, which is approximately 310° 
volts/cm, most of the electrons will be energetic enough 
before their first collision to satisfy the condition that 
they can only deliver a small fraction of their kinetic 
energy in a phonon collision. Consequently \ can be 
taken as a constant, independent of the energy. This 
is not the case with \; where the electron loses a large 
fraction of its initial energy during a collision. The 
cross section for this process is zero until a threshold 
energy of 2.3 electron volts!*"* is attained. At this point 
1/d; rapidly becomes the dominant term in (3). The 
exponential term giving the probability for an electron 
to escape can then be written in terms of two factors: 
one relating to the probability of an electron reaching 
an energy of ¢9=2.3 ev where there is a high probability 
of an ionizing collision, and another factor which 
determines the probability that the electron can gain 
enough additional energy to reach the work function 
energy ®. This probability is expressed as 


P(®) =exp{—[(€0/qEA) + (®—€0)/gEAi]}. (4) 


An approximate estimate, based on a simple Rutherford 
scattering mechanism, indicates that for the energy 
range of interest it is not unreasonable to regard ), as 
a constant. The value of \ the mean free path for 
phonon collisions, can be found by fitting part of the 
above expression to the data for the ionization con- 


'®P. A. Wolff, Phys. Rev. 95, 1415 (1954). 
16 A. G. Chynoweth and K. G. McKay, Phys. Rev. 108, 29 
(1957). 
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stant.!7-18 If we consider the probability that an electron 
will gain sufficient energy for pair production and 
divide this by the distance the electron travels to reach 
this energy, we obtain the probability of ionization per 
unit distance 

a= (qgE/eo) exp[—€0/qgEX ]. (5) 


This agrees with the data when \=200 A. Expression 
(4) gives the probability of an electron escaping when 
it travels a distance ®/gE. The probability of escaping 
per unit distance is therefore (gE/®)P(®). To get the 
probability of escaping over the entire path, a spatial 
integration is required, but the problem can be approx- 
imated by assuming a uniform field over a path length 
xo. The probability of escaping over the entire path 
length then becomes (gE/®)P(#)xo. This should be 
multiplied by a geometric factor which takes account 
of the fact that for a circular junction of radius R only 
those electrons within a distance ; of the perimeter 
will have a good probability of escaping. This will give 
rise to a factor \,/R. Electrons of energy ® which do 
not collide will not leave the material since their 
motion is tangential to the surface. Of those electrons 
which have energy ® and do collide, only the ones that 
have phonon collisions retain enough energy to escape. 
The probability for this to occur introduces an addi- 
tional factor of the order of magnitude of \,/A. The 
total escape probability for an electron in the junction 
is consequently given by 


rj 2 gE €0 p— €0 : 
wo( -) (= ) exp| ~ (=+— - “)| (6) 
Rr gEX gkhv; 
Using the value of a derived above, this can be rewritten 


© ea 2)(%) f-(222)] 


uy “0K, GA McKay, Phys. Rev. 94, 877 (1954). 
18 A. G. Chynoweth, Phys. Rev. 109, 1537 (1958). 
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The emission current, J,, can. then be expressed in 
terms of the junction current, 7, by the equation 


€0 A? b— € 
1.=1ax)(—)( ) exp| -(— |. (8) 
? Rv gkx; 


The above expression can be compared with the 
experimentally obtained emission current when the 
junction is biased in the breakdown region where 
axo=1, and the value \, determined. In order to fit the 
experimental data a value of \; in the neighborhood of 
35 A must be chosen. Using this value of , it is clear 
why the junction which was located 1400 A below the 
surface did not yield a detectable emission current. 

It is difficult to investigate the lattice temperature 
dependence of (8) because A; as a function of tempera- 
ture is unknown. Nevertheless if we assume that ), is 
not a sensitive function of temperature and concentrate 
on the effect of a/A on the emission current, we obtain 
an expression for d/,/dT which is proportional to 


“(<-1)= (9) 
gEX dT 


The above expression will be negative for small £, 
positive for large EZ and zero for fields of approximately 
10° volts/cm. Qualitatively this agrees with the observed 
data, but quantitatively the agreement is only to 
within an order of magnitude since the field at which 
the emission is temperature independent is about 
3X 105 volts/cm. 
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Approximate self-consistent potentials are constructed for diamond, first with exchange ignored, and then 
with exchange included according to the Slater free-electron approximation and according to a refined 
momentum-dependent free-electron approximation. The Hartree charge densities and energy gap are in fair 
agreement with experiment. Inclusion of valence exchange by the Slater approximation shows that Herman’s 
earlier calculation was nearly self-consistent in this approximation. Agreement with experiment on charge 
densities and energy gap is greatly improved in comparison with the Hartree results. Further inclusion of 
the momentum dependence of the exchange potential does not greatly improve the charge densities and the 


energy gap but does alter the valence band width. 


1. INTRODUCTION 


ITH the exception of a few especially simple 

cases, the object of most energy-band papers 
may be said to have been the calculation of wave 
functions and energy bands in a crystal grated a certain 
crystal potential. Ofter great emphasis is placed on the 
exactness with which this mathematical problem is 
solved while no estimate is made of the uncertainties 
in the assumed crystal potential. It has appeared for 
some time that (for any but the simplest crystals) the 
physical uncertainties are as large as the mathematical 
ones. Our primary interest in this series of papers lies 
in the calculation of experimental features of the energy 
bands of diamond- and zinc-blende-type semicon- 
ductors ; for the reasons discussed above we begin with 
a consideration of the crystal potential of diamond, 
which is the simplest of these crystals. 

A secondary object of the calculations presented 
below is to test the exactness of the “effective potential” 
method proposed recently by us.' The method is quite 
similar to the orthogonalized plane wave (OPW) 
method which has already been used on diamond with 
much success by Herman.’ Using the same potential 
we find results in close agreement with his; changes in 
the potential itself lead to larger differences, in agree- 
ment with the above remarks. 

Herman’s diamond potential is obtained from a 
superposition of free atom Hartree-Fock charge 
densities. These are used to calculate the Coulomb 
potential to which is added an exchange potential 
taken from the Slater*® free-electron approximation. 
(According to the Slater approximation, exchange 
terms can be represented by an exchange potential 
which is the same at a given point as the average 
exchange potential in a free-electron gas having the 
same local density.) 

* Supported in part by the National Science Foundation. 

t National Science Foundation Predoctoral Fellow. 

t National Science Foundation Postdoctoral Fellow. 

1 J. C, Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959). 


2 F. Herman, Phys. Rev. 93, 1214 (1954). 
3J. C. Slater, Phys. Rev. 81, 385 (1951). 


At first sight there is no reason to expect that free- 
atom charge densities would yield more than a quali- 
tatively correct charge distribution in the crystal. In 
the case of diamond, however, Herman was able to 
compare his charge densities with those calculated by 
Brill‘ from x-ray diffraction; good agreement was 
obtained, thus justifying the Coulomb potential. 

In principle, of course, the crystal charge density 
should be calculated self-consistently. Again, in prin- 
ciple, this requires the calculation of valence wave 
functions throughout the reduced zone and in diamond, 
where convergent wave functions are easily obtained 
only at points of high symmetry of the Brillouin zone, 
this appears to be prohibitively laborious. An advantage 
of the “effective potential” method is that it shows that 
all valence charge densities should be similar, which 
greatly reduces the amount of calculation required to 
obtain a good approximation to the valence electron 
charge density. In this way we are able to demonstrate 
in Sec. 2 that granted his exchange potential, Herman’s 
original calculation is nearly self-consistent. 

We are therefore left with the exchange potential 
which is obtained from Slater’s heuristic approximation. 
We may omit exchange among the valence electrons 
altogether, thus doing a self-consistent Hartree calcu- 
lation. This materially worsens the agreement with 
experiment for the charge densities and energy gap, as 
is shown in Sec. 3. On the other hand, we may say that 
even in diamond the wave functions often closely 
resemble plane waves so that an improvement might 
be made by including the momentum dependence of 
the local-density free-electron exchange potential. The 
results of this refinement are presented in Sec. 3 also; 
it turns out that only the valence band width is ap- 
preciably changed. 

It might be felt that if the valence electron charge 
density is sufficiently simple to make self-consistent 
calculations of the Coulomb potential feasible, some- 
what more effort should yield an exchange potential. 
The importance of this point has led us to include our 


‘R. Brill, Acta Cryst. 3, 333 (1950). 
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reasons for being unable to obtain such a potential in 
the Appendix. 


2. SELF-CONSISTENCY OF HERMAN’S MODEL 


The Fourier coefficients of Herman’s crystal potential 
V. are listed in Table I, where the contributions of the 
core and valence Coulomb and exchange terms are 
listed separately. The numbers in parenthesis represent 
a small correction to Herman’s potential whose effect 
would be to reduce the energy gap by 0.4 ev. This is 
omitted here to facilitate comparison with Herman’s 
results. Also listed are the Fourier coefficients of 


Cis}=| frutener fal, (a) 


where ¥;, is the normalized Hartree-Fock 1s wave 
function for neutral atomic carbon calculated by Jucys.® 
(This is the wave function used by Herman.) It was 


TABLE IJ. Fourier transforms of various terms in the effective 
crystal potential. Here 4?= (a/27)*k? and the form factor cos(k- #) 
with t= 4a(111) has been omitted. The numbers in parenthesis in 
the fourth row represent corrections to Herman’s potential which 
were not included in the calculations of Secs. 2 and 3. 





h? Veore®°¥! Vyaicoul Vexch Vtotal Cis] 


2.87 

0.905 

0.419 

0.284 (0.319) 
0.227 





0.0320 
0.0270 
0.0205 
0.0175 


1.030 —0.286 
0.398  —0.013 
0.294 0.001 


0.209 0.0 


0.166 

0.034 
—0.010(0.025) 

0.018 








shown in reference 1 that s states see an effective 
potential 
Vett= Vet Ve, (2) 


V,=(E-E,, [1s]. (3) 


Here we have taken Jucys’ value, £1,= — 22.7 ry. 

The effective potential in Eq. (2) is +-dependent; in 
particular, in diamond, states having no s atomic 
character see no repulsive potential. Prescriptions for 
determining the atomic character of a given wave 
function were described in reference 1. When applied 
to diamond these lead to particularly simple results 
because of the small size of the 1s core. The atomic 
characters of the diamond wave functions of interest 
to us are listed in Table II. The notation for irreducible 
representations is that of Herring.® 

We now compare the results obtained by our method 
with those obtained by Herman. For p states these are 
necessarily the same. For an s state like T',, small 
differences result from the approximate nature of the 
repulsive potential as compared with the orthogonali- 
zation terms it replaces. We have therefore calculated 
the energy associated with the lowest I; state by the 


5 A. Jucys, Proc. Roy. Soc. (London) A173, 59 (1939). 
6 C. Herring, J. Franklin Inst. 233, 525 (1942). 
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TABLE IT. Atomic characters of wave functions 
calculated for diamond. 











OPW method including 9 plane waves, and the results 
are compared with ours in Table III. The 1; energy 
has converged quite well at this point, as can be seen 
from Table III for our case or from Herman’s graph of 
the OPW results.’ The agreement here turns out to be 
especially good; however even less favorable cases 
should agree to within a few hundredths of a Rydberg. 

A criticism of the OPW method which also applies 
here is that p states such as I'25, converge slowly and, 
from Herman’s results for 162 plane waves (16th order 
secular equation), it is not clear that his result is 
convergent. (Actually Herman checked that his energy 
was convergent to within 0.1 ry.) To settle this point 
we calculated the I':5, energy to 469 plane waves; the 
results are also listed in Table III. Herman’s value 
was convergent to within 0.01 ry. With this result in 
hand, we felt justified in limiting our calculation to 90 
plane waves; s levels are convergent at this point and 
the similar convergence of p levels enables us to use the 
T'25, results to extrapolate other p levels to convergent 
values with an uncertainty of less than 0.05 ry. The 
results of our calculation of the energy levels at I’, X 
and Z using Herman’s potential are listed in Table IV: 
these represent extrapolated values. 

We now turn to a self-consistent calculation of the 
valence electron charge density. A systematic procedure 
for doing this is the following. Reciprocal space is 
divided into similar volumes resembling the first 
Brillouin zone. The first division uses the Brillouin zone 
about each reciprocal lattice point. The second division 
refines the first by introducing new points (‘‘sub- 
reciprocal-lattice points”) midway between the lattice 
points of the first division; new “‘subzones” are now 
drawn about each of the points of the new lattice (which 


TABLE III. Energies of T',\™ and Tas in ry at various stages 
of convergence. E, is obtained from an nth order secular equation. 
We have used Vo00= — 2.8700 in each case. 


a T'25/%) 


) 
Eff. potential 


OPW 


0.170 





FE — 2.2200 — 2.2200 
Ex — 2.4027 — 2.4027 —0.431 
Es — 2.4142 —0.731 
Eis —0.797 
Ex —0.803 





7F. Herman, Ph.D. thesis, Columbia University, 1953 
(unpublished). 
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TABLE IV. Energies in ry of various terms in diamond using 
self-consistent potentials. In column 2 the Slater free-electron 
exchange potential is used; in column 3 exchange is omitted 
altogether, and in column 4 the momentum dependence of the 
free-electron exchange potential is included approximately. The 
last row lists the indirect energy gap to within 0.02 ry. 





Term Herman 


r; —2.41 
Ty 0.35 
. —0.80 
—0.35 

— 1.64 

—1.29 

—0.28 

—1.55 

— 1,97 

—1,14 

—0.14 

—0.14 

~0.40 


Hartree 
—2.19 

0.40 
—0.60 
—0.25 
— 1.52 
—1.07 
—0.32 
—1.54 
— 1.89 
—0.87 
—0.05 
—0.09 
~%.25 


k-dependent 


—2.97 
0.94 
—0.23 
0.19 
—2.21 
—0.75 
0.20 
— 2.08 
—2.54 
—0.56 
0.34 
0.39 
~A.37 














includes all the points of the previous lattice). The 
subzones will clearly be similar to the original zones, 
but have 2~* the volume. This process can be used to 
obtain an arbitrarily fine covering of reciprocal space. 

The valence electron charge density is now repre- 
sented in the first approximation as the average of the 
charge densities associated with the lattice points in 
each occupied zone. (For the diamond lattice the 
problem of partially occupied zones is easily solved by 
considering the subzones projected back into the re- 
duced zone.) Thus in the case of diamond the first 
approximation to the valence electron charge density 
is {1:}+3{T 2}. Here the brackets denote ¥*y for a 
nondegenerate level and the average of ¥*y for de- 
generate levels; y denotes the symmetrized OPW 
eigenfunction. 

This process can now be continued to higher approxi- 
mations. In the second approximation it is necessary 
to know wave functions at I, X and L. The third 
approximation requires wave functions of symmetry 
lr, X, L, A, A and the twofold point 2ra(},},3). Thus 
in the third approximation, the reduced secular equa- 
tion at the last point will be about half as large as the 
number of plane waves included in the over-all ex- 
pansion; in our case this would be 45X45. Calculation 
of the charge density associated with such a case is 
tedious but feasible. 

Such calculations do not appear to be necessary, 
however, since the charge density appears to have 
converged fairly well in the second approximation. It 
is perhaps well to emphasize at this point that our chief 
concern in obtaining self-consistency is the accurate 
calculation of the first few nonzero Fourier coefficients 
of the crystal potential. (We take Vooo from Herman’s 
calculations ; it can be shown that small changes in this 
quantity do not affect the relative positions of the 
bands.) The nonzero Fourier coefficients of the potential 
can be obtained directly from those of the charge density 
by Poisson’s equation: 

Vi=+ (640/Ra*) py. (4) 


AND J. C. 
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Thus the (111) Fourier coefficient of the Coulomb 
potential of the valence electrons is 0.416 ry in the first 
approximation and 0.316 ry in the second. 

From Table V which lists our results from various 
parts of the zone, several important conclusions can be 
deduced. All terms contribute approximately the same 
amount to Vi, and all have the same sign. (The only 
exceptions are L; and Ly which because of their strong 
mixing should be grouped together.) This is a result of 
the effect mentioned in the introduction; all charge 
densities respond to similar effective potentials. Fur- 
thermore, it is clear why the second approximation 
differs appreciably from the first: T'2;, being at the top 
of the valence band, has the largest Vii. and compared 
to the rest of the zone it is weighted too heavily com- 
pared to I; (3 to 1; at X and L the ratio is 2 to 2 for 
higher to lower levels). Both these errors are corrected 
in the second approximation which weights I'x5, only 
in proportion to the subzone it represents. It is difficult 
to estimate the accuracy of the second approximation 
but considering the small variation of the charge 
densities throughout the zone and the fact that the 
second sampling is 8 times finer than the first, we 
estimate the results from the second approximation 
should be accurate to within 10%, or 0.03 ry on Vin. 
We have also calculated V2.0; the results are listed in 
Table V and, to within our accuracy, it is zero. Pre- 
sumably all other higher Fourier coefficients are zero. 

Herman’s results for the Coulomb potential of the 
valence electrons are listed in Table I. The valence 
electrons are seen to make an appreciable contribution 
only to Vii, whether free atom or crystal charge 
densities are used. It is interesting to see how this 
comes about for the crystal charge density. The (111) 
coefficient of the effective crystal potential is much 
larger than the other coefficients, especially for s states 
where the repulsive potential makes the remaining 
coefficients quite small. Thus the charge density 
arranges itself to favor constructively the [111] 


TaBLE V. The contribution of charge densities representing 
different subzones in the valence band to the Fourier coefficients 
of the crystal potential using the Slater free-electron approxi- 
mation for exchange. The last line lists the total ={T!}+{X} 
+{L}. Each of the latter represents the contribution of each term 
multiplied by the degeneracy and weighting factors listed in 
columns 2 and 3. 





Degeneracy Weight Vin 


1 0.0074 

3 0.0149 

0.0520 

2 0.0103 

0.0099 

0.1210 

0.0036 

0.0106 

La! 0.0108 
{L} 0.1432 
8{T} (alone) 0.416 


Total 0.316 —0.007 
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directions, and contributions to other directions add 
only destructively. 

From Table I we see that Herman’s (111) Fourier 
coefficient of the Coulomb potential of the valence 
electrons is 0.286 ry as compared to our value of 0.316 
ry; thus his valence electron charge density is very 
nearly self-consistent. The self-consistent charge density 
is also in good agreement with Brill’s x-ray data, which 
gives the value 0.349 ry when the core terms have been 
subtracted. 

Note added in proof.—The (111) x-ray intensity has 
recently been carefully remeasured by Brill and Zandy 
[Nature 183, 1387 (1959)]. Their result leads to 
Vins"! 4! =0,299+0.025 ry, in good agreement with 
our calculated value. 

As Herman’ has shown, the minimum in the con- 
duction band should lie along A. This leads to an energy 
gap of about 5.4 ev, in good agreement with the experi- 
mental value of 5.6 ev.’ 

While Slater*® has given plausible physical arguments 
for the correctness of the local-density free-electron 
expression for exchange, the approximation remains a 
heuristic one. We therefore now consider the results 
obtained from other exchange potentials. 


3. HARTREE AND NONLOCAL POTENTIALS 


The simplest approximation is a Hartree one in 
which exchange is neglected altogether. From Table I 
we see that the largest change occurs in Vy which 
affects both the energy gap and the valence electron 
charge density. To facilitate comparison with the results 
of the last section we have retained the value Vooo 
=—2.87 ry but otherwise omitted exchange terms. 
The resulting term values are shown in Table IV; the 
energy gap is now about 3.4 ev. The (111) Fourier 
coefficient of the self-consistent Coulomb potential of 
the valence electrons is now 0.270 ry. It follows that the 
omission of exchange leads to poorer results for both 
the energy gap and the charge density. 

The Slater approximation assumes that each electron 
sees an average exchange potential appropriate to a 
free-electron gas having the same local density. In a 
free-electron gas the exchange potential is momentum- 
dependent® with the strength of the potential at the 
Fermi surface half its value at k=0. In a free-electron 
gas of the density of diamond V oo%**=+1.4 ry. Also 
the valence-electron contribution to Vi1:°*" can be seen 
from Table I to be about 0.12 ry. (We neglect the 
momentum-dependence of exchange with 1s electrons. 
This should be very small.) The momentum-dependent 
effects will be increased slightly if we arbitrarily assume 
that ZL), Lo, X, and I’, all experience an exchange 
potential appropriate to k=O (Voo0%*= 1.9 ry, Vine™" 
=0.206 ry) while the remaining states listed in Table 


8 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 340. 
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IV experience the potential appropriate to kr (V ooo" 
=(0.9 ry, Via" =0,126 ry). 

The term levels resulting from this potential are also 
listed in Table IV. The energy gap is 5.0 ev, which is 
practically the same as is obtained from the momentum- 
independent potential. The self-consistent valence- 
electron charge density is unaltered. The chief effect is 
to increase the valence band width from 21 ev to 36 ev. 
Soft x-ray values range from 16 to 30 ev.” 

Most of the effects of a momentum-dependent 
potential are therefore small. In addition, the effect of 
correlation is to reduce the momentum dependence by 
about a factor of 2 for the value r,=1.3 appropriate to 
diamond.® This will lead to even smaller changes in 
term levels, so that it appears that except for the 
valence band width, one is usually justified in neglecting 
the momentum dependence of the valence contribution 
to the potential. 
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APPENDIX 


Analysis of px =x"), at various points in the valence 
band shows that for each k the charge density p, 
contains a large (111) component in addition to higher 
Fourier components. The (111) terms for different k 
all add in phase while the higher components have 
random phases. This has a simple physical inter- 
pretation: the (111) terms are a response to the large 
attractive value of the (111) coefficient of the effective 
potential. Higher terms result from the symmetrization 
of a given set of plane waves; this varies from one 
irreducible representation to another and so adds 
randomly. As was mentioned in Sec. 2, this leads to a 
simple valence-electron charge density and hence 
Coulomb potential. 

For a free electron gas* the exchange potential is 
straightforward because 


Ap,= —Crh:, 
where A is the exchange operator and 
ke’—k? |k+kho ) 


lal 
kok  |k—ko 


(A.1) 


(A.2) 


Ce= eho ( 2+ 


where ky is the Fermi wave number. Now if 


y, _ V 


teik-ty, (r) 


and we assume 


Ux (4) = Uy (r) (A.3) 


for k and k’ labeling states in the occupied band, a 


9 J. G. Fletcher and D, C. Larson, Phys. Rev. 111, 455 (1958), 
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similar result can be obtained. Let K be a reciprocal 
lattice vector and 


u(r) = u,?(r)=>-x Axe’*', (A.4) 


A simple calculation following Seitz® gives 
Ay, (4) = — {dx AxCu_xe™'"}y,(n), 


which is similar to (A.1) except that the exchange 
potential now has nonzero Fourier coefficients \xCx_x. 
In deriving this result, however, it was necessary to 
assume (A.3) whereas actually only (A.4) is a good 
approximation. In fact (A.3) does not appear to be even 
approximately correct for the diamond lattice. This is 
reasonable since only charge densities, not wave 
function amplitudes, respond to the large (111) effective 
potential. 

The situation is not materially improved if we ex- 
amine the arguments for the Slater p! approximation 
more closely. The approximation here is a Thomas- 
Fermi one and assumes that the charge density varies 
slowly over the radius of the exchange hole. More 
precisely the radius of the exchange hole should be 
small compared with the wavelength of the Fourier 
coefficient of the potential being calculated. The largest 
term in the exchange potential which affects the relative 
position of the bands is Vin, which has a wavelength 
somewhat smaller than the radius of the exchange hole. 
Thus a Thomas-Fermi approximation is not justified. 
The chief conclusion which can be drawn from the 
calculations presented in Secs. 2 and 3 is that @ posteriori 
the approximation seems to yield about the right answer 
for valence charge densities corresponding to r,~1.3 
(diamond). 

Since the above was written, we have seen unpub- 
lished work of Brooks which treats the nonlocal ex- 
change and correlation hole. Brooks assumes that 
charge densities of both spins are affected equally and 
that the hole has an exponential form 


(A.5) 


(A.6) 


pPr=pie It—11[/T0. 


Now if p; has the form 


p=——(1t\. exp(ix-1)}, (A.7) 


Arr, 


and ro is normalized so that the hole contains unit 
charge, 


6! , exp(ix- 1) 
ane 


(A.8) 
1+x*r°" 
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then the nonzero Fourier coefficient of the potential is 
0.908¢ 1 2 
1+n2po? 3 (1+42p0?)? 





V,<= 


1s 


(where po=7o=0.55r,), the second term in the brackets 
resulting from the spacial variation of ro. By comparison 
the Slater approximation for the exchange hole yields, 
by formal expansion of the cube root [compare (A.9) 
with ro=0 ], 

0.916e 


Vt= [4]. (A.10) 


1s 


For diamond po~0.72 and for x= 2ma~!(111) [the term 
of greatest interest ] xpo™1.05. Substituting this into 
(A.9) we find a result almost identical to (A.10), which 
has been used for the calculations of this paper. Further 
(A.9) is insenstive to x for xpo<1, so that the nonlocal 
character of the exchange hole can be neglected under 
these conditions. 

The coincidence of these two results still does not 
justify the quite different approximations which have 
been made in deriving either: 

1. The derivation leading to (A.9) necessarily omits 
momentum-dependent effects. These can be treated 
only by assuming (A.3). 

2. Correlation effects are weaker than exchange 
effects and should be distinguished. Indeed it is not 
clear that the plasma energy can be represented as a 
one-electron potential. 

Finally there is a qualitative objection which we feel 
is as serious as either of these. The expressions (A.9) 
and (A.10) for V;* are taken from rough approximations 
to the total exchange energy, which consists pre- 
dominantly of V,;™ (which is 10 times larger than 
V1). Thus the value of V;!" derived from a density- 
(but not momentum-) dependent exchange hole replaces 
the factor Cy_, in (A.5) by approximately (Cy) where 
the brackets denote an average over the Fermi sea. 
For «ko [which is the case for x= 2ma~!(111)] these 
quantities may differ by a factor of 2. Differences 
between u, and “, make the momentum average even 
more suspect. Thus “physical intuition” about V;* 
cannot be relied upon for x0. 

Hence we conclude, as before, that a simple treatment 
of the nonzero Fourier coefficients of the exchange 
potential can be given only when (A.3) holds. For 
monovalent metals “,uj~uo, providing k is suffi- 
ciently small. Even for polyvalent metals the approxi- 
mation “,= ux = 1 is still available. For semiconductors, 
however, the most difficult terms in the crystal potential 
arise from exchange and correlation among the valence 
electrons, 
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Optical Detection of Vacancies Created by High-Energy Radiation 
in Sodium Chloride 
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The presence of vacancies created by high-energy radiation in sodium chloride single crystals has been 
detected by comparing the F-center coloration produced by ultraviolet light after irradiation and optical 
bleaching to that obtained before irradiation. The behavior of the F-center coloration as a function of time 
of irradiation under ultraviolet light after exposure of the crystals to high-energy radiation is different for 
synthetic and natural sodium chloride. This difference is attributed to the presence of hydroxy] ions in the 
synthetic crystals which are inadvertently introduced into the lattice during the growth of the crystals in air. 
The results obtained are the same whether 40-kvp x-rays, 2-Mev electrons, or Co y rays are used to create 


the F centers. 





INTRODUCTION 


N a previous publication! the creation of vacancies by 

x-rays was demonstrated in the following manner. 
The growth of the F band in a synthetic single crystal 
of NaCl was measured as a function of the time of 
exposure to ultraviolet light. Using this coloration as a 
reference, the crystal was then exposed to a flux of 
40-kvp x-rays at 13 ma and the resulting coloration was 
bleached optically. The crystal was then re-irradiated 
with ultraviolet light and the resulting growth curve 
compared to that obtained before x-raying. The data 
obtained from this work indicated that (a) vacancies 
were created by the x-rays, (b) x-ray created vacancies 
were ultimately destroyed by ultraviolet light, and 
(c) the enhanced F-band absorption, observed in those 
crystals which were colored by ultraviolet light after 
being x-rayed and optically bleached, was not due to 
an increased ultraviolet absorption. 

In the present work, the effects of other high-energy 
radiations, such as 2-Mev electrons and Co® y rays, 
as well as x-rays, on several synthetic crystals as well 
as on a specimen of halite are reported. Recently the 
presence of the hydroxyl ion as an impurity in air- 
grown synthetic crystals has been established.?* It is 
the presence of the hydroxy] ion in the synthetic crystals 
investigated that is responsible for the marked difference 
in the behavior of synthetic and natural crystals on 
the optical detection of radiation created vacancies. 


EXPERIMENTAL DETAILS 


The single crystals produced in this laboratory were 
grown in air by the Kyropoulos technique using NaCl 
from which heavy metal ion impurities have been re- 
moved by a dithizone extraction process. Other syn- 
thetic single NaCl crystals were obtained from the 
Harshaw Chemical Company. The halite came from 
Baden, Germany. 

All irradiations of these crystals were made at room 

1H. W. Etzel, Phys. Rev. 100, 1643 (1955). 

2 J. Rolfe, Phys. Rev. Letters 1, 56 (1958). 

3H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 
(1958). 


temperature. A 2-Mev Van de Graaff generator oper- 
ating at a beam current of 3 microamperes supplied 
the high-energy electrons. The x-rays of 40-kvp (beam 
current 13 ma) were obtained from a Machlett OEG-60 
tube with a tungsten target. y rays of 1.1 and 1.3 Mev 
were provided by a Co® source. 

The ultraviolet light source was an Allen hydrogen- 
arc lamp with a lithium fluoride window. The F 
band created by high-energy irradiation was optically 
bleached using a glass-envelope 100-w tungsten lamp 
with a water filter. Optical absorption measurements 
were made with a Cary Model 14M spectrophotometer 
in the region from 1850 A through the visible, and with 
a Baird Associates vacuum monochromator below 
1850 A. 


RESULTS 


In Fig. 1 the curve labeled “pre-irradiation” is the 
growth curve for the F band created by ultraviolet 
light prior to exposure of the crystals to high-energy 
radiation. For simplicity only one curve is shown, 
although there is some slight variation in the pre- 
irradiation growth curves, depending upon the nature 
of the crystal. The NRL Lot C crystal colors about 30% 
more than the natural crystal, and the Harshaw crystals 
are intermediate. The initial ultraviolet exposure pro- 
duces a negligible number of vacancies relative to the 
number to be created by the high-energy irradiation. 

The effect produced by irradiating various crystals 
with 40-kvp x-rays at 13 ma for 15 minutes on each side‘ 
(about 4X 10° ev/cm® absorbed in a crystal 0.009 in. 
thick), followed by optical bleaching of the x-ray created 
F-centers and subsequent exposure of the crystal to 
the same number of ultraviolet quanta as used prior 
to x-raying, is shown in Fig. 1. With irradiation of 
2-Mev electrons or Co y rays the shape of the curves 
are the same for the same energy absorbed (about 
4X10? ev/cm*). The magnitude of the effect in any 
given crystal appears to depend upon the flux density 


4The fact that the same energy is absorbed in each of the 
various crystals is of primary importance. The resulting F-band 
coloration will vary from crystal to crystal and depends upon the 
hydroxyl ion concentration.* 


885 





a. W. ETZEL 


: NaC! a(I850A) | 
e NATURAL (BADEN) ~O CM™'| 
@ HARSHAW “B" 4CM"' 
® HARSHAW ‘ 15 CM 


# NRL LOT "C” 31 CM 


—— 


IRRADIATION } 


30 60 90 120 
ULTRAVIOLET IRRADIATION (MIN) 





TIME OF 


Fic. 1. Optical absorption measured at the peak of the F band 
in NaCl as a function of ultraviolet irradiation. All crystals 
have, prior to exposure to ultraviolet light, been irradiated for 15 
minutes per side with 40-kvp x-rays and the resulting color op- 
tically bleached. The table in the upper right hand corner indi- 
cates the optical absorption at 1850 A prior to irradiation. 


of the high-energy radiation. In comparing the effect 
of 2-Mev electrons and 40-kvp x-rays, where the flux 
density can be made equal, the same curves (magnitude 
and shape) are obtained within 30%. The flux density 
of the y rays, however, is 100 times lower than the 
previously mentioned radiations and the resulting 
coloration is about 3 times less. 

The shape of the growth curve for the synthetic 
crystals is quite different from that of the natural 
crystal. The natural crystal growth curve produced by 
ultraviolet light, as shown in Fig. 1, has the same in- 
creasing monotonic growth after exposure to x-rays as 
before exposure to x-rays. The synthetic crystal growth 
curves all have a high rapid initial coloration after 
exposure to x-rays followed by a decrease in the F-center 
concentration as the ultraviolet irradiation continues. 
It is also of interest to note that in the synthetic crystal 
having the highest initial coloration (NRL Lot C) the 
final value of the F-center coloration approaches the 
“pre-irradiation” curve. The same effect occurs in all 
the synthetic crystals and is dependent on the hydroxyl 
ion concentration present in all the crystals measured. 
The hydroxyl ion concentration has been shown in 
NaCl to be related to an absorption band in the un- 
irradiated crystal at 1850 A.* The amount of hydroxyl 
present is proportional to the 1850 A absorption band 
and the magnitude of this band for the crystals used 
is given in Fig. 1. This band was observed some years 
ago,! but its origin was unknown until recently. It was 
detected in a measurement designed to show that the 
increase in sensitivity of a crystal to ultraviolet radi- 
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Fic. 2. Optical absorption spectra of synthetic NaCl showing 
the growth of the hydride band at 1920 A. 


ation was not due to an increased absorption of ultra- 
violet quanta after the crystal had been x-rayed and 
optically bleached. This is illustrated in Fig. 2 where it 
can be seen that there is some increase in absorption in 
this short wavelength region. This is now known to be 
significant, contrary to the opinion stated in the earlier 
paper. The difference of the two curves indicates the 
presence of a band at 1920A which is attributed to 
hydride ions (U centers). The source of the hydride ion 
is the hydroxyl ion. The initial enhanced ultraviolet 
created coloration in synthetic crystals which have 
been exposed to high-energy radiation is due then to 
the presence of U centers as a source of F centers. 

The loss of F centers under prolonged ultraviolet 
irradiation was originally attributed to “the destruction 
of the excess vacancies introduced by x-raying.” Present 
re-cycling experiments indicate that these vacancies 
are still in the crystal but are agglomerated in such a 
way that they no longer can trap electrons to become 
color centers. This is demonstrated in the following 
way. If after x-raying, optically bleaching, and irradi- 
ating with ultraviolet light to the point where almost 
all the excess centers are removed, the crystal is then re- 
cycled, it is found that (a) the x-ray created F band is 
higher in the second cycle than in the first and (b) the 
peak of the ultraviolet created F band is higher in the 
second cycle than in the first. From this data it is 
concluded that the loss of F centers under prolonged 
ultraviolet irradiation does not represent a loss in the 
number of x-ray created vacancies but only a loss in 
isolated vacancies which are required for the production 
of F centers. No other absorption bands arise in the 
visible region of the spectrum during this loss of the F 
centers in the synthetic crystals. 

From Fig. 1 it is seen that after about 80 minutes of 
ultraviolet irradiation the F-band coloration produced 
by the radiation in the synthetic crystals falls below 
that of the natural crystal. If only the excess vacancies 





OPTICAL DETECTION 

created by the high-energy radiation were made un- 
available for F-center formation by the prolonged ultra- 
violet irradiation, the coloration curves for the synthetic 
crystals should approach the coloration curve for the 
natural crystal. This assumes that the growth curve for 
the natural crystal is typical of a crystal containing 
vacancies created by high-energy radiation from a 
source not requiring the presence of hydroxy] ions. If 
this is so, then the agglomeration of vacancies under 
prolonged ultraviolet irradiation in the synthetic crystals 
includes those which would have arisen even in the 
absence of hydroxyl ions. There is then an entity which 
is introduced by the presence of hydroxy] ions or their 
dissociation and under the influence of sufficient ultra- 
violet radiation, that removes isolated negative ion 
vacancies from the crystal. Compton® has shown that 
massive doses of high-energy radiation produce a colloid 
band in synthetic crystals which is associated with the 
presence of hydroxy] ions in the crystals before irradi- 
ation. Under similar radiation doses a colloid band does 
not arise in natural sodium chloride because these 
crystals contain no hydroxyl ions. It is reasonable to 
assume that at much lower doses than those used by 
Compton some small number of colloids form in syn- 
thetic crystals. It is also possible that the loss of F 
centers (electrons and isolated negative ion vacancies) 
under prolonged ultraviolet irradiation of high-energy 
irradiated crystals results in the formation of colloids. 
The electrons so released may contribute to the forma- 
tion of sodium atoms from sodium ions and the 
vacancies may form a condensed cloud about the 
colloidal aggregate. If a hitherto unirradiated synthetic 
crystal which has been given sufficient high-energy 
radiation to provide a detectable colloid band in addi- 
tion to the F and M bands, is completely optically 
bleached and then exposed to ultraviolet light, the 
colloid band grows instead of the F band. This indicates 
that, at least under these conditions, the colloid can 
be made to grow under ultraviolet radiation. When 
natural crystals, which have been heated in moist air 


~ 6 W. Dale Compton, Phys. Rev. 107, 1271 (1957). 


OF VACANCIES 


IN NaCl 887 
at a few hundred degrees below their melting point, 
are exposed to high-energy radiation, optically bleached, 
and then subjected to ultraviolet light their F-band 
growth curves have the same shape as those of the 
synthetic crystals. 

Other properties appear to be affected by the presence 
of hydroxyl ions in the crystal lattice. The bleaching 
of the high-energy created F centers is rapid and com- 
plete in those crystals containing the higher hydroxyl 
concentrations. In the halite from Baden, Germany, 
the F centers in the crystal cannot be completely 
optically bleached. The absorption spectra show poorly 
defined bands at about 3900 A, 4700 A, and still others 
between 5500 and 8000 A. The 3900 A band may be 
the K band, and the 4700 A band may be a perturbed 
F band. The longer wavelength bands, of which there 
are 2 or 3, vary in wavelength from sample to sample. 
It was also noticed that the .V bands were absent in 
the high-energy irradiated crystals containing the 
higher hydroxy] ion concentrations whereas they were 
most prominent in the halite. 


SUMMARY 


The effect of various high-energy radiations on the 
production of vacancies in single crystals has been 
studied. For a given crystal the shape of the growth 
curves were the same whether x-rays, y rays, or high- 
energy electrons were used, but striking dissimilarities 
were observed in comparing the results obtained on 
synthetic and natural crystals. It is clear that the 
presence of hydroxyl ions in the synthetic crystals 
provides a source of vacancies not present in the natural 
crystals. 
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Classical Spin-Configuration Stability in the Presence of Competing Exchange Forces* 
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It is pointed out that Yafet-Kittel triangular arrangements are not stable in the cubic spinel. The stability 
criterion used is that the classical Heisenberg energy should not decrease for small, but otherwise arbitrary, 
spin-deviations from the configuration of interest. It is found that the Yafet-Kittel-Prince configuration 
can probably be stabilized by a sufficient tetragonal distortion of the pattern of B-B interactions. In addi- 
tion, the classical ground state is found for the antiferromagnetic body-centered cubic lattice with first, 
second, and third neighbor antiferromagnetic interactions (with parameters J;, Jio2 and Jio3): the spin 
S(R,,) at lattice point R,, is independent of time, is always parallel to one plane, P, and the angle made by 
S(R,,) with a fixed line in P is of the form k-R,, for R, a cube corner, and of the form k-R,-+7 for R, a 
body-center position with the vector k determined by the o;. The neutron diffraction pattern for such a 
“spiral” configuration (with o2~0.6, o;~0.1, for example) bears a close relationship with the unusual 
pattern obtained by Corliss, Hastings, and Weiss with a single crystal of chromium. 





AFET and Kittel! showed that, for spinels with 

large enough antiferromagnetic A-A and/or B-B 
interactions compared to the A-B interaction, certain 
triangular spin arrangements would have a lower energy 
(as calculated from the molecular-field theory) than the 
conventional collinear configuration. As far as we are 
aware, there has been no discussion of the possibility 
that there might exist configurations of still lower 
energy. The main purpose of this note is to point out 
that the Yafet-Kittel (Y-K) configurations generally 
are not stable in the cubic spinel. The stability of other 
configurations is also discussed. 

The stability criterion used is that the classical 
Heisenberg energy should not decrease for small, but 
otherwise arbitrary, spin deviations from the spin 
configuration of interest. This is a straightforward 
extension of the usual molecular-field theory of the 
ground state—the present approach reduces to the 
latter if we restrict ourselves to the very small class of 
spin deviations in which large numbers of spins are 
assumed to be rigidly parallel (the sublattice division). 
Furthermore, this criterion must be satisfied to have 
a stable, semiclassical spin-wave solution for the excited 
states. 

We have considered the special case of the Y-K 
configurations suggested by Prince? for copper chromite 
(configuration C). The application of the stability 
criterion goes, in outline, as follows. The energy, £, 
consists of nearest-neighbor A-B interaction terms with 
exchange integral J4z, and nearest-neighbor B-B inter- 
actions (the A-A interactions being neglected). To 
take into account a tetragonal distortion,? we assume 
Jsp~Jep', where Jp and Jgz’ are the B-B exchange 
integrals effective, respectively, within, and between, 
planes perpendicular to the c-axis (001 ]). (All J’s are 
are <0.) In C, there are three coplanar spin directions, 

* The work reported in this paper was performed by Lincoln 
Laboratory, a center for research operated by Massachusetts 


Institute of Technology with the joint support of the U. S. Army, 


Navy, and Air Force. 
1Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 
2 FE. Prince, Acta Cryst. 10, 554 (1957). 


Z1, Z2, 23 (Fig. 1); the A-spins (magnitude S4), are in 
z1, one set of B-spins (Be) is in ze, the other (Bs) in 23. 
[All B’s in one (001) plane are parallel, the direction 
alternating z.—23;:-- from one (001) plane to the next. 
All B’s have magnitude Sz. | If we write the spin-vectors 
for the A, Be, and Bs; sites in terms of their $1, 82, 83 
components, respectively, configuration C is realized 
when the respective x and y; components are zero, the 
z; components positive. The energy for small deviations 
from C is then obtained (as in standard spin wave 
calculations) by expanding £ in terms of the x and 4; 
components, keeping up to quadratic terms: E= E(6) 
+linear terms+quadratic terms, where E(@) is the 
energy of C. In the quadratic part there are no cross 
(x—y,) terms. We choose @ to minimize E(@); then the 
linear terms vanish and @ satisfies cos#=& when <1, 
6=0 otherwise, where §=3J4pS4/4Jpp'Sp. (This 
checks with the results of Yafet and Kittel when 
Jap=Jpp’.) 

Again following spin-wave methods, we expand the 
« and y; components in Fourier series, introducing k 
(rationalized, reduced reciprocal vectors). After a 
further transformation (utilizing the symmetry between 
the two crystallography different tetrahedral sites) we 
find AE= E—E(6) to be a sum of two sets, X and Y, 
of six-variable quadratic forms, arising from the x and 
yi spin-components, respectively. (Six corresponds to 
the number of spins per primitive unit cell.) The 


> 
Zz 


20 


Fic. 1. The coordinate systems, 5;; the x axes 
are out of the paper. 
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variables are real and the matrices, M(k), of the forms 
are real and symmetric. 

A necessary and sufficient condition for AE>0 is 
that the eigenvalues of the M(k) be positive. For k in 
[110], the forms can easily be factored into 1-, 2-, and 
3- variable forms, the last of which, in X, shows 
instability for §<1 in the cubic case (Jzzs=Jzp’): the 
determinant of its matrix is <0 for all k0. If (and only 
if) Jen’ >3J zp, the form is positive for all k0. 

By considering other k’s—all values of k along [001 ] 
and small values in arbitrary directions—we are led to 
suggest that Jgz’>3Jee is probably sufficient for 
stability of the triangular configuration (<1). The in- 
stability of the Y-K-Prince configuration of course im- 
plies that all the (degenerate) Yafet-Kittel triangular 
configurations arising in the absence of A-A interactions 
are unstable in the cubic case. Even for the collinear, 
Néel case (£21) in the cubic spinel, we find the con- 
figuration to be unstable when £<&, with &~1.1. 

From these results we conclude (1), that the tem- 
perature-region of validity of Anderson’s® suggestion 
(as to the nonexistence of long-range-ordered triangular 
configurations on the octahedral sublattice) can be 
extended to absolute zero, and (2), a spin-wave calcu- 
lation based on C as a ground state can be sensible only 
if there is lattice distortion. 

The stability criterion has also been applied to the 
previously suggested! triangular spin configuration on 
a two-dimensional, triangular lattice. We found this 
stable. 

The interesting question concerning the classical 
ground state when the “intuitive” guess is unstable, is, 
of course, a difficult one. We have considered this for a 
simpler system, namely an antiferromagnetic body- 
centered cubic lattice, the “basic” spin-configuration 
(Co) having the spins at cube corners (A) “up”, those 
at the cube centers (B) “down.” First, second, and 
third neighbor antiferromagnetic interactions are 
assumed (with parameters J;>0). Our stability cri- 
terion yields the condition m(k)>0 where m(k) is the 
lowest branch of the appropriate eigenvalue spectrum. 
For example, for small k this gives Ji—J2—4J;20 
[somewhat stronger than the (intuitive) molecular- 
field criterion]. By considering the corresponding 
eigenvectors, (which show how the spin-system “‘wants 
to deviate” from Cy when m(k)<0), we were led to 
consider the class, Cy, of equilibrium configurations 
given by S,’=+(E siné,’+¢ cos@,”), where v= A or B, 
+ for v= A, — for v=B, 6,’=k-R,’, R,” and S,” are, 
respectively, the position and spin-vector at site n—», 
and & and ¢ are orthonormal vectors. In other words, 


3 P. W. Anderson, Phys. Rev. 102, 1008 (1956). 
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the angle between an A-spin and @ increases uniformly 
as one moves along k, going from 0 to 2z in a distance 
\=27/k; similarly for the B’s. We find, surprisingly, 
that E(k)—E(0)=bm(k), (exactly), where } is a 
positive number, and E(k) is the energy of Cy. Hence, 
if Co is unstable with respect to small deviations 
characterized by wave-vector k, Cy will be of lower 
energy.‘ 

The considerations of the previous paragraph may 
be of interest in connection with a striking neutron- 
diffraction pattern recently obtained with a single 
crystal of chromium,® where each magnetic peak 
expected for Co is split into a number of peaks, with 
angular separation of a few degrees. The diffraction 
pattern for Cy, with A=30 lattice constants will show a 
similar splitting. Furthermore, for an appropriate 
choice of the J;, e.g., J2/Ji:=0.58, 4J3/J:=0.424, a 
minimum occurs in E(k) at about this wavelength. 
However the reduction in energy (from that of Co) is 
~10~E(0), so that smaller forces (e.g. dipole-dipole) 
must be considered.® 

In connection with the spin waves, we mention a 
preliminary result which shows that triangular con- 
figurations may be expected to exhibit rather unusual 
spin-wave spectra. Namely, for configuration C with 
k in [001], we find two acoustic branches, one quad- 
ratic, the other linear in & for small k (when the net 
spin is nonzero). 
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A method is described for determining the range of sizes that damaged regions created by fast neutrons 
may have in a silicon single crystal. In particular the use of precision ultrasonic velocity and attenuation 
measurements for compressional waves together with certain new results from scattering theory permit the 
determination of an upper and lower limit on the size of a damaged region. The lower limit is determined 
from the fractional velocity change arising from the irradiation and the upper limit is found from the corre- 
sponding attenuation change—or in this case the lack of it. 

Under the assumption that such regions of damage are spherical the limits obtained lie in a range from 
().01 yz to 0.27 w for the radius of the region in question. 





T has been shown! that defects introduced into silicon 
by collimated fission neutrons directed along an 

equivalent [100 } direction produce an anisotropy in the 
elastic character of the silicon among the three equiva- 
lent [100] directions. This elastic anisotropy caused by 
directional neutron bombardment was examined by 
means of an ultrasonic double refraction effect arising 
when transverse waves were propagated through the 
silicon. The double refraction and the anisotropy in 
shear modulus arise from the anisotropic nature of the 
regions of displaced atoms produced by the recoiling 
atoms which were created by neutron collisions with the 
silicon atoms. On the average these regions of displaced 
atoms should be so oriented that an axis of symmetry 
of the region is parallel to the direction of bombardment. 

It is the purpose of this article to point out that when 
the compressional wave velocity and attenuation meas- 
urements before and after irradiation are combined with 
certain results from the theory of multiple scattering of 
waves, the results yield estimates of the sizes of the 
damaged regions. In order to develop these ideas it is 
necessary first to state some of the results from scat- 
tering theory. 

The results? of recent work in scattering theory show 
a detailed relationship, for an isotropic solid, between 
the fractional velocity change Av/v and the fractional 
volume Ar/r of the material causing the change.* 

The relation for the case of elastic scatterers in an 
elastic medium is (for compressional waves) 


v—v' [ =|" Ait 2yi 


f \-¢ Pi Aat+2po— $(u2—m1) 


10(u2—1) 


ee 
2(u2— pa) +3[(u2/mr) +§ J (Art 21) 


* The work described here was supported by the U. S. Atomic 
Energy Commission and had the close cooperation of the 
Solid-State Physics Section of Brookhaven National Laboratory. 

1 Truell, Teutonico, and Levy, Phys. Rev. 105, 1723-1729 
(1957). 

2P. C. Waterman and R. Truell, Technical Report, Metals 
Research Laboratory, Brown University, October, 1957 (unpub- 
lished); C. F. Ying and R. Truell, J. Appl. Phys. 27, 1086-1097 
(1956). 

’ That there should be such a relationship between Av/v and 


where v’ is the perturbed compressional wave velocity 
and » is the compressional wave velocity in the absence 
of scatterers. Ar/r is the volume fraction of scatterers 
present and it may be written (4/3)ma'm, where a is 
the radius of the scatterer (assumed spherical) and mp is 
the density or number of such scatterers per unit volume 
of matrix. \1, Ae, 41, we are the Lame elastic constants 
and pi, pe are the densities of matrix and scatterer 
respectively. The use of the Lame constants requires an 
isotropic medium; in this case it is assumed that the 
material can be described approximately in this way. 
A simplification in the Av/y~Ar/r relationship is 
possible if one considers the scatterer to be a cavity in 
the matrix material. This simplification obviously in- 
volves the assumption that a damaged region can be 
represented as a cavity in the matrix. Since a spherical 
cavity in an elastic medium would scatter more strongly 
than an elastic sphere of the same size as the cavity 
within the elastic matrix, it seems clear that a spherical 
cavity of given size and scattering power would be 
smaller in size than an elastic sphere having the same 
scattering power. Consequently it is argued that if a 
damaged region be represented by a cavity in an elastic 
medium, then for elastic wave scattering purposes the 
cavity would be smaller than the actual damaged region 
because the damaged region is almost certainly not a 
simple cavity but a gradual transition in elastic proper- 
ties from the inner core of the region out to the elastic 
matrix. For the purposes here the size of such a damaged 
region is considered to be determined by that distance 
over which the strain in the lattice falls from a maximum 
value to some factor 1/h of its maximum value. When h 
is specified, this determines a radius @ of the region in 
which this change in strain occurs. The region of 
damage may be considered as composed of a core or 
central region of displaced atoms surrounded by a larger 
region of atoms which are “displaced elastically” from 
their normal lattice positions. As one proceeds outward 
from this inner core the “elastic displacement” of the 
atoms outside the core becomes smaller in amount until 
the normal lattice is reached. The resulting strain in 


Ar/r is not surprising, but obtaining the factor for general use 
involves quite a lot of calculation. 
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the region surrounding the damaged region is going to 
be “seen” by an elastic wave propagating through that 
region. Obviously the sensitivity of the detecting device 
is important; in this case the strained region is detected 
by its scattering of elastic waves of megacycle frequency 
and by the associated changes in velocity and at- 
tenuation. 

The scattering theory? mentioned previously yields 
as expression for the velocity change arising from 
spherical cavity scatterers 
v—v' Ar 
— = (9/2) 


v T 


1— (9/4) (x/k)? 


(2) 


|“ 9) — (7/12) (x/k)?+ (3/16) a) 


for ka<1, where x is the transverse wave propagation 
factor and k is the compressional wave propagation 
factor. A corresponding expression for nailed exists 
but is omitted from this discussion. 

Using the above expression together with proper 
values of the ratio x/k=v/v,=8.4/5.8=1.45, where v is 
the longitudinal velocity and », the transverse velocity, 
we then have 


(v’ —v)/v’ = Av/v=0.47Ar/r. (3) 


This relation can be regarded as defining the size and 
number of scatterers for the case of spherical cavity 
scatterers. 

Measurements made at 30 Mc/sec on an undamaged 
silicon cube show a compressional velocity of 8.368 
X10° cm/sec, and measurements made at the same 
frequency on a second similar cube, identical with the 
first cube before damage, show a compressional velocity 
of* 8.631105 cm/sec after damage.® This is a velocity 
increase of approximately 3.1% and using this value in 
the expression 

Ar/r&2(Av/v) (4) 


leads to Ar/r=0.062. 

Taking 4.510? atoms/cm for silicon, this means 
that 2.810?! atoms/cm® are located in regions of 
damage. The irradiation was such that the fast neutrons 
produced about 2X10!® primary recoils/cm® in the 
damaged silicon. The foregoing values lead to the con- 
clusion that there should be about 1.4X10° atoms in a 
single region of damage, and if the region is assumed to 

‘This value is the average of three values for compressional! 
velocities measured in the three equivalent [100] directions 
8.778X 10°, 8.600 10°, and 8.514105 cm/sec. The differences 
arise because this crystal was bombarded by fast neutrons pri- 
marily in one direction, and it exhibits anisotropy after irradiation 
both for the shear' and compressional wave velocities. The three 
directions are equivalent [100] directions. The above values are 
all larger than the pre-irradiation value of 8.368 X 105 cm/sec. 

5 It is interesting to note that this increase in the compressional 
velocity was accompanied by a decrease in the transverse velocity 
so that while c,, increased, cy, decreased as a consequence of the 
fast neutron irradiation (see reference 1). 
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be spherical, which it certainly is not, the radius of 
such a region would be about 32 atoms or about 9.0 
X 10-7 cm. 

This value of 9X10-7 cm is a measurement of the 
hypothetical cavity radius ao: 


ao= 9X 10-7 cm. (5) 


It is not a measurement of a@ as defined by the lattice 
strain around a scattering center. 

Since it has been assumed in the Av/y relation that 
the scattering region is a cavity of radius do, it is to be 
expected that a somewhat more realistic elastic region 
of radius a would necessarily be larger to produce a 
comparable velocity change. A cavity is a strong 
scatterer and any weaker scatterer, to produce com- 
parable effects, would have to be larger in size. Conse- 
quently it seems that a damage region, under circum- 
stances such as those given here, must be larger than 
the space occupied by 10° atoms, larger than 9X 10-7 
cm radius. If, however, one accepts these arguments 
regarding a cavity being the strongest type of scatterer, 
it follows that 9X 1077 cm= do<a. 

It is possible at the same time to obtain additional 
evidence about the size of such a damaged region from 
the results of attenuation measurements. With scatter- 
ing regions of 10~® cm to 10-5 cm in size (radius), one 
can calculate the scattering cross section y as well as 
the attenuation a@ for ultrasonic waves. In this case 
ka since at 100 Mc/sec 


2710° 
——X 10° 
8.4X 105 


ka= 7.5X%10°*< 1. (6) 


With 2X10!® such regions considered as elastic scat- 
terers the attenuation can under these circumstances be 
written® 


a= (db/ysec) = $(8.68X 10~ ony = 3.6ny, (7) 


where »=compressional wave velocity=8.4X10° cm/ 
sec (silicon), m is the density of scattering centers (i.e., 
n=2X10'* in this case), and y is the scattering cross 
section for a cavity of radius a in the silicon. The fre- 
quency is taken to be 100 Mc/sec because the attenu- 
ation measurements were made in the range from 
50 Mc/sec to about 250 Mc/sec. It turns out that 
y=3.1X10!2a® under these conditions; hence a= 2.23 
X 107a®, so that 


a=10-* cm, 


10-5 cm. 


a=2.23X10~7 db/ysec for 

(8) 

a=(0.223 db/ysec for a 

These attenuation values are for scattering only; they 
do not contain attenuation from any other causes. 

Measured values of ultrasonic attenuation at 100 

Mc/sec show an attenuation value of 0.2 db/usec 

under normal conditions. Consequently an increase of 

another 0.2 db/usec from the introduction of scattering 


6 See Ying and Truell, reference 2 
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centers would represent a one hundred percent increase 
in attenuation; such an increase would certainly be 
noticed and easily measurable. No such increase was 
observed; in fact no detectable change was seen at 100 
Mc/sec. It may be concluded that if the damaged 
regions are spherical cavities one can say, from attenu- 
ation considerations, that the value of dp is less than 
10-* cm. A determination of a» from attenuation values, 
for the cavity scatterer, should yield the same value of 
do as the velocity measurements did, namely ao=9 
10-7 cm. On the other hand the attenuation values as 
they are used in this case can by themselves only set 
an upper limit on a@g—that is a9<0.1 uw. 

Thus far, from the velocity and attenuation evidence, 
it has been shown that the hypothetical spherical 
cavity equivalent of an average damage region should 
have a radius 


9X 10-7 cm=ao)<10- cm. 


where the left hand equality came from the velocity 
data, and the right-hand inequality came from limits 
on attenuation values. 
In addition it is shown above that it is reasonable to 
conclude that 
ao<a, 


where @ is the radius of an arbitrarily chosen strain 
region around the region of damage, and where some 
reasonable fraction 1// of the maximum strain is used 
as the boundary of the damage region. 

One cannot thus far say anything about an upper 
limit on the value of a because the spherical cavity 
model can only set a lower limit on a, namely dp. It is 
possible, however, to go further by considering the con- 
sequences of using the scattering cross section y for an 
elastic body embedded in the matrix rather than the 
cavity case. 

While the details of a damaged region are not known 
at present there is, nevertheless, a method of deciding 
on a reasonable set of elastic values to be used inere. 
Normally »=8.4X10° cm/sec and 1,=5.8X10* cm/ 
sec in silicon, hence 


(1/k1) matrix= 0/%= 8.4/5.8= 1.45. (9) 


TRUELL 


Now under irradiation conditions v increases to as 
much as 8.810° cm/sec and » decreases to 5.7105 
cm/sec, hence (k2/k2)=8.8/5.7=1.55 but these are 
measured values in the entire medium so that (k2/ke) 
for the actual region of damage must be considerably 
larger than this value. Consequently if one uses (k2/k2) 
=1.55 for the scatterers in a matrix for which («/h1) 
=1.45, this is certainly a conservative arrangement. 
The actual situation must have contained stronger 
hence smaller scatterers. Using these values and the 
assumption that u;=e2 (the shear moduli differ by 1% 
or less) one can calculate y for this conservative elastic 
case. Using this resulting value of y together with the 
fact that the total attenuation was about 0.2 db/usec, 
and that it could not have changed by this amount, one 
finds a radius for the elastic scatterer 


a,=2.1X10— cm. 


This radius may be considered as an upper limit on the 
size of an actual scatterer. In other words 


9X 10-7 = ayp<a<a,S2.7X10- cm. (10) 


The results obtained by the velocity measurement, 
namely those for do are in good agreement with esti- 
mates made on sizes of damaged regions from thermal 
spike ideas. For example, independent estimates’ of the 
size of a damaged region and the way in which stress 
falls off in the neighborhood of such a region indicate a 
value of about 150 angstroms in one case to be compared 
with our smallest value of 90 angstroms. 
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Electroluminescence at Low Voltages 
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Electroluminescence occurs in activated ZnS thin films at 1.5 volts rms (peak voltage 2.2 volts) corre 
sponding to electron energies less than the band gap (3.8 electron volts) and less than the mean energy 
(2.6 electron volts) of the photons emitted. The light emission decreases by 104 between 2.0 and 1.5 volts 
rms and shows no tendency toward a threshold, nor does its spectral character change at low voltage. 
This behavior suggests that electroluminescence does not depend upon collision ionization but perhaps on 


carrier injection or free electron temperature. 


LECTROLUMINESCENCE has been observed in 

ZnS at peak applied alternating voltages corre- 
sponding to electron energies less than the band gap 
(3.8 electron volts) of the phosphor crystal, and less 
than the equivalent mean energy (2.6 electron volts) 
of the photons emitted. This emission of photons more 
energetic than the applied voltage is an anomalous 
situation, and its observation has not apparently been 
reported previously. The spectral character of the low- 
voltage electroluminescence is not found to differ 
from that at more conventional voltages. For these 
experiments, thin ZnS phosphor films' made by a two- 
step evaporation-firing process, about one micron in 
thickness, and activated with copper and chlorine 
were used. These films were deposited on conducting 
glass and aluminum was vaporized directly on the 
finished film to form the rear electrode. Light emission 
was measured with an RCA-6217 photomultiplier, 
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Fic. 1. The low-voltage dependence of electroluminescence 
emission from a thin film of ZnS : Cu, Cl. Frequency, 1000 cps. 
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1 W. A. Thornton, J. Appl. Phys. 30, 123 (1959). 


either at room temperature or cooled to liquid-nitrogen 
temperature, at the lower levels and converted to 
foot-lamberts at higher levels with a Spectra Spot 
Brightness meter. The alternating voltage was measured 
with a Hewlett-Packard 400D VTVM calibrated 
against a standard cell with the use of a Tektronix 
514AD ac-dc oscilloscope. 

In Fig. 1 the low-voltage electroluminescence 
emission in foot-lamberts is plotted logarithmically 
against V~!, where V is the rms value of the sinusoidal 
applied voltage. The voltage of the lowest plotted point 
corresponds to about 2.2 volts peak. While the curve 
deviates from a straight line (the light emission 
from most electroluminescent materials follows an 
expL—(Vo/V)!] relation, where Vo is a constant) at 
higher voltages, the curve is straight through the lower 
four decades as if the emission follows the same relation 
at even lower voltages. It seemed worthwhile to examine 
the emission spectrum to as low light levels as possible. 
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Fic. 2. The low-voltage spectra of electroluminescence emission 
from a thin film of ZnS: Cu, Cl. Frequency, 1000 cps. The 
markers occur at arbitrary standardizing wavelengths calibrated 
against the visible mercury lines. 
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The spectra of Fig. 2 show that it is essentially un- 
changed between 4.0 volts rms and 2.3 volts rms (3.5 
decades) and filter measurements show no differences 
down to 1.8 volts rms, below which measurement 
becomes difficult. The frequency response, predicted? 
to be weak at very low voltage, was flat to ten percent 
from 10? cps to 10* cps when measured at 1.7 volts rms. 
Rapid temperature quenching occurred above room 
temperature; measured at 2.0 volts rms, emission 
dropped to fifty percent at 100°C and to five percent 
at 150°C. 

Although Destriau, in his definitive 1947 paper,’ 
described electroluminescence below 30 volts rms, 
the idea of a threshold voltage appeared*® later in 
both experiment and theory. Destriau and Domergue® 
argued against the existence of a threshold in electro- 

2 W. A. Thornton, Phys. Rev. 102, 38 (1956). 

3G. Destriau, Phil. Mag. 38, 700 (1947). 

‘W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952); 
Brit. J. Appl. Phys. Suppl. No. 4, S39 (1955). 

5 J. F. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954). 

6G. Destriau and L. Domergue, Proceedings of the International 


Colloquium on Semiconductors and Phosphors, Garmisch-Partenkir 
chen, 1958 (Interscience Publishers, Inc., New York, 1958). 


THORNTON 


luminescence by demonstrating no tendency toward 
extinction down to brightnesses of 10~* foot-lamberts 
and nine volts (presumably rms). Powder phosphor 
layers with a trace of binder show appreciable ac 
electroluminescence at 3 or 4 volts rms’ and single 
layers of crystals of mean diameter 2-3 microns show 
ac electroluminescence at two volts rms. Even if space 
charge fields persist from cycle to cycle, conceivably but 
improbably leading to an effective potential drop of 
twice the peak applied voltage, the present results on 
thin films show that voltages about equivalent to the 
band-gap lead to measurable ac electroluminescence 
and show no tendency toward a threshold. This behavior 
suggests that electroluminescence does not depend upon 
collision excitation but perhaps on carrier injection or 
free electron temperature. 
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Thermionic emission constants, A*, up to several thousand times larger than the A» (120 amp/cm*— °K?) 
predicted theoretically for metals have been reported for several compounds involving transition metals 
and rare earths with boron and carbon. It is suggested that such anomalously large emission constants, 
as well as some anomalously small ones, are due to the relatively large distances between metal atoms as a 
result of which the energy bands originating from the incomplete atomic f and/or d sublevels are narrow 
enough for nondegeneracy to occur in the experimental temperature range. 


HE thermionic emission reported for UC, a 

UC—ZrC solid solution,! ThC, ZrB,? CeBe, PrBe, 

and NdB,? is anomalous in the sense that the parameter 

A* obtained by fitting the data to an expression having 
the form of the Richardson-Dushman equation, 


j=A*T? exp(—W/kT), (1) 


is larger than Ao, the theoretical maximum of 120 amp/ 
cm?—°K? (work function, W, assumed constant and 
all other symbols have their standard meanings). 
Values of A* larger than Ao can be justified theoretically 
on the assumption of a temperature dependent work 
function, W=Wo—aT. A* is then Ao(1—r) exp(a/k), 
where r is the reflection coefficient for electrons passing 
through the surface. Wigner* showed that for simple 
metals exp(a/k) could range between approximately 
10? and 10°. Although the majority of the values of 
A* '-8 fall within the range delineated by the above- 
mentioned limits on exp(a/k), those for UC, the 
UC—ZrC solid solution and perhaps ZrB do not, that 
reported for UC being particularly high, 7.3105 amp/ 
cm?— °K, 

As the list above indicates, high values of A* seem 
to be associated with compounds of rare earth and 
transition metals with nonmetals like boron and carbon. 
Inasmuch as the metal atoms in such compounds are 
spaced rather far apart, the overlap of the orbitals 
corresponding to the incomplete f and/or d subshells 
is probably small, a condition favoring the existence of 
narrow energy bands. The suggestion is therefore 
prompted that the anomalous thermionic emission 
stems from the extreme narrowness of the energy bands, 
because of which the degeneracy temperature of the 
electron gas is low enough to lie in or near the tempera- 


ture range in which the emission is measured. 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1R. W. Pidd e¢ al., J. Appl. Phys. 30, 1575 (1959). 

21D. L. Goldwater and R. E. Haddad, J. Appl. Phys. 22, 70 


3. A. Kudentseva and B. M. Tsarev, Radiotekh. i Elektron. 
3, 428 (1958). 
4E. P. Wigner, Phys. Rev. 49 696 (1936); or see F. Seitz, 
Modern Theory of Solids (McGraw-Hill Book Company, Inc., New 
York, 1940), p. 405. 


Calculations by Lehman® for Th and U and by 
Ridley® for U provide a picture of the band structure 
of uranium in which a relatively wide 6d band overlaps 
a narrow 5f band, the 7s and 7 levels being raised so 
high upon formation of the solid that they are most 
likely unoccupied. According to Ridley the width of 
the 6d band is ~6 ev while that of the 5f band is ~4 
to 1 ev wide. Spin-orbit coupling tends to split each 
band into a pair of sub-bands. Data on the electronic 
specific heat of a-U at low temperatures’ indicates the 
density of states at the Fermi-level, N(Zo), to be 2.3 
states/atom-ev which is consistent with the order of 
magnitude of the calculated width of the 5f band.* A 
very similar picture probably holds for a-Pu in which, 
however, the 5f band is probably narrower while the 
sub-bands are better separated. 

The electronic specific heat of a-Pu® is around a 
hundred times larger than that of a simple metal. This 
corresponds to a density of states at the Fermi-level of 
10.4 states/atom-ev and an effective electronic mass 
ratio (m*/m) of around a hundred. With a mass ratio 
of this magnitude an electron gas containing of the 
order of 10 electrons/cm* would become nondegenerate 
above ~1000°K. Thus, in UC where the distance 
between uranium atoms is considerably larger than the 
average nearest neighbor distance in either a-U or a-Pu 
the conditions seem to be particularly favorable for a 
narrow band structure. 

To test the hypothesis that the large values of A* 
reported for UC and other compounds are due primarily 
to the narrowness of the energy bands, the Fermi-level 
of a simple rectangular band (separated by many 
kT from the nearest vacant energy levels) was calculated 
as a function of temperature. The Fermi-level, ¢, was 
found to be roughly proportional to k7, the coefficient 
increasing rapidly as the band is filled. For a band of 
width kT and 0.9 occupied, ¢~3kT. 

5G. Lehman, Atomics International Report NAA-SR-1839 
(unpublished). 

6 E. C. Ridley, Proc. Roy. Soc. (London) A243, 422 (1958); 
A247, 199 (1958). 

7p. L. Smith and N. M. Wolcott, Conference de Physique des 
Basses Temperatures, Paris, September, 1955 (Centre National de 
la Recherche Scientifique, and UNESCO, Paris, 1956). 

§T. A. Sandenaw and R. B. Gibney (to be published), 


895 





896 E. 


Since the equation for the thermionic current may be 
written as 


j= Ao exp({/kT)T? exp(— |Wo|/kT), (2) 


where Ws is the energy at the lower edge of the band 
relative to the vacuum, it is apparent that the narrow 
band can indeed be responsible for observed A* values 
much greater than Apo. 

It should be noted, however, that when a narrow 
band is less than about half occupied ¢£ is of opposite 
sign, the coefficient increasing rapidly as the occupancy 
of the band decreases to zero. Thus, A* can be consider- 
ably smaller than Ao. 

It is interesting to consider the manner in which the 
thermionic emission parameters A* and W vary with 
progression through the series of 4/ rare earth hexa- 
borides. These compounds are isomorphic, all having 
very nearly the same unit cell dimensions. The metal 
atoms, separated by distances ranging between 4.10 
and 4.16 A for the various members of the series, lie in 
the interstices of a simple cubic framework which has 
regular octahedra of boron atoms at its lattice points.’ 

*G. V. Samsonov, Uspekhi Khim. 28, 189 (1959). This is a 


review article containing an extensive compilation of measured 
physical properties of rare earth borides. 


A. KMETKO 


The work function, W, rises with increasing atomic 
number of the metallic constituent, reaches a maximuni 
for EuBs and drops in a discontinuous fashion at 
GdBs.*"" Samsonov attributes the way in which W 
varies along the series to the progressive filling of an 
energy band (the lower 4f spin sub-band), the sudden 
drop occurring because a higher band has begun to be 
occupied after the lower one has been filled.®"° According 
to the picture presented above A* should, therefore, 
increase to values well above Ao, reach a maximum at 
EuBg, and then drop suddenly to a value much smaller 
than Ao for GdBs. While there are no published A* 
values available for PmBs or SmB,’ this type of behavior 
seems indeed to occur; A* increases from 73 amp/ 
cm?— °K? for LaBg to ~5000 amp/cm?— °K? for EuBg 
and falls to 0.8 amp/cm?— °K? for GdBg.® 
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An antiferromagnetic-paramagnetic transition has been observed in a single crystal of CoBre-6H:0 by 
by using the proton resonance technique and by measuring the heat capacity in the temperature range 
1.65-5.05°K. The Néel temperature, obtained by the magnetic measurement is 3.08°K while the heat 
capacity measurement gave 3.07°K. The entropy change associated with the transition was calculated 
from the heat capacity data and yielded 1.42 cal/mole deg. The contribution to the entropy change above 
the Néel temperature was approximately 38% of the total entropy change, which indicates a rather slow 
diminution of the short-range ordering of the Co** spins. 


A PRELIMINARY study of the magnetic proper- 
ties of CoBr2-6H,O by the proton resonance 
technique has indicated that it possesses an antiferro- 
magnetic state below 3.08°K. In conjunction with this 
study, heat capacity measurements have also been 
made in order to determine whether the A-type anomaly, 
characteristic of the antiferromagnetic-paramagnetic 
transition, could be observed. 

The heat capacity measurements were made in the 
temperature range of 1.65-5.05°K using a vacuum 
calorimeter described elsewhere.! The crystals were 
grown from an aqueous solution at room temperature 
and are monoclinic.2 These crystals are similar in 
external appearance to the crystals of NiBr2-6H,O. 
Their point group is 2/m but their space group is 
apparently not known. The crystal used in the heat 
capacity experiments was approximately 3 cm long 
and 1 cm wide, and weighed 3.191 g. 

The results are shown in Fig. 1. The heat capacity 
appears to rise very rapidly in a temperature interval 
of 0.06°K to a value of approximately 3.3 cal/mole deg, 
at the Néel temperature of 3.07°K, and then decreases 
continuously due primarily to the reduction in the 
short-range ordering of the Co** spins. To estimate the 
entropy change associated with this transition, it is 
convenient to separate the total magnetic entropy into 
contributions above and below the Néel temperature. 
Friedberg’ and Kapadnis and Hartmans‘ have sug- 
gested a method for doing this. In the paramagnetic 
state, the magnetic specific heat will be inversely pro- 
portional to the square of the temperature. This is 
based on work by Van Vleck® which describes the 
behavior of a system of paramagnetic ions with mag- 
netic dipole-dipole and exchange coupling. It is believed 
that CoBr2:6H,0 does represent such a system. The 
lattice contribution will be proportional to the cube 
of the temperature, as well, so that the total heat 


t Supported by the Office of Ordnance Research, U. S. Army. 

1 Forstat, Taylor, and King, J. Chem. Phys. 31, 929 (1959). 

2 The authors wish to thank Mr. W. J. Hoopfer for growing the 
crystals, 

3S. A. Friedberg, Physica 18, 714 (1958). 

4D. G. Kapadnis and R. Hartmans, Physica 22, 181 (1956). 

5 J. H. Van Vleck, J. Chem. Phys. 5, 320 (1937). 


capacity will be the sum of these two terms. By plotting 
CT? versus T® for those measurements above the Néel 
temperature, a straight line was obtained and the 
intercept gave the constant of proportionality for the 
the magnetic contribution. This value is 11.0 cal deg 
mole. Consequently, the magnetic contribution to 
the entropy was obtained by evaluating the integral 


e170 
f —dT, 
3.20 yh 


This was 0.54 cal/mole deg. To obtain the magnetic 
entropy below the Néel temperature, a plot of C/T 
versus T was made. The area under this curve extra- 
polated to O°K was graphically determined. The value 
obtained in this way, 0.88 cal/mole deg, therefore, 
represents the entorpy change below the Néel tempera- 
ture. The total entropy change is 1.42 cal/mole deg. 
The entropy change expected from R In(2S+1) is 1.38 
cal/mole deg where S=}3 for the ground state of Cot. 
This seems to be a fair agreement. 

It is interesting to note that approximately 38% of 
the total entropy seems to be gained above the Néel 
temperature. This large contribution would indicate 
that a substantial amount of short-range ordering still 
persists above the critical temperature. Such large 
contributions have also been observed by Friedberg,’ 


Fic. 1. The molar heat capacity of CoBr2:6H:0 from 1.65-5.05°K. 
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Robinson and Friedberg,’ Kapadnis and Hartmans,‘ 
and Spence ef al.’ 
It is of further interest to observe that the Néel 
®W. K. Robinson and S. A. Friedberg, Bull. Am. Phys. Soc. 
Ser. II, 4, 183 (1959). 


7 Spence, Forstat, Khan, and Taylor, J. Chem. Phys. 31, 555 
(1959). 
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temperature for the present compound is higher than 
the corresponding CoCl,-6H,0, whose Néel tempera- 
ture is 2.29°K. This difference in transition temperature 
for the bromine and chlorine salts has also been ob- 
served by others*:*®.” in the case of manganese and nickel, 
in each case the bromine salt having the higher Néel 
temperature. 
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It is argued that spin alignment can and will occur for ion-core spins in superconductors, but that the 
alignment is in the form of extremely small domains. Central to the argument is the concept of the nonlocal 
susceptibility x(r—r’), which leads to a positive short-range Kittel-Ruderman-Yosida interaction of ion-core 
spins, but a negative long-range interaction of range £o. 

Very general arguments suggest that purely ferromagnetic alignment should not be observed in preference 


to this domain-like “‘cryptoferromagnetic” alignment. 


ooh heat data on a 0.7% Gd in La sample! 
indicate an alignment of Gd spins in the supercon- 
ducting state. An almost equally convincing demonstra- 
tion of such alignment is the observation in (Ce-Gd) Rup 
that the superconducting transition can occur below a 
ferromagnetic one,’ although the ferromagnetic energy 
per atom, ~kT,(N1/N) In(2S+1), must be ~ 100 times 
the superconducting energy ~k7.(kT./er) (since the 
entropy in the ferromagnetic transition is far larger) ; 
some alignment must lower the energy of the super- 
conducting state correspondingly. 

It is here suggested that this alignment occurs and is 
ferromagnetic, but only in extremely small domains, 
certainly smaller than the coherence length & and 
probably of the order (r,&)—about (50A)*. The 
domains may even be so small that density fluctuations 
(or the absence of true long-range order) account for 
the transition breadth. The net polarization averaged 
over the coherence length must, by very general argu- 
ments, be nearly zero. 

To see these facts, we start by understanding the 
general phenomenon of spin-coupling via polarization 
of conduction electrons. We write the exchange inter- 
action of rare earth ion spins S; and conduction- 
electron spin density s(r)*: 


(1) 


w= ff ar I(\e- i|)8(r)-S,, 
; 


1'N. Phillips (to be published). 

2 Matthias, Suhl, and Corenzwit, Phys. Rev. Letters 1, 449 
(1958). 

3H. Suhl and B. T. Matthias, Phys. Rev. 114, 977 (1959); 
Phys. Rev. Letters 2, 5 (1958); Matthias, Suhl, and Corenzwit, 
Phys. Rev. Letters 1, 93 (1958). 


J being the exchange integral, the r-dependence of 
which will serve only as a short-wave cutoff; Qo is the 
cell volume. 

The conduction-electron spin polarization resulting 
from this interaction is given by a position-dependent 
susceptibility x(r) : 


s(r)=J DY x(|r—Rj|)S;, (2) 


resulting from the action of the “effective field” JS; on 
the electron gas, which responds according to its sus- 
ceptibility. This spin density reacts back on the ion 
cores, resulting in the spin polarization energy 


(3) 
(4) 


U=—3F? X x(|Ri—R;|)8;-S;- 


=-7? 2 x(@|S@|’, 
q 


where 


S(q)=(1//N) ¥ e*®S,, 


x(q) = (1/2) J arx(ee ie, (5) 

We have introduced here the wave-number-dependent 
susceptibility, x(q), which determines the interaction 
with a spin density of wave number g. x(q=9) is the 
usual Pauli spin susceptibility. The difference from the 
normal state of the integral of (3) or (4) for a para- 
magnetic arrangement of S,’s was the result found in 
Suhl and Matthias,’ giving the loss in energy of the 
superconducting state. 

In the normal metal, x(|r—r’|) is like the Ruderman- 





SPIN ALIGNMENT 
Kittel result,‘ finite and positive on the average at 
short range [its average is x(q=0) ] but falling to zero 
at large distances.’ In the superconductor, x(q¢=0) is 
zero if the B.C.S. (Bardeen-Cooper-Schrieffer) theory 
is right,® and is experimentally observed to be much 
reduced.’ Since the short-range interaction cannot be 
much changed, there must be a negative long-range 
contribution ; we shall see that its range is the coherence 
length £. This makes the situation closely similar to 
that which forms domains in ferromagnets: the parallel 
short-range interaction is satisfied by parallel ordering 
locally, while the negative long-range force is made 
ineffective by the formation of domains, at little cost 
in short-range energy. 

To obtain a quantitative estimate of domain size we 
calculate the two contributions to x. The short-range 
one is the usual Kittel-Ruderman interaction,‘ given as 
a function of wave number by Yosida’®: 


x(a) =x(q=0)()| H+ Ar?) Ake “1 In| —— 


2kr—q 


¢° 
12k r? 


the latter for long wavelengths. The long-range part of 
the force results from the difference of superconducting 
and normal susceptibilities, which we calculate® to be 


AX(r) =Xn(r)—Xs(r) 


= vo)? f ak f dqes 


xu Ek, €k4+-q) — 


7K €k+ o — f( €) ; 
| (7) 


€k — €k+q 


This may be expressed over most of the relevant range 
in terms of the nonlocal kernel function J(R,0) evalu- 
ated by B.C.S., which has as its range the coherence 
length £: 

Ax (R)/Ax (0) =J(R,O)ke?R™. (8) 


In momentum space Ax(q) is related to the K(q) 
integral®; we have not evaluated it exactly but in the 
relevant range 

Ax (q) = Ax (0) (4 /2£oq). (9) 


x as a function of g is shown schematically in Fig. 1 for 
normal and superconducting cases. 

The domain pattern will be characterized by a wave 
number ga, giving the inverse size of its structure, which 
4M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 

5K. Yosida, Phys. Rev. 106, 893 (1957). 

6 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
But see R. Ferrell, Phys. Rev. Letters 3, 262 (1959); P. W. Ander- 
son, Phys. Rev. Letters 3, 325 (1959) for a mechanism whereby 
x(0) may be considerably increased. As emphasized later, such an 
increase does not modify these results seriously. 

7 F. Reif, Phys. Rev. 106, 208 (1957); G. M. Androes and W. D. 
Knight, Phys. Rev. Letters 2, 386 (1959). 
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Fic. 1. (a) x(g) in normal and superconducting states. 


(b) |.S(q)|? in paramagnetic, ferromagnetic, and cryptoferromag 
netic states. 


must be close to the wave number of maximum X¢(q). 
(See Fig. 1.) Maximizing Xs by use of (6) and (9), we 
obtain 

qa>= (Sark péo 1)h 


Aaw50 A, 


(10) 


and 


Ax=x(q=0) X4 (3m/k réo)'&~2K 10 4Ax(g=0). (11) 


In order of magnitude the ferromagnetic energy is 
(N1/N)(er/€o)™100 times the superconducting energy, 
so that the energy of the superconducting state with 
this “cryptoferromagnetic”’ alignment is slightly lower 
than the true ferromagnetic state and alignment is 
expected to occur. Note that large anisotropy may 
change these conclusions quantitatively. 

So far we have assumed that the wave function of the 
superconducting state is unchanged by the alignment, 
so we have calculated an upper limit on the energy of 
the cryptoferromagnetic state. Actually, the super- 
conducting state may adjust itself so as to improve 
matters considerably. To see this, return to the ex- 
pression (4). In the paramagnetic state, there is no 
correlation among the §,’s, so that (| S(q)|?) is a con- 
stant, S(S+1)(N7/N). 

Now there is a sum rule for the S(q)’s, 

> §$7=> | 8(q)|?=N1S(S+1). (12) 
7 qd 
When ferromagnetic or cryptoferromagnetic alignment 
is present, one particular S(q) takes on a very large 
value, 
S( qaJ=SN 1/VN ; 
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Fic. 2, Phase diagram for ferromagnetism, superconductivity, 
and cryptoferromagnetism. 


so that 


Ny 
> |S(q)|?=(N1/ w[s+s(1- —)| (13) 
aad N 


That is, the random magnetic scattering is reduced in 
proportion to V;/N and replaced by a spin-dependent 
periodic potential of wavelength Ay. This situation is 
shown in the second half of Fig. 1. 

One can show that the energy of the superconducting 
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cryptoferromagnetic state may possibly be lowered 
relative to that of the superconducting, normal state 
by an additional amount (NV;/N)! times the Herring- 
Suhl-Matthias® scattering effect, so that the supercon- 
ducting transition in the aligned state may actually be 
slightly higher than in the paramagnetic state. Figure 2 
shows schematically the type of phase diagram which 
might be expected to result from the above con- 
siderations. 

A final remark is that these considerations do not 
depend seriously on the special features of the B.C.S. 
theory, but only upon a reduction, for superconductors, 
in the long-wavelength paramagnetic susceptibility 
(not necessarily to zero). In particular, we can conclude 
that a long-range purely ferromagnetic alignment in a 
superconductor cannot occur unless (a) the paramag- 
netic susceptibility of the superconductor is not reduced, 
contradicting the experimental and theoretical results; 
or (b) the exchange interaction of conduction electrons 
and ionic spins is inexplicably small; otherwise the 
ferromagnetic normal state is necessarily far lower in 
energy than the superconductor. Unfortunately, present 
experiments indicate such alignment in some cases.’ 
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8B. T. Matthias (private communication) shows that homo- 
geneous superconducting samples exhibit a ferromagnetic moment, 
but it is not clear to what extent the observed remanence is 
affected by trapped flux. 
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Initial Estimates for Self-Consistent Field Calculations for 
Atoms with Large Atomic Number 
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Absolute rather than interpolation methods are described for obtaining initial estimates for self-consistent 
field calculations with exchange. Tables have been computed so that the procedure is entirely numerical 
which makes it more convenient than Hartree’s graphic interpolation scheme. 


INTRODUCTION 
ELF-CONSISTENT field calculations with ex- 
change require initial estimates of the following 
three quantities: (i) the radial wave functions, P(nl; 7), 
(ii) a@a=P(nl;r)/r'', for r—0, and (iii) the energy 
parameter €,,, nz. In this paper methods will be described 
for estimating these quantities when the atomic number 
N is large; they all depend on knowing the limiting 

behavior of the estimate as V > ~. 


Previous papers? showed that if we represent the 
wave functions by a series in 1/N so that 


NP (nl; r)=Pu(nl; p)+[QO(nl; p)/N ] 
+[R(nl; p)/N?]+-++, p=Nr, 
and if we assume that 


Ent, nl = (1/n?)+ (€1/N)+ (€2/N?)+-:>, 


ee Froese, Proc. Roy. Soc. (London) A239, 311 (1957). 
2 C. Froese, Proc. Roy. Soc. (London) A244, 390 (1958). 


(1) 


(2) 





SELF-CONSISTENT 'PLELD CALCULATIONS 


then the functions Q(nl;p) and R(nl; p) are the solu- 
tions of second order differential equations. These have 
been solved for a large number of configurations and 
the results together with the values of €; and €2 should, 
therefore, assist us in obtaining initial estimates for 
self-consistent field calculations. 

In (1) the term of order 1/N? is significant. Hartree® 
found that the variation with respect to 7 of a reduced 
wave function, 


P¥ (nl; s)=7P(nl;7), s=r/?, 


for fixed s, was more nearly constant than the variation 
of (1) with respect to 1/N. Therefore, if we represent 
P* (nl; s) by a series in 7, only the first two terms will 
be required for fairly accurate estimates of the wave 
function. Similarly reduced quantities ao* and €ny, ni* 
are defined and the variation with respect to # compared 
with the variation with respect to 1/N of ao/N*4 and 
«/N*. Tables have been computed so that estimates of 
P(nl;7), do, and €nt,n1 can be determined from series 
expansions.‘ 


ESTIMATES OF THE RADIAL WAVE FUNCTION 


Suppose # has been determined for the (m/l) wave 
function of an atom with atomic number JN using the 
method described by Hartree.’ From the limiting be- 
havior of (1) it can be shown that P* (nl; s) > Py* (nl; s) 
as N > o, and if 


P* (nl; s)=Pu* (nl; s)+7Q* (nl; s)+O0(7), (3) 
then® 


O* (nl; s)=Fu {ool} Pa(nl; p)+pP" (nl; p) J 
+0 (nl; p)}; p= STH, 
where 
o> lim [o(nl) = N- PH/ F}. 
No 


Values of oo have been computed for several configu- 
rations,!:6 

The fact that, for available results, P* (nl; 5) is very 
nearly linear with respect to 7 over a relatively large 
range of 7 for fixed s, suggests that the term O(7*) is 
small and a fairly accurate estimate for P*(nl;s) can 
be obtained from the first two terms of the series; then 


P(nl; r)=7-'P* (nl; s), 


The functions Q*(nl;s) were computed for several 
configurations and tabulated together with Py*(nl; s).4 


r=7s. 


3D. R. Hartree, Proc. Cambridge Phil. Soc. 51, 684 (1955). 

4 Copies of these tables may be obtained by writing the author. 
The tables have also been deposited as Document No. 6092 
with the ADI Auxiliary Publications Project, Photoduplication 
Service, Library of Congress, Washington 25, D. C. A copy may 
be secured by citing the Document number and remitting $1.25 
for photoprints or $1.25 for 35-mm microfilm. Advance payment 
is required. Make checks or money orders payable to: Chief, 
Photoduplication Service, Library of Congress. 

5D. R. Hartree, The Calculation of Atomic Structures (John 
Wiley and Sons, New York, 1957), pp. 123, 129, 167. 

§C. Froese, Proc. Roy. Soc. (London) A251, 534 (1959). 
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Fic. 1. The reduced wave function P*(3d) for Cut as computed 
from self-consistent field results and from a series in 7. 


The accuracy of the method was tested by comparing 
the reduced wave function as calculated from the first 
two terms of (3) with the known results for Cut.’ 
Figure 1 shows the difference between the two functions 
for the (3d) wave function. Part of the discrepancy is 
due to the fact that the reduced wave function is now 
no longer normalized since 


f P*(s)'ds= f [Pu*(s)-+70"(s) Pas 
0 0 


= +e f [O*(s) ds. 


The normalized series approximates more closely to the 
known result in the region where P*(s) is large. 

The method described here will not be as accurate 
as the interpolation procedure suggested by Hartree 
but it has several advantages. First of all, it is entirely 
numerical; no plots of P*(nl;s) as a function of 7 are 
required for each s, and no graphic interpolation is 
necessary. As a result, estimates can be obtained readily 
on an automatic computer. Secondly, the method is 
independent of available self-consistent field results, 
except for the determination of #. This is an advantage 
because an interpolation procedure requires at least one 
set of results besides the limiting value as V > ~, 
whereas the series approximation merely requires the 
functions Py*(s) and Q*(s) which are independent of V. 
When self-consistent field results with exchange are 
available® (usually for the larger values of #), estimates 
of the next term in the series, R*(s), can be obtained 
by assuming that 

P*(s)=Pu*(s)+70*(s)+7R*(s) (4) 


for these results and solving for R*(s) as a function of s. 
The accuracy of both Hartree’s interpolation pro- 
cedure and the series method is limited by the accuracy 
to which # can be determined. Therefore, # should be 
computed as accurately as possible using graphs of the 
screening number a, as described by Hartree.’ 


7D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A157, 490 (1936). 
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TaBLe I. Comparison of the values of a9 computed from the 
series in 1/N, and from the series in 7, with the self-consistent 
field results for Cu* (in atomic units). 





(nl) 1/N 7 





(1s) 307.4 
(2s) 94.0 
(2p) 710.6 
(3s) 32.73 
(3p) 247.9 
(3d) 300.8 


93.5 
710.0 
32.2 
287.0 


ESTIMATES OF a =[P(nl;1)/r'* J, 


For hydrogen-like ions, ao/N'+!= 4,7, where do, is 
the value for the hydrogen wave function, so in general, 
for atoms with large atomic number we may assume 
that it can be expanded in series in 1/.V, namely 


ao/N'+4= ao, n[14+(a1/N)+(ao/N*)+---]. (5) 


The functions Q(nl;p) and R(nl;p) of Eq. (1) will 
determine a; and dy». 

By analogy to Hartree’s method, we may also define 
a reduced dy* as 


ag* = F'+4ap, 


From the limiting behavior of a) and # as VN > ~, it 
can be shown that 


ay* = Fy” lao, aL 1+ (7, Fu){ (1+$)o0+a1} 
+ (#/F)?{ (14-3) (1+ }) 00+ (2/4+-1)o0a1+-2a2 
+ (214+-3)Fy (do, dF) o} +-- |, (60) 


where (do/d?) is the slope of o as a function of 7 at 
#=0; values of the slope have been tabulated for 
several configurations.?:® 

Values of ap were computed for Cut using the series 
(5) and (6); the results are compared in Table I. It 
will be seen that the series in 1/N gives the better 
estimates in all cases except the (3d). The explanation 
for this is as follows: do is related to the way in which 
a wave function attains its first maximum. If it occurs 
at relatively small values of r, then the effective nuclear 
charge in this region is more nearly that of the atomic 
number N than the effective nuclear charge at 7, and 
so a series in 1/N will converge more rapidly than one 
in #. If however, the screening effect is significant in 
the region of the first maximum, as it is in the case of 
the outer (3d) wave function, then the series in 7 will 
provide the better estimate. 

Values of a; and a» for several configurations have 
been tabulated.‘ 


CHARLOTTE 


FROESE 


ESTIMATES FOR €nj,n: 
For large atomic numbers, €nz,ni/N? is given by Eq. 
(2) as a series in 1/N. We may also define a reduced 
energy €ni,ni* as 


*_ 72 
Enl,nl =T°€nt, nl- 


From the limiting behavior of 7 and €nz, nas N— &, 
it can be shown that 


Ent, nl =TH{1/n?+ (F/Fu)[(200/n*) +e, ] 
ob (*/#n)*[ 2? (da/d?)o+ (o¢?/n?) 
+overte.|+---}. (7) 
In Table II values of €nz,n: for Cut as computed from 


TABLE II. Comparison of the values of €,1,.2 computed from 
the series in 1/N, and from the series in # with the self-consistent 
field results for Cu* (in atomic units). 








y SCF 
658.4 
82.30 
71.83 
10.65 
7.279 
1.613 


72.00 
63.17 


Eqs. (2) and (7) are compared with self-consistent field 
results. The series in 1/N provides the better estimates 
if the relative screening is small; for the outer wave 
functions where the screening effect is large, the series 
in # provides the better estimates. The error is approxi- 
mately 10%; more accurate estimates can be obtained 
if self-consistent field results are available by using 
them to estimate the coefficient of the * term. 

Values of €; and ¢€, have been tabulated for several 
configurations.‘ 


ESTIMATES FOR THE (ls) WAVE FUNCTION 


The (1s) wave function approximates so closely to a 
scaled hydrogen wave function that Hartree introduced 
a special interpolation scheme for this case*: estimates 
of wave functions are obtained by assuming a small 
(~0.3) screening factor. Actually the series expansions 
in 1/N converge so rapidly that no modification is 
necessary. For the wave function, the first two terms 
of Eq. (1) are sufficient, but for ao and €,7,n2, the first 
three terms of Eqs. (5) and (2), respectively, are 
required. The functions Py(1s;s), Q(1s;5), s=p/Fu, 
are included in the tables instead of the functions 
Py* (1s; s) and Q* (1s; s). 

The functions Py*(nl;s) and Q*(nl;s) were com- 
puted on ALWAC, the automatic computer at the 
University of British Columbia. 
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Theory of the Fine Structure of the Microwave Spectrum of NO.+ 


Cuun C. Lin* 
Harvard University, Cambridge, Massachusetts 


(Received June 16, 1959) 


The effects of the magnetic interactions between the electronic spin, nuclear spin, and molecular rotation 
on the rotational energy levels of NOz molecule have been investigated and a theory of the fine structure 
of the microwave spectrum of this molecule is presented. A new method for calculating the matrix elements 
of the magnetic interaction terms has been developed. Possible extension of this theory to include the 
general type of polyatomic molecules with S=} is discussed. 


I. INTRODUCTION 


ITROGEN dioxide is one of the very few stable 

polyatomic free radicals. The interactions be- 
tween the electronic spin, nuclear spin, nuclear quadru- 
pole moment, and the molecular rotation give rise to 
very interesting and complicated patterns of fine struc- 
ture in the rotational spectrum. A summary of the 
experimental work on the microwave spectrum has 
been given by Bird.’ In this paper the theory of the 
fine structure of the microwave spectra of the NO» 
molecule will be presented. This theory has been 
applied by Bird and Baird to account for the experi- 
mental data and the results of their work will be 
published in a forthcoming paper.? With proper modifi- 
cation our theory is also applicable to other polyatomic 
free radicals with S=} such as ClO» (see Sec. V). 


II. THE HAMILTONIAN 


The Hamiltonian which describes the interaction 
between the electronic and nuclear spins and the 
molecular rotation can be obtained by the procedure of 
Van Vleck.’ The results of this treatment show that the 
effective Hamiltonian may be written as 


H=Hot+Hs_rt+Hs_1t+H r+Ha, (1) 


where the five terms in the right-hand side of the 
preceding equation represent, respectively, the effect 
of rigid rotation of the molecule, the interaction between 
electronic spin and molecular rotation (called spin- 
rotation interaction), the interaction between electronic 
and nuclear spin (called the spin-spin interaction), the 
Fermi |y(0)|? coupling,! and nuclear quadrupole 
coupling. Attention should be called upon the fact that 
the first order spin-orbit interaction is absent since the 
orbital angular momentum of the unpaired electron in 


t Based-largely on the second chapter of a dissertation submitted 
for partial fulfillment of the requirements for Ph.D. degree 
(Harvard University, 1955). Part of this paper was presented at 
the spring meeting of the American Physical Society at Wash- 
ington, 1955 [Phys. Rev. 99, 666(A) (1955) ]. 

* Present address: Department of Physics, University of 
Oklahoma, Norman, Oklahoma. 

1G. R. Bird, J. Chem. Phys. 25, 1040 (1956). 

2J. C. Baird and G. R. Bird, Bull. Am. Phys. Soc. Ser. I, 4, 
68 (1959); J. C. Baird and G. R. Bird (to be published). 

3 J. H. Van Vleck, Revs. Modern Phys. 23, 213 (1951). 

4E. Fermi, Z. Physik 60, 320 (1930); G. Breit and F. W. 
Doermann, Phys. Rev. 36, 1732 (1930). 


NO; is quenched. Each of the five terms in Eq. (1) will 
be discussed in the following paragraphs. 


1. Rigid Rotation 


The Hamiltonian for the rigid rotation of the molecule 
is given by 
Hyp=AN?7+BN7+CN 2, (2) 


where A, B, and C are the rotational constants and the 
N’s are the three components of the rotational angular 
momentum. Since the molecule NO; is a slightly asym- 
metric prolate top,':> K (the projection of NV along the 
molecular axis) is nearly a good quantum number and 
the calculation of the rotational energy levels may be 
performed by expanding the energy in terms of the 
“asymmetry parameter.”®’ For N(O"*), the nuclear 
spin statistics* require that the rotational energy levels 
be even with respect to rotation about the line bisecting 
the ZONO. Thus for a given |K]| only one energy 
state out of the pair of Wang functions (symmetric and 
antisymmetric combination of the symmetric rotor 
functions) can exist. A discussion on the calculation of 
the rotational energy levels has been given by Bird.! 
In this paper we will be mainly concerned with various 
types of magnetic interactions responsible for the fine 
structure in the rotational spectrum. 


2. Spin-Rotation Interaction 


The spin-rotation interaction may arise from two 
causes. The first one is the direct interaction of the 
electronic spin with the magnetic field of the molecular 
rotation. Mathematically, this effect may be ascribed 
to the first term in Eq. (37) of reference 3 which has 
been shown to be equivalent to 


Dd ij a;;.\ PP 


where the vector N (instead of & as used in reference 3) 
denotes the angular momentum due to the molecular 
rotation. Here the a;; are complicated functions of the 
moments of inertia, the internuclear distances, and the 


0;;=4;;, (3) 


5G. E. Moore, J. Opt. Soc. Am. 43, 1045 (1953). 

6S. C. Wang, Phys. Rev. 34, 243 (1929). 

7H. H. Nielsen, Phys. Rev. 38, 1432 (1931). 

5 See, for example, G. Herzberg, Spectra of Diatomic Molecules 
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1950), 
p. 135. 
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average distance of the odd electron to the various 
nuclei of the molecule. Since very little is known about 
the electronic structure of the NO: molecule, any 
attempt to calculate a;; from first principles would seem 
impractical at this time; these coefficients can best be 
treated as parameters. It should be mentioned that the 
a;; are different for different isotopic species of the 
molecule. 

Besides the direct coupling between electronic spin 
and molecular rotation which we have discussed in the 
preceding paragraph, there is also an indirect coupling 
via orbital motion and the intermediary of excited 
orbital states treated by Van Vleck® and by Henderson.® 
The indirect mechanism still produces a Hamiltonian 
of the form (3) and simply changes the values of the 
coefficients a;;. Henderson has given explicit expressions 
for the indirect contributions to the a;; under the 
special assumption that the entire spin-orbit (electronic) 
interaction can be represented in a simple isotropic 
form A(L-S). 

When the frequency spacings between the various 
fine structure components are small compared to the 
frequencies of the rotational transitions, the matrix 
elements of Hs r which are nondiagonal in N have 
very little effect. Hence we shall disregard them. With 
this approximation, Eq. (3) can be replaced by’? 


Hs_r= [N(N+1)} 1(N-S)>;; €j;N iN ;, 


where ¢;; is the sum of the two coefficients a;; and ;; 
which are associated, respectively, with the direct and 
indirect coupling between the electronic spin and 
molecular rotation. We can also similarly disregard the 
effect of matrix elements off-diagonal in K, except that 
matrix elements of the form AK = +2 must be retained 
for the pair of states K=+1. The familiar Wang 
transformation is used to lift the degeneracy of the 
pair and the approximate expression for the spin- 
rotation interaction becomes 


H s_r=x(N-S), (5) 


€5j = € ji; (4) 


where 


c= Hcoarb en) +LN WAN) Hees FH (cee ey)? 
+45) K)(€yy— Ezz). (6) 


Here 6;x;' is the Kronecker delta, i.e., it is equal to 
zero unless |K|=1. The + and — signs correspond to 
the symmetric and antisymmetric combination of the 
symmetric top wave functions involved in the Wang 
transformation. 

The Hamiltonian in Eq. (4) also produces matrix 
elements connecting the pair of symmetric and anti- 
symmetric Wang functions for | K| = 1. Matrix elements 
of this type have not been considered in the derivation 
of (5). For N(O"*), such matrix elements have no effect 


*R. S. Henderson, Phys. Rev. 100, 723 (1955). 

FE. L. Hill and J. H. Van Vleck, Phys. Rev. 32, 250 (1928). 

4 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951), p. 61. 
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on the energy levels since only one of the two energy 
states with | K|=1 is present. In general if both states 
corresponding to |K|=1 are allowed, Eq. (5) is 
applicable to such states only when the spin-rotation 
effect is small compared to (B—C)N(N+1), where B 
and C are the rotational constants for the two principal 
axes other than the unique axis. In other words, we 
have neglected terms of the order of 


[(B—C)N (N+1) }°L (ery t+eyz) (N-S) P. (7) 


For NOs: we shall simply use (5) as the spin-rotation 
operator without making the further transformation 
which carries the Wang representation to the proper 
asymmetric top representation. 


3. Spin-Spin Interaction 


The Hamiltonian describing the interaction between 
the nuclear and the electronic spin can be expressed as 


— gsgrmeurr*(1-S—3r*(I-r)(S-r) ], (8) 


where us and yu; are the Bohr and nuclear magneton, 
respectively, gr is the nuclear Landé factor and gs is 
the g-factor of the electronic spin. The radius vector r 
joins the nitrogen nucleus to the odd electron. Equation 
(8) can be expanded in a coordinate system (x,y,z) 
fixed in the molecule and expressed in terms of the 
components of I and § in this frame.” If we retain 
only the matrix elements of the form AK=0 and 
AK=-+2 in this expansion, the spin-spin interaction 
term can be replaced approximately by 


Hs-1=M1-S—31,S,) +1 (Iy+ils) (Sy +iSz) 
+17*(I,—ilz)(S,—#S2), (9) 


3% 2— 
A= —gsgianrt ) ) 
2r’ Ay 


: as if)" 
T= 48 S8TKBHI —~—) : 
: a AV 


Here 7,, f,, and #, are the three components of the 
unit vector r~'r in the molecular frame. If the electronic 
wave function in the ground state of NOs is real, one has 


where 


2g 2 
i$—%5 


rin gen tesgrunns(——— (11) 
r 


4. Fermi | (0) |? Coupling and Nuclear 
Quadrupole Interaction 


If the wave function of the odd electron at the point 


where the nitrogen nucleus is situated [denoted by 
y(0) J, is different from zero, an additional term,‘ 


_ Ar=(16n/3)grusur|y (0) |?(1-S), (12) 


12 See, for example, S. I. Weissman, J. Chem. Phys. 22, 1378 
(1957), 
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must be inserted in the Hamiltonian to describe the 
interaction between the electronic and nuclear spin. 
The value of |y(0)|? has been determined as 6.3 104 
cm from the paramagnetic resonance spectrum of 
NO; in solution.” 

The nuclear quadrupole effects attributable to the 
nitrogen nucleus are usually very small. For this reason 
Hg will not be considered although the theory presented 
in this paper can easily be extended to include this 
interaction (see Sec. V and Appendix). 


Ill. ENERGY CALCULATION 


To simplify the calculation let us assume that the 
four coupling terms in Eq. (1) are all very small 
compared to Ho, so that the matrix elements non- 
diagonal in NV can be disregarded. Furthermore, the 
molecule will be approximated by a symmetric rotor, 
or more precisely, the Wang combinations of the sym- 
metric top wave functions will be taken as the approxi- 
mate eigenfunctions of Hp. 

To illustrate the structure of the secular equation 
let us first consider a special case in which 


a!) fee es (13) 


A vector model can be constructed by first coupling 
the rotational angular momentum N with S to form J 
which is then compounded with I to give the total 
angular momentum F. The vector F is a constant of 
motion, and J is nearly a good quantum number 
provided that the interaction between the nuclear and 
electronic spin is much less than Hs_r. The energy is 
then approximately equal to the diagonal matrix 
elements of H, i.e., 


(KNJF|H|KNJF). 


However, if the condition imposed by (13) is not 
fulfilled, J will no longer be a good quantum number. 
In the K, N, J, F scheme of representation (which we 
shall refer to as the J-representation), the secular 
equation for a given NV and K is a 6X6 determinant 
corresponding to the following values of J and F: 


F=N+$; J=N+4, 
F=N-}; Jay 
F=N-}; J=N-4, 


F=N+4; 
F=N+4+4; 


F=N-3. 


J=N+44, 
J=N+4, 
J=N-}, 


coe § 
2) 


Since F is a constant of motion, the determinant can be 
factorized immediately into four blocks, according to 
the four different values of F. Two of the factors are 
2X2 matrices while the others are 1X1. 

One may, of course, consider the other extreme case 
where Hs_1:+Hr>Hs_r. Now the two spin vectors 
I and S may be first coupled to form G which then 
combines with the rotational angular momentum vector 
giving F. The 6X6 secular equation for a given V and 


18 Bird, Baird, and Williams, J. Chem. Phys. 28, 738 (1958). 
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K can be set up in this G-representation and again can 
be factorized into four blocks. 

As shown in the previous section, the three types of 
magnetic coupling, Hs_r, Hs-1, and Hr, may be 


written respectively as 

B=«(N-S), 

a=)(1-S—3/7,5,)+7[(1, +112) (Sy+iS2) 
+(I,—1tIz)(Sy—iSz)], (14) 

y=a(I-S), 


where 


167 ; 
om 3 grubs | y(0) n 


(15) 


The matrix elements of these operators can be calcu- 
lated by a procedure similar to that of Frosch and 
Foley.* The computation, though straightforward, is 
very tedious. In this paper we shall develop a new 
method for obtaining the matrix elements of the 
Hamiltonian. The diagonal elements are determined 
by using Van Vleck’s method of “reversed” angular 
momentum along with the method of projection.!°" 
With this procedure explicit matrix multiplication is 
avoided and labor of computation is thereby greatly 
saved. The off-diagonal elements are obtained by com- 
paring the diagonal sum of the various matrices in the 
J and G representation. Thus the confusion caused by 
the different phase conventions for the nondiagonal 
elements does not arise in our procedure. The details 
of our method will be presented below. 


1. Diagonal Elements in the J Representation 


We shall write the 2X2 matrices of a, 8, and y 
(defined in Eqs. (14)) as 


ai a3 
a= ( ), etc. 
a3 Qe 
In the J-representation it is apparent that 
(J|N-S|J)=3(J (J+1)—N (N+1)—S(S+1)]. (16) 
Thus for J=.V +3, the diagonal matrix elements of 8 are 


Bi='eL—14+(2N+1)], B2=4x[—1—(2N-+1)]. 


To evaluate a:, and a, the reversed spin angular 
momenta are introduced so that 


F+Il"=J, J+S’=N, 


(17) 


where 


"= — I, etc. 


The diagram of the coupling of the normal and reversed 
angular momenta is shown in Fig. 1. In this coupling 
scheme I’ is precessing about J, so the matrix elements 
of J, and I-S diagonal in J can be obtained by the 


4R. A. Frosch and H. M. Foley, Phys. Rev. 88, 1337 (1952). 
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J- SCHEME G-SCHEME 


Fic. 1. Diagrams showing the coupling of angular momentum 
vectors in the J and G scheme. 


method of projection'®" as 


(J |1.|J)=—(J|L"|J) 
—VJ(Jtp) PJ -I|D(I|I2)J) 
(2) (J+1) OLR (F+1)-—71U+1) 
—J(J+1)](J|J.|J), 
(J)I-S|J)=-VJ4+p}U|b-J| JJ I-S|J) 
= [2 (J+1) }°[F (F+1)—1(4+1) 
—J(J+1)](J|J-S|J). 


(18) 


As S," is diagonal in J, it is legitimate to write 


(J|1-S—31,S,.|J)=[2J(J+1) PUR (F+1) 


—J(J+1)—1(1+1) ](NJ|S-J—3S,J,|NJ). (19) 


When S=}3 one has 


S-J—35S,J,=S-N—35,N,-S4+3S2 


=§-N-—3S,N,. (20) 


Because S’ is precessing about N, it follows that 
(JIN|S-N—3S,N,|JN) 
=[2N(N+1) }?° DV (J+1)—N(N4+1)—S(S4+1)] 
X(N |N?-3N2|N)=[2N (N41) P-L J4+1) 
—N(N+1)—S(S+1) LV (N+1)—3K?]. 
Substitution of Eqs. (20) and (21) into Eq. (19) leads to 
(KNJF|1-S—31,S,| KNJF)=[4J (J+) N(N+1) }° 
X [F (F+1)—J(J+1)-—71U4+1) JD (J +1) 
—N(N+1)—S(S+1)][V(N+1)—3K?]. 


(21) 


(22) 


In a similar fashion one can show that 


(J| Uy +ils)(Sy+iS2)|J)=[4J (J+1)N (N41) 
x [F(F+1)—J(J+1)—1 +1) J (J+) 


—N(N+1)—S(S+1)](N | (N,+iNs)*|N). (23) 


The operator (V,+iN ,)* has matrix elements connect- 
ing K with K+2, in particular, K=—1 with K=1, ie., 


(NV, K=1|(N,y+iN,)?|N, K=—1)=N(N+1). (24) 
Equation (23) can now be rewritten as 


(K=1, NJF| (I,+4/2)(S,+iS2)|K=—1, NJF) 
= (4) (J+1) PLR (F+1)-J(J+))—-10+1)] 


X[J(J+1)—N(N+1)—S(S+1)]. (25) 
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The diagonal elements of a are, therefore, 


a1,2=[4N (N+1) (N+4)(N+143) [+ (V+4)-4] 
<[F(F+1)—N(N+1)—1([+1) 
F(N+3)—4I)f(N E47), 


where the top signs go with a; and the bottom signs ae, 
and where 


f(NKyr) =NLN (N +1) —3K2]£6)q)'7N (V+1). 


(26) 


(26a) 


The + and — signs in Eq. (26a) are used respectively 
for the symmetric and antisymmetric Wang functions 
of the rotating molecule. Equation (26) is valid only 
for the diagonal elements of the 2X2 sub-matrices of 
the 6X6 secular equation. The matrix elements for the 
two 1X1 submatrices are to be calculated from Eqs. 
(22), (25), and (14) by substituting V+} for J and 
N=} for F. 


2. Diagonal Elements in the G Representation 


Let us now consider the other extreme case in which 
the spin-spin coupling becomes the dominant part of 
the magnetic interaction in the molecule. The electronic 
and the nuclear spin will first couple to give a vector 
G which adds to N to form F. In the G-representation 
let the 2X2 matrices of a, 8, and y be represented by 


(* “/ 

a= » ete. 

Qnr Ql 

Note that Arabic subscripts are used for a, 8, and y in 
the J representation and Roman subscripts in G 
representation. Figure 1 shows the vector relation 
between the various angular momenta. By projecting 
S’ along the vector G’ it can easily be verified that 


(G|N-S|G) =[4G(G+1) P[F (F4+1)—N (N41) 
~G(G+1) G(G+1)+S(S+1)—1(I+1)]. 


Remembering the G=7+} one may express the diago- 

nal elements of 8 as 

Br, n= +3x(27+1)7[F (F+1)—N (N+1) 
~I(I+1)-4F (I+4)] 


(27) 


(28) 


If when S=} we are concerned only with matrix 
elements diagonal in S, the following simplication can 
be made: 


I-S—3/,5,=G-S—3G,5,—(S°—3S,’) 
=G-S—36,5,, 


(Sy+iSz) (Iy+iI2) a (Sy+7Sz) (G,+1G;), 


(29) 


since the diagonal matrix elements of S*—3S/7 and 
(S,+iS.)? for S=} are zero. Upon projecting S’ along 
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G’ we have 
(G|G-S—3G,S,|G) 


=[2G(G+1) P[G(G+1)+S(S+1) 
x (G|G— 


— F(i+-1)) 
3G2|G), (30) 

(G| (Sy+iSz)(G,+iG,)|G) 
=[2G(G+1) }}[G(G+1)+$(S+1)—1(1+1)] 
X(G| (G,+iG,)?|G). 


The matrix elements of G?—3G/ and (G,+iG,)* can be 
found in- Table II of reference 3 with a change of phase 
and notation. They are 


(FGNK|G?—3G2| FGNK) 
=[N(N+1)—3K?][2N (V+1)(2N—1)(2N+3)}2 
x (3R(N)[R(V)+1]—4N (N+1)G(G+1)}, 
(FGNK=1| (G,+iG,)?| FGNK=—1) 
=[2(2N—1)(2N-+3) }{3R(V)[R(V) +1] 
~4N(N+1)G(G+1)}, 


(31) 


(32) 


JL 


where 


R(N)=F(F+1)—G(G+1)—N(V+1). 


Substitution of Eqs. (32), (31), (30), (29) in Eq. (14) 


gives 


on, = +N (N+1)(2N+3)(2N —1)(1+}3) FH 
* (3(F(F+1)—N(N+1)—1 (+1) (143) 
+3(F(F+1)—N(N+1)—1([+1)¥ ([4+3)- 


ge no Ha RR i (33) 


where {(VKXr) was defined in Eq. (26a). Equation 
(33) applies only to the 22 submatrices; the elements 
in the 1X1 blocks are determined from Eqs. (32), (31), 
and (29) rather than from Eq. (33). They are, of course, 
identical to the corresponding elements in the J- 
representation. 

Finally in the G-representation (I-S) is diagonal 
with eigenvalues 

(G|I-S|G)=4[G(G+1)—7(7+1)—S(S+1)]. (34) 
The matrix elements of y are 
y=tol+(27+1)—1], yn=to[—(27+1)—-1]. (35) 
3. Evaluation of Nondiagonal Matrix Elements 


Since the matrices 


By Bur Bi Bs 
and 
Bin Bu B; Be 
are merely two different representations of the same 
quantity 8, they can differ from each other only by an 


equivalence transformation. The same relation holds 
for a and thus for (a+) also. The invariance of the 
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diagonal sum of 8, 6?, a?, and (a+)? gives respectively : 
Bi+Bbu=fitf:, 
26ur+6r+6r?=6+8:’, 
at? aq? +a = a+ 2a3?+a:2”, 
(ay +81)?+ (a1 +811)? +2 (emm+fhin)? 
= (a1+f1)*+ (a2+f2)*+2a;’. 
From Eqs. (36) it follows that 
48111°= (81—82)?— (61-81), 
4aq 8111 = 201814 2a282— 20481 — 2anBu 
= (a1—a2) (81—B2) — (a1—ar1) (81— Bn). 


This is essentially an extension of the Goudsmit!® 
inspection method as generalized by Van Vleck.* 


(37) 


(38) 


4. Energy Levels 


If one knows all the matrix elements of a, 8, and y 
in the G-representation, one can derive the equation 
for the energy for the general case when all the three 
types of magnetic interactions are of the same order of 
magnitude. The secular equation is 


jatartn— E anit+6int |_ 
ant+6utyu-— E| ¥ 


anit+Bin 


with the solution 


2E=aqytant+hit+butyit+yutl (a1 an+hr 
—Butyi—yn)*+4(ani+8n1)? }!. (40) 


Substituting Eqs. (37), (38), (28), (33), 
Eq. (40) and simplifying, we have 


2E=qytant+6it+butyityut { (a1—ai)? 
+2 (a1—a@2) (Bi1—B2) + (81—B2)?+ (vi 1)” 
+2(y1-Yyn) (a1— a1 +81 — B11) 
+[(81=B2)?— (81—Br1)? }"[(ai— az) (81—B2) 
— (ay—ay1) (B81—Bir) P}*. (41) 


Equation (41) gives the energies of the two levels of a 
given V corresponding to F=N +3 or the two levels of 
F=N-—}. For the states with F= N+ or with F=N 
—$, the energy is simply given by the diagonal matrix 
element of H in either the J- or G-representation. It 
should be pointed out that Eq. (41) is not applicable 
to the case of F=N+3. 


and (35) in 


5. Energy Levels in a Weak Magnetic Field 


The interaction of the electronic spin with the 
external magnetic field causes an energy level of a 
given F to split into various components corresponding 
to the different values of Mr (the projection of F along 
the direction of the external field). Here it is assumed 
that the splittings of the energy levels produced by the 


15S. Goudsmit, Phys. Rev. 35, 1325 (1930). 
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external magnetic field are small compared to those due 
to the magnetic interaction terms in Eq. (1). In other 
words, the matrix elements nondiagonal in F need not 
be considered. The magnetic moments associated with 
the molecular rotation and the nuclear spin are neg- 
lected here. The Hamiltonian representing the Zeeman 
energy is 


Hz=gspusS-KH=gsupS2h, (43) 


where 3C, the external magnetic field, is taken to be 
coincident with the space-fixed Z axis. The diagonal 
elements of the Zeeman term in the J and G repre- 
sentation are 
(SJF|Sz|SJF) 
=[J(J+1)F(F+1)}°(SJ|S-J| SJ) 
X (JF|J-F|JF)Mr, 
(SGF|Sz| SGP) iad 
=[G(G+1)F(F+1) }“(SG|S8-G] SG) 
X (GF|G-F|GF)M ry. 
If we denote the matrix (2X2) of Hz by 4, the non- 
diagonal elements of this operator can be determined 
by making use of the invariance property of the trace 
of matrices 6, 6’, and (6+6)*. The solution of the 2X2 
secular equation leads to the following approximate 
solution: 
2E =2E+6)+6n+ { (a1—anr)?+2(a1—ae) (81—B2) 
+(y1—- yn)? +(81— 82)? +2(y1— y1) (a1 — 11 +81 — Br) 
+[(8:—B2)?— (61-8) }'[ (a1— a2) (81 — 2) 
— (a@y—ar1) (81— Bir) ?}~*{ (81 — Be) (61-52) 
+ (a1—ar1) (61-611) + (¥1— 1) (61 — 61) 
+[ (8:—B2)?— (81—Bi1)? FL (81 — Be) (61 — 52) 
— (81—811) (61-61) JL (e1— a2) (81— 2) 
— (ay—ay1)(81—Br1) J}, (45) 
where 
61+-61n1 = 3LF (F+1) }'gsuaM ri, 
§:—6n = $F (F4+1)4+)) LF (F4+1)4-1 (141) 
—N(N+1)+4 ]gsuaM ri, 
6: —62.=3[F (F+1)(N+3) LF (F4+1)+-N (V+4+1) 
—I(I+1)+32 ]gsusM rx. 
Here E’ and E denote, respectively, the energies in the 
presence and in the absence of the external field. 
Again Eq. (45) pertains only to the energy levels with 
F=N+}. The Zeeman splittings for the levels with 
F=N+$ may be calculated from Eqs. (44) and (43). 


6. Energy Levels in a Strong Magnetic Field 


In a strong magnetic field the angular momenta N, 
S, and I are decoupled and become spatially quantized 
separately. If the magnitude of gsusS-3 is large com- 
pared to the magnetic fine structure interaction terms, 
the energy is given approximately by the diagonal 
matrix elements of the Hamiltonian in the represen- 
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tation which diagonalizes Mr, Ms, and My (the 
components of I, S, and N in the direction of the 
external field). Here again we shall neglect the inter- 
actions of the external field with the nuclear moment 
and with the molecular rotational magnetic moment, 
since these terms have no effect on the magnetic 
resonance transitions of AMs=+1 and AMy=AMy, 
=0. Let x, y, z and X, Y, Z be two sets of axes fixed 
in the molecule and the space, respectively. With the 
aid of the relations 


T,=Ixdx.tlydy.t1zd2:, 
S2=Sxkx.+Sydy:t+ Sz\z:, 
I. S=IxSx+TySy+IzSz, 


(where the )’s are the direction cosines), the matrix 
elements of the spin-spin term may be expressed as 


(46) 


(Mr1MsMyNK| I. S—31,S, | MiMsMyNK) 
= (MyNK|1—3hz2|MyNK)MiMs. 


(47) 


When the matrix elements of the direction cosines given 
by Cross, Hainer, and King’ are used, the above 
equation becomes 
(M1M sMyNK|I-S—31,S.|M1MsMwNK) 

= —2[(N(N+1)(2N—1)(2N+3}°[V (V+1) 


—3My*][N(N+1)—3K?]MiMss._ (48) 


Similarly it can be shown that 


(MiMsMyN, K 
=1| (Iy+iI2)(Sy+iS2)|M1MsMyN, K=—1) 
= —2[(2N—1)(2N+3) PLN (N41) 


—3My"]MiMs. (49) 


Since the diagonal matrix elements of the spin-rotation 
and the Fermi coupling terms are, respectively, propor- 
tional to MyMsg and M;M-s, the energy of the NO» 
molecule in a strong external magnetic field may be 
written as 


= EvigtgsusM sK+xKMyMst+oM iM gs 
—2f(N Kr) [N (N+1)(2N—1)(2N+3)}7 
X[V(N+1)—-3My? ]M IM. 
Here E,ig represents the energy associated with the 
rigid rotation of the molecule, i.e., the eigenvalue of the 
operator Ho in Eq. (2). 


(50) 


IV. THE ROTATIONAL SPECTRUM 


In the limiting case where Hs_p is much larger than 
the coupling between the electronic and nuclear spin, 
intensity considerations show that for a given AN the 
six lines characterized by AV=AJ=AF are by far the 
strongest ones, as compared to the other thirteen 
possible transitions with AF~AN or AJ#AN. For the 
intermediate case J ceases to be a good quantum 
number, and the wave functions for the six energy 


16 Cross, Hainer, and King, J. Chem. Phys. 12, 210 (1944). 





FINE STRUCTURE OF 


levels with a given .V can be expressed in terms of the 
wave functions in the J representation (denoted by y) 
as follows: 


Wi=y(J=N+}, F=N+3), 
V.= fY(J=N+4, F=N+}) 

+by(J=N—}, F=N+}), 
Y= J=N+4, F=N-+) 

—fY(J=N—}, F=N+4), 
=e (J=N+}3, F=N—}) 

+dy(J=N—1, F=N-}), 
V;=dy(J=N+4, F=N—}) 

—o(J=N-}, F=N-3} 
Ve=y(J=N—}, F=N—3). 


We can construct six similar wave functions V,’, V.’, 
+++, We’ for the (V+1)th rotational state by” merely 
replacing NV by N+1 and f, b, c, d by f’, ’, ¢’, d’ in 
Eqs. (51). These “mixing coefficients” are different for 
the different rotational states. For the N—N-+1 
transitions one may expect ten strong lines correspond- 
ing to 


Vi Vy’, b ia W,’, v3—- Wy, W- WV,’ W3—- W,’, 
WV, —— Vv’, V; it V;', WV, -— V;', V; == v,', Ve > We’. 


As N becomes large the coefficients /, 0, c, d for the Nth 
and (V+1)th state do not differ very much; in such 
cases the intensities of the transitions 


WV, — V;’, W; <p V,’, WV, —_? V;', VW; —- V,! 


become greatly reduced and only six strong lines are 
observed. 

This theory has been applied by Bird and Baird to 
interpret the microwave spectrum. The identification 
of the spectral lines and the evaluation of the various 
coupling constants from the experimental data will be 
discussed in a forthcoming paper by these authors.” 


V. HIGHER ORDER CORRECTIONS AND 
EXTENSION OF THE THEORY 


At this point it is well to examine the “higher order” 
effects which have been disregarded in the derivation 
of Eq. (41). The more prominent ones are: 


1. Asymmetry of the molecule——Equation (41) was 
derived on the “symmetric top’? approximation. To 
correct for the asymmetry of the molecule, the proper 
asymmetric rotor wave functions (rather than the 
Wang functions) are to be used to calculate the matrix 
elements of Hs_r and Hs_;; thus Eq. (41) should be 
modified accordingly. For the NO» molecule the asym- 
metric rotor functions may be obtained from the Wang 
functions by first order perturbation method. 

2. Nondiagonality of N.—The nondiagonal matrix 
elements (NV |’) of the magnetic coupling terms which 
have been hitherto neglected, may give a substantial 
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contribution to the energy levels when the magnitudes 
of these coupling effects become sufficiently large. Under 
such circumstances, a Van Vleck transformation may 
be applied to remove the nondiagonality in NV, so that 
in the transformed energy matrix the elements off- 
diagonal in NV become one order of magnitude smaller 
and can then be safely dropped. 

3. Nuclear quadrupole coupling —The nuclear quad- 
rupole interaction can be treated in the same manner 
as the magnetic coupling terms. The diagonal elements 
of Hg are first determined in both the J- and G-scheme. 
The calculation is given in the Appendix. The non- 
diagonal terms are obtained by comparing the trace of 
the various matrices in the two representations. 

4. Pseudoquadrupole correction.—This type of inter- 
action has been discussed in some detail by Henderson.° 
Since the ground state of NO, has S=}4, a simple 
group-theoretical argument shows that the diagonal 
matrix elements of the pseudoquadrupole term are zero. 


Some of these effects have been considered by J. C. 
Baird and the author. The results have been used in 
the interpretation of the microwave spectrum. 

Aside from the approximations made for the specific 
case of NOs», this theory should be applicable to other 
polyatomic molecules with S=}. For a particular 
molecule some of these “higher order” effects may be 
quite important and should be included in the solution 
of the energy levels at the outset. One interesting 
example is ClO2 which has considerably larger asym- 
metry than NOs», so that the asymmetry correction 
discussed above must be made. 


VI. THE MAGNETIC RESONANCE SPECTRUM 


The magnetic resonance spectrum has been observed 
by Castle and Beringer’? at room temperature and a 
field strength around 3300 gauss. Under a pressure of 
5 to 15 mm Hg the spectrum consists of three over- 
lapping lines. A partial resolution of the triplet into a 
number of lines has been made at lower pressure. The 
expression for the energy of NO, in a strong magnetic 
field was given by thse authors as 


VW ie M sgsupie+ A MsM, + BM sMy. (52) 


Castle and Beringer have pointed out that A and B 
(not to be confused with the rotational constants) 
may depend on N and K, but they have not exhibited 
this dependence. The three overlapping lines were 
identified as the transitions AV=AM;=AMy=0, 
AM s=1 with M;=1, 0, —1, but no explanation was 
offered for the resolved lines. 
Comparison of Eq. (52) with Eq. (50) shows that 


B=K, 

A=o—2f(NKxr)[N (N+1)(2N—1)(2N+3) } 

= aie X[NV(N+1)-—3M yn? ]. 
17 J. G. Castle and R. Beringer, Phys. Rev. 80, 114 (1950). 


(53) 





910 


Since the value of A varies with different rotational 
states, according to Eq. (52) and the selection rules 
given above the magnetic resonance spectrum may be 
expected to contain a large number of lines. Further- 
more, in a magnetic field of 3300 gauss the vectors I, 
S, and N are not completely decoupled, so that the 
second order terms of Hs_r and Hs_; may become 
quite appreciable. Application of this theory to the 
spectrum has been investigated by Bird. 
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APPENDIX. MATRIX ELEMENTS OF THE 
NUCLEAR QUADRUPOLE TERM 


The Hamiltonian for the nuclear quadrupole effect 
in a polyatomic molecule has been given by Van Vleck.® 
In the case of NO» the relevant terms of this operator 
are the ones which contain matrix elements of the form 
AK=0 and +2, viz., 

PV 
He=[41 21-0] -(21—-12—1,?) 


eV FV) 
+( -— Joga 
dy = ax? 


eV 
+2— “(Ialy+ 11) (Al) 
Oxdy 


Here Q is the nuclear quadrupole moment as defined in 
Appendix II of reference 3. If the electronic wave 
function of NOs is real, the last term on the right-hand 
side of Eq. (Al) may be omitted. The diagonal matrix 
elements of the operator 27?—J/—J,? and J/—1I,? 
may be obtained by the projection method and the 
procedure for the calculation is given in this Appendix. 

In the J representation let us first consider the 
coupling F+I*=J. It may be shown by a group- 
theoretical argument that the diagonal matrix elements 
(in J) of 27?—J2—I,? are proportional to those of 
2J2—J2—J,?. The constant of proportionality can be 
established with the aid of the diagonal matrix ele- 
ments of 27?—J]?—J,? given in Table II of reference 3. 
Notice that this is essentially a generalized form of the 
projection method for the components of the irreducible 
tensors. Thus we have 
(J|272-—12-—I1,}7|J)=[2I (J +1) (2J—1)(2J7+3)} | 

x [3C (C+1)—4J (J+ DI (7+1) ] 


X (J |272-J2—J7|J), (A2) 


CHUN C. LIN 


where 

C=F(F+1)—J(J+1)—-I(I+1). 
The vector J can be expanded as N—S’, and in this 
coupling scheme S$’ may be projected along N. When 
this is done, it is easily seen that as far as the matrix 
elements diagonal in J are concerned, we may replace 
2J2—J2—JfZ by 


{142[N(V+1)}}(N-S)} (2V2-N2Z—-N,)). 


Here we have made use of the fact that the diagonal 
elements of 257—S/—S,? are zero for the S=} states. 
In a similar way we can obtain the matrix elements of 
I/—I/ connecting the states K=1 to K=—1. The 
diagonal elements of Hg in the J-scheme (with the 
Wang functions as basis) are 
eQ[167(27—1)J(J+1)(2J—1)(27+3) }7 

x [3C(C+1)—4) (J+-1)1( +1) ] 

X(14+20V(NV+1) J" VJN|N-S|IN)} ¢(VK), 


where 
OV 
¢(NK)=2—[3K?— N(N+1) ] 
ds? 


: av ae 
oy = dx? 


(A3) 


(A4) 


)wv+ 1). (AS) 


In the G-representation the operator 2/?—I?—I,? 
can be decomposed into 


{1—2[G(G+1)}4(G-S)} (2G2-G2—-G,2) (A6) 


by means of the relation I=G—S and the projection 
method. The matrix elements of 2¢6/—G/—G,? in the 
G-scheme may be found from Eq. (32) and a similar 
treatment can be applied to G,’?—G,. The diagonal 
elements of Hg in the G-representation then emerge as 


eQ[ 161 (27—1)N (N+1)(2N —1)(2N+3)}2 
[3C'(C’+1)—4N (V+1)G(G+1)] 


X (1-2(G(G+1) }4(G|G-S|G)}g(VK), (A7) 


where 


C'=F(F+1)—G(G+1)—N(N+1). 


The matrix elements in (A4) and (A7) may also be 
obtained by Racah’s method.’* With the diagonal 
elements of Hg in the two representations, the off- 
diagonal terms are determined by the method given in 
Sec. III-3. The nuclear quadrupole interaction can then 
be easily incorporated into the secular equation. 

Note added in proof.—Dr. John G. Baker has kindly 
informed us that he has independently developed a 
somewhat similar theory for the fine structure of the 
rotational spectra of this type of molecules, and an 
account of his work will be published in the near future. 


18 G. Racah, Phys. Rev. 62, 438 (1942). 
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Pluvinage Method for Systems of Three Charged Particles* 
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A method due to Pluvinage for finding ground-state energies of two-electron systems has been studied. 
His choice of a trial function, V;, is of interest since 1¥;, where H is the Hamiltonian, is free of singularities. 
However, his calculations had to be done numerically. It has been found possible to utilize the method in 
such a way that, with little loss in accuracy, the various calculations can be performed analytically. With 
a trial function which contains no variational parameters, the method just fails to give a bound state for 
H-. (The results for Z greater than unity are quite accurate.) The introduction of a scaling factor gives a 
bound state. Thus, only one variational parameter is required to prove the existence of a bound state, as 
compared with the two parameters required for a Hylleraas-type trial function. However, the calculations 
are much more tedious. The method has been generalized to be applicable to an arbitrary system of three 
charged particles which interact only through their Coulomb fields. It has been applied to the proton, 
proton, u~ system, but it does not give very useful results there. 


I. INTRODUCTION 


N interesting method for treating the ground 

state of two electron systems has been proposed 
by Pluvinage.! He introduces a trial function which 
we shall denote by ¥,, which has the virtue that H¥,;, 
where H is the two-electron Hamiltonian, is free of 
any singularities. On the contrary, Hy has singularities 
(at the origin), where WY, denotes the customary 
Hylleraas-type trial function. 

Pluvinage used ¥, in the calculation of the ground- 
state energies of He and of the two-electron ions from 
Li through F. Considering the relative simplicity of 
WV;,, the results are good. He did not, however, give 
any values for the case of H~, presumably because a 
bound state is not found for H- with the use of ¥,. 

W;, was developed from the following considerations. 
The nonrelativistic Hamiltonian for a system consisting 
of two electrons and a fixed nucleus of charge Ze for 
the case of zero angular momentum may be written as 


H=Hot+T.z=Tot+ V+T,z, 
where 
T = To(ri)+ To(r2) +2T o( 119), 


h?7 po 20 
To(r)=—-—|—+-—], r=n1, 72, or rie, 
2m Lor? ror 


h? retry —re rod 


1112 


Or,Ory2 


retne—ry 8 
OreOF 12 


TePi2 
* The research reported here has been supported in part by the 
Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command. 
1P. Pluvinage, Ann. phys. 5, 145 (1950). 


Here 7; and r2 are the distances of the electrons from 
the nucleus and rj. is the interelectron separation. 
The singularities in HW, are due to VW. Pluvinage 
avoided this undesirable feature by choosing as a 
trial function an eigenfunction of T>+V. This can be 
formed by taking the product of two ground-state 
Coulomb wave functions for charge Ze with arguments 
r, and re, respectively, and an s-state Coulomb con- 
tinuum function with argument rj2. Thus, he chose 


Vi (11,072,012) =Yre(11,Z Wie (12,2 oe“ F, 
where, with ad the Bohr radius, 


Vie(r:,Z) = const e~274/%, 
and where 


F=F(1+1/2ik, 2, 2ikrie) 


is the confluent hypergeometric function. The parameter 
k which characterizes the energy associated with the 
Z-independent Coulomb continuum function, e~*"F, 
is the only variational parameter. The calculation of 
the binding energy is then a variational calculation. 
In the choice of the form of the trial function, the 
cross-term kinetic-energy operator T, has not been 
taken into consideration. This is not unreasonable, for 
(despite the fact that since T, is a differential operator 
it is, formally, an unbounded operator) the effect of 
T, can be expected to be small. Thus, since the 
quantities which appear in 7, as multiples of the 
derivatives are bounded, and since V;, is differentiable 
and bounded, TV; is nonsingular. Finally, since V, 
is an eigenfunction of (7»+V), HV; is nonsingular, 
and one will expect some benefit to accrue from the 
use of W,. 


Il. A SIMPLIFIED TRIAL FUNCTION 


A weakness of the Pluvinage method is that one 
cannot evaluate the integrals analytically in closed 
form because of the presence of F. However, if we set k 
equal to zero, F simplifies, and ¥;(r1,72,712) reduces to 
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Vo(r1,72,712), where 
Vo=W1e(71,Z)W10(72,Z) (112/40) *J 121 (712/a0)*], 


where J; is a Bessel function. It is then possible to 
perform all of the integrations analytically. Now, 
while the choice of k=0 is not the best possible choice, 
it is at the very least a reasonable choice, for Vo is 
the lowest eigenfunction of T>+V. Further, Pluvinage 
found that the best value of & varies with Z approxi- 
mately as 0.15 (Z—1). Hence the choice k=0 should 
be particularly good for the H~ case, though it is of 
course also applicable for Z>1. ['The relative merits of 
the Pluvinage method can be expected to increase with 
decreasing Z, for the 1/r12 term in V is of greater 
relative significance the smaller the value of Z, and 
Pluvinage handles the 1/r,. term “better” than is 
usually done in that he incorporates it into that portion 
of the Hamiltonian which is used to determine the 
form of the trial function. Pluvinage compares his 
results with those obtained from a simple Hylleraas- 
type trial function (see ¥, below) for various values of Z, 
and the above expectation is borne out. ] The integrals 
which arise in the evaluation of the binding energy for 
the choice Wo can be thrown into the form 


s.-—f s" exp(—2Zs)J°(2is!)ds, 
0 


with n= 1, 2, 3. These are obtained by differentiation of 
Io, where? 
$0= (2Z)-,(1/Z) exp(1/Z); 


I, is a modified Bessel function of the first kind. The 
derivatives of J; can be expressed in terms of J; and J». 

Setting Z=1, we have, in Hartree units, (J7o9+V) 
= —}—3+0=-—1, and we find (7,)=0.502, so that 
(T,) is not in fact very small. The above values lead to 
a total binding energy of 0.498. 

Since the binding energy of the hydrogen atom is 
0.500, we have just fallen short of obtaining binding 
for H-. Since Pluvinage did not publish any value for 
H-, apparently one cannot prove the existence of a 
bound state for H~ with any value of k. On the other 
hand, the result 0.498 obtained from Wo which has no 
variational parameters can be compared with the 
result 0.473 for the Hylleraas-type trial function 


Vo(11,72) - expl— 7 (ri+12) J, 


which has one variational parameter, y. The correct 
binding energy to three figure accuracy is 0.528. 

It is then merely suggested that Yo may sometimes 
be preferable to VY; as a starting point for the determina- 
tion of a better wave function for calculations for 
which only moderate accuracy is required. (Though 


2G. N. Watson, Treatise on the Theory of Bessel Functions 
(Cambridge University Press, Cambridge, 1944), p. 395. 

3H. Bethe and E. E. Salpeter, Encyclopedia of Physics (Springer- 
Verlag, Berlin, 1957), Vol. 35, p. 241. 


AND M. 


1 i Oe eg 


it does not quite give a bound state, Wo itself might 
sometimes be useful, as in the choice of a trial function 
for singlet low-energy scattering of electrons by atomic 
hydrogen.*) For an improved trial function, one might, 
for example, try 


Voc (172,712) = (112/a0)~*J [27 (r12/ a0)! | 
X Lue (11,Z) re (72,2) 
+C{yr. (11,Z Wr (12,Z)+ (r1 - ro)} ], 


where y», is the first excited hydrogen-like state and C 
is a variational parameter. The correct spatial symmetry 
has been preserved. 

For the particular case of H-, the “improved’”’ wave 
function, Voc would not in fact be expected to effect 
any significant improvement. This can be seen by 
virtue of the fact that if 71, say, is fixed and small, the 
term 


(112/a0) J 127 (7112/0) * Wos(r2,1) 


extends to physically unreasonably large values of ro, 
so that the variationally determined value of C would 
turn out to be extraordinarily small. It should be 
remembered, however, that we are considering by far 
the most difficult case, that of Z=1. For values of Z 
greater than 1, Y2(r2,Z) will fall off sufficiently rapidly 
so that the above-mentioned difficulty will not arise. 
Though the calculation would be tedious, Yo¢ might 
then well be of some significant benefit. We will not 
consider the case Z>1. Actually, for Z>1, it is found 
that even Wo gives quite good results. The numerical 
results for Z>1 are given by Walsh and Borowitz,’ who 
performed the numerical evaluation of our k=0 modi- 
fication of the Pluvinage method, as given above, for Z 
up to 7. These authors were interested in the application 
of the Pluvinage method, and of our modification of 
that method, to systems of more than two electrons, for 
which the integrals over Bessel functions can probably 
not be performed. One of their major problems therefore 
was the development of simple but yet reliable approxi- 
mation techniques. (They also developed various exten- 
sions of the methods.) The reliability of some of these 
approximations was then studied through a comparison 
of the approximation values and the exact values of the 
integrals for the two electron cases, where the integrals 
can be evaluated exactly, as discussed in the preceding. 

Though trial functions with a small number of 
variational parameters built up from Wo will probably 
give a better result than trial functions of the Hylleraas 
type with the same number of variational parameters, 
the analytic simplicity of the latter may well more 
than compensate for this in any calculation in which 
one is aiming at reasonably high accuracy. For truly 
high accuracy, it definitely does not seem to be desirable 
to build up a trial function from Wo, since it does not 
seem possible to incorporate any further 712 dependence 

4S. Borowitz and H. Greenberg, Phys. Rev. 108, 716 (1957). 


5 P. Walsh and S. Borowitz, Phys. Rev. 115, 1206 (1959), and 
a paper to be submitted for publication in the Phys. Rev. 
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in a way which preserves the advantage of the Pluvinage- 
type function over the Hylleraas-type trial function 
and which still allows the integrations to be performed 
analytically. 

On the other hand, whatever the physical basis on 
which the Pluvinage function ¥, or Vo or Voc was 
originally introduced, it is possible to view these 
functions simply as suggestive of suitable trial functions. 
We will now consider two modifications of Vo. 

Firstly, we consider the trial function identical in 
form with Wo but with Z replaced by Z*, where Z* is 
to be treated as a variational parameter. In the 
Pluvinage approach Z* should be equal to Z, i.e., we 
should choose 1/Z*=1. (We are considering only H-). 
If the r12 dependence of Vo were dropped, the remainder 
would be the one-parameter Hylleraas function for 
which it is well known® that the best value of Z* is 
Z—5/16, i.e., we should choose 1/Z*= 16/11. We have 
found that the best value of 1/Z* for Wo is in the 
neighborhood of 1.1, a value much closer to 1 than it 
is to 16/11; this indicates that the inclusion of the rj» 
dependent factor in Vo largely accounts for the screening 
of one electron by the other. At 1/Z*= 1.1, we find that 
E<—0.5005. This of course proves the existence of a 
bound state with the use of only one variational 
parameter as compared to the need for two variational 
parameters’ with a Hylleraas-type trial function. On 
the other hand, the present calculation is considerably 
more tedious. 

As a second trial function suggested by Wo, we 
consider the trial function Wo with 71, r2 and 712 replaced 
by uri, wre and uri, respectively. Kinetic-energy terms 
are thereby changed by the factor u? while potential- 
energy terms are changed by the factor yu. The best 
value of the scale factor » is then found to be given by 

u=—}(V)/(T) 
where T=7o+T, and where the expectation values 
are with respect to Wo with w=1. Since (V)= —1.1197 
and (T)=0.6221, we find »=0.8999, which gives 
E<—0.503. Once again we have proved the existence 
of a bound state with only one variational parameter. 
Note that (7) has been cut down by the factor y’. 


III. PARTICLES ALL OF FINITE MASS 


The Pluvinage method is clearly not restricted to the 
case where one of the particles has an infinite mass. 
For the case of three particles with masses m,, m2, and 
m;, and charges Ze, Ze and Z;e, respectively, the 

® Reference 3, p. 233. 

7S. Chandrasekhar, Revs. Modern Phys. 16, 301 (1944). 
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Hamiltonian for the case of zero angular momentum 
reduces to 
H=Hot+T.=Tot V+T,z, 
where 
To = To, wt To, ast To, 31, 
h? 


2m; Or;;" 


To,53=- +— —, 


vi OF, 


Z Ze" ZL 3e" Z32e" 
V=——+——_+ 


’ 


ri2 
T,= Ts, wt die o3t+ V¢, 31, 
h? [a Liz" 


123 r31 


a? 


rs. "  aailiaeal maa 


| i, j, k cyclic. 
2m, 


TiKT ki ONO 
The coefficients m,; are simply the usual reduced mass 
coefficients, defined by 


1/m;;=1/m;+1/m,. 


This Hamiltonian holds for any system of three 
particles with zero total orbital angular momentum, 
which interact through Coulomb forces only. The 
Pluvinage approach can be used here in the same way 
as for the two-electron system. 

If Z; is different in sign from Z, and Z», we choose as 
our trial function 


Vo= € r13/@13g—723/023(71, ‘dy2) WT [ 27 (rie Qy2)! l 


where 
a,;=h?/(m,;|Z,Z;\e). 


We have considered as an example the ground state of 
the proton, proton, u~ system. This system is similar to 
those which have been of some interest with regard to 
the possibility of u-mesonic nuclear catalysis.* We 
neglect any non-Coulombic interactions. It is found 
that the kinetic-energy cross terms which involve the 
meson are so large that the results are quite poor. 
We obtain a total binding energy of 768 ev, as compared 
to the binding energy of the up system of 2519 ev, 
and a calculated® binding energy of the upp system 
of 2771 ev. It seems likely that Wo is useful for the case 
where two of the particles are similar, only if the 
particle of different mass is heavier than the other two. 
The method then would probably not give useful 
results for the H?*+ molecular ion. 

§ J. D. Jackson, Phys. Rev. 106, 330 (1957); T. H. R. Skyrme, 


Phil. Mag. 2, 910 (1957). 
® Cohen, Judd, and Riddell, Phys. Rev. 110, 1471 (1958). 
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Using an 18-parameter Hylleraas-type wave function containing only positive powers, a calculation has 
been carried out for the 2 *P state of helium by the Ritz variational principle. Breit’s reduction was used to 
convert the problem from six to three variables. The energy was minimized by the approximate solution of 
an eigenvalue problem. With this wave function the fine structure splitting was calculated. Our best wave 
function yields an energy 15.5 cm™ above the experimental value while the corresponding fine structure 


splitting is in error by about 1 part in 10%. All computation was carried out on an IBM-650 computer. 





I. INTRODUCTION 


ERY accurate calculations of the energies of the 
1s? 48 and 152s *S states of helium have been made 
recently.'~* It is now possible to consider the contribu- 
tions of relativistic and electrodynamic effects to the 
observed ionization energies in a meaningful way. These 
small effects must still be added to the large calculated 
nonrelativistic energy, however, before a comparison 
with experiment can.be made. 

In the *P states, the spin-dependent part of the theo- 
retical electromagnetic interaction of the two electrons 
can be compared directly with observed fine-structure 
splittings. Recent improvements in the experimental 
accuracy of the fine-structure measurements,‘ par- 
ticularly the direct observation of the splittings as 
radio-frequency transitions, have made such a com- 
parison possible to an order of accuracy including higher 
order electrodynamic corrections to the usual fine- 
structure formulas. 

The standard fine-structure expression is of order 
a’ ry. The recent study by Sucher® of the two-electron 
interaction by the use of the Bethe-Salpeter equation 
verified the usual a*® ry formulas and showed that the 
only spin-dependent term of order a’ ry is the expected 
a/ 2m Schwinger correction to the electron-spin moment. 
A calculation of the fine structure in a *P state, accurate 
to one part in a thousand, would reveal the correctness 
of the theoretical fine-structure expression to order a’ ry. 

The success of our calculations’ of the energy and 
electron-charge density at the nucleus with a 12-term 
Hylleraas wave function for the *S state encouraged us 
to attempt a calculation of the nonrelativistic energy 
and the fine structure of the 15s2p*P state of helium. 
We limit ourselves to wave functions of moderate com- 
plexity, i.e., up to 18 terms, which can be handled on 
an IBM-650 computer. 


* Work supported by the National Science Foundation. 

t Watson Laboratory Fellow. Now at Bell Telephone Labora- 
tories, Murray Hill, New Jersey. 

1 T. Kinoshita, Phys. Rev. 105, 1490 (1957). 

2 J. Traub and H. M. Foley, Phys. Rev. 111, 1098 (1958). 

*C. L. Pekeris, Phys. Rev. 112, 1649 (1958). 

¢ Brouchard, Chabbel, Chantrel, and Jacquinot, J. phys. radium 
13, 433 (1952). 

5 W. E. Lamb, Phys. Rev. 105, 559 (1957). 

6 J. Sucher, Phys. Rev 109, 1010 (1958). 


II, THE WAVE FUNCTION AND THE 
NONRELATIVISTIC ENERGY 


A. Mathematical Background 


Because the potential energy depends only on the 
three interparticle distances, the operation of rotation 
in space of the triangle of the three particles commutes 
with the nonrelativistic Hamiltonian. Therefore, the 
dependence of the wave function on the Euler angles is 
determined completely by the angular momentum, 
symmetry, and parity, and the Schrédinger equation 
reduces to an equation in three “internal variables.” 
Breit’ showed that the variational form of this equation 
for the 152 *P state is 


| OF, 2 OF, OF 5 OF 2 2 
af (xf) =a) 

i=1,2L \ Or; Or; Or; Or; 7 - 

2F? 2F,.? 2sin6 dF, 2 wa OF 


+++ +——-Fy; 


ry rs" ry 06 re 00 


..% OF ,\? OF, OF, /0F2\? 
en) (eee) 
ry? or? 00 00 06 00 


8m | 
+—(V—E)|F?—2F\F: cosé+F;? |] oe 0 (1) 
h? 


with the normalization condition 
fe- 2F iF cosé+- F*)dr= iL (2) 


where V is the potential energy, £ is the energy, and 
dr=ryre? sin6drydredé. (3) 
Here r; and rz measure the distance from the fixed 
nucleus to the electrons and @ is the included angle. 
The functions F, and F, are related by the equation 


Fy(r1,72,0) = F2(r2,71,8). (4) 
We replaced Breit’s variables by the Hylleraas co- 
ordinates s, t, « defined by 


s=nrtnro, 
l= —r+nro, (5) 
u=T)92, 


~ 7G. Breit, Phys. Rev. 35, 569 (1930). 
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where 72 is the inter-electronic distance. In these vari- 
ables the volume element becomes 


= fu (s°—f)dsdtdu, (6) 


where the numerical factor will be suppressed through- 
out. Equation (4) now becomes 


F,(s,t,u) = F2(s, —t, u). (7) 


Triangle inequalities imply —u<i<u<s<o, but 
symmetry considerations show that we can restrict ¢ 
to positive values and double the volume element. 

After introducing atomic units, the variational equa- 
tion becomes 

2\= (M—L)/N, (8) 

where M is the expectation value of the kinetic energy, 
L is the negative of the expectation value of the po- 
tential energy, and JN is the normalization factor. We 
employ XQ to indicate a variable which takes on the value 
of the energy E for the correct wave function. For 
example, 


v= f asf auf dt 
0 0 0 


x [u(s?—2)(F2+F 2) —2u(s?+l—2u)F Fy], (9) 


with analogous but more complicated expressions for 
Land M. 

To determine the form of our trial functions we note 
that the hydrogenic approximation for F; is 
Murie-Zire, 


(10) 
where Z, is the effective nuclear charge for the outer 
electron and Z; is the effective nuclear charge for the 
inner electron. In Hylleraas variables this becomes 


F,=} 


Fy =P) 


1 


2 (s—t)e ite tae! 
where 
K=$ZatZ;, wxo=—3Z,.+Zj. (12) 
We choose as our trial functions the generalizations 


Fy (s,t,u) = (ks,«l,xa), (13) 
where 


s,t,u) = (s—le*e >™ “a i(s,t,u), 
N.j=5;;(4,0,1,0,—0) — 2b,,(3,1,1,0,—0) + 
4 (—1)04 i caliiaeas scebeeeaes 
+[(—1) 





— 26;;(4,0,0,0, 
—4b,;(1,3 
+ (—1)etaf— 
+45,,(1,3 
+[(—1)%+ (—1)% ][ 20; (4,0,0,0,0) 


26;;(4,0,0,0,0) — 40; (3,1 
- 160;;(3,0,1 


: $H. A. Bethe and E. E. 
1957), pp. 158-159. 


Salpeter, Quantum 


2;;(1,3,1,0,—0) — 

2b;;(1,3,1,0,0) — 

vi-+ (—1)% ]f —b;;(4,0,1,0,0) + 28;;(2,0,3,0,0) +8;;(0,4,1,0,0) — 26;;(0,2,3,0,0) ], 

—o)+4b,;(3,1,0,0,—0) +168,;(3,0,1,0, —0) —328,;(2,1,1,0,—0) 

,0,0,—0) + 168;;(1,2,1,0,—o) + 20,,(0,4,0,0,— 

,0,0,0) + 168;;(3,0,1 

0,0,0) + 168;;(1,2,1,0,0) + 26;;(0,4,0,0,c) ] 

0,0) — 48, ;( 
+32b,;(1,0,3 


Mechanics of One and Two Electron Aloms (Academic Press, Inc., 


and 
Wi (stu) = sPitvingr 


for ~i,q:,7;:=>0 integers. Note that there are two non- 
linear parameters and m linear parameters to be ad- 
justed. Preliminary estimates of o and x can be derived 
from Breit’s® values of Z, and Z; and turn out to be 


o=0.57, «=2.535. 


With this choice of trial function, an upper bound on 
the energy is given by 


A= (KM —KL)/N, (14) 


where M, L, N are quadratic forms in the c; with matrix 
elements depending on o only. We define matrix ele- 
ments associated with these quadratic forms by 


L=> cie;Lij, 


i, j=l 


M=)> cic;Mi;, 


i, j=l 


N=>D ec;Ni;. 


i, fl 
B. Calculation of L, M, N 


All the integrals which appear in this paper are 
special cases of 


rs SeelsPLIyr 
B(p,q,7,m,w) = i asf auf arr le 
(s?—(?)™ 


We are interested in values of these integrals for m >0, 
r>—4, ~,¢g>0, w=-+0,0. Formulas are given in 
Appendix A. To calculate L, M, and N we need the 
integrals given by (A1) and (A5) in Appendix A. For- 
mulas were developed and the computer programmed so 
that by specifying trial functions and the value of o, 
matrix elements were automatically computed. 
Let 


B( pit pjtnp, Git gitng ritrj+n,, Mm, w) 


=b;;(np,Nq,Nr,mM,w). 


(16) 


(17) 
Then 


—b,;(0,4,1,0,—0) 
6;;(0,4,1,0,c) | 
(18) 


a) 
0,0) +32b,;(2,1,1,0,0) 


2,0,2,0,0) — 
0,0) — 


16b,,(1,2,1,0,0) 
2b;;(0,4,0,0,0)+48,,(0,2,2,0,0) ], (19) 
New York, 
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TaBLe I. Coefficients for the best 18-parameter function. 


10”* tai tricg 


Yi =sPitaurs 
1.0000000 
0.3682329 
0.8558912 
0.4964114 
0.7912829 
0.9620734 

—0.2614946 
—0.3473277 
0.6345387 
—0.3849701 
1.0557676 
—0.4373243 
—0,5114887 
—0.8403471 
0.0955936 
0.4888556 
0.3829940 
0.1349609 


SNM wWNHe 


on 
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vn 


| 
i) 


.1331015 atomic units* 
1.3419249x 105 


w 


® The “atomic units’’ employed in this paper correspond to Ryne. 


with an analogous but far more complicated formula for 
M;; with coefficients depending on the trial functions 
and a. 


C. Minimization 
We have to minimize 


A= (X*°M—KL)/N, (20) 


which is a function of o which enters in the matrix 
elements, x which appears explicitly, and the » param- 
eters c; which occur in the quadratic forms L, M, N. 

In our earlier paper? a descent and extrapolation 
method was employed to minimize . In early stages of 
the present project, an improved version of that method 
involving automatic-machine extrapolation was used. 
For eighteen parameters, however, the machine’s 
memory was not large enough to use this method, and 
the method described below was employed. 

The condition dA/dc;=0 implies 


n 


> (2M j—KLi;—AN,,;)c;=0, 


j=l 


(21) 


1=1,2,---, 9. 


Let o be considered fixed in the following discussion. 
Choose ¢,= —1. Insert trial values of \=Xo and x=xko. 
Remove the last equation to arrive at a nonhomogeneous 
system of m—1 equations in n—1 unknowns. Letting 
Djj=M ;;—xLjj—dN jj, the system may be written as 


(22) 


> Dicj=0, i=1, 2, ---,n—1. 
j=l 


This system of equations is then solved. 
Consider now the normalized solution 


(1,v2/01,°+ +, —1/01)= (c1,02,° - + Cn). 


AND 


H. BM. FOLEY 
If Xo is an eigenvalue of the system of algebraic equa- 
tions, the last equation of the original set is also satisfied 
and we have 

> Dijc;=0, i=1,--- (23) 


j=l 


If Ao is not the eigenvalue, then 


> Dij6;=S int n, (24) 


j=l 


where 6;, is the Kronecker symbol and where the re- 
sidual 7, is a measure of the error in our approximate 
eigen value. Keeping « fixed and varying A, we can make 
r, as small as desired. In practice, the second choice of 
\ can be used to reverse the sign of r, and then the A 
chosen by interpolation on r, is usually the desired 
for a fixed x. 

We now vary « and repeat the process till we have x 
and \ chosen so as to minimize (20). This enables us to 
find the best energy for a given oc. Finally o is varied 
and « and ) are determined for each value of ¢. When we 
are finished we will have minimized \ as a function of 
our 2+2 parameters. 

To verify that we are indeed approaching a minimum, 
VA is calculated and compared with the zero vector. To 
convince ourselves that there was no significant round- 
off error, some of the calculations were carried out en- 
tirely with double-precision arithmetic. We found that 
this did not affect the energy value. 

It is important that o be varied as few times as 
possible. Each time that o is varied our integrals and 
matrix elements must be recalculated. This costs some 
thirty hours of machine time. 

Table I gives coefficients for the best 18-parameter 
function while Table II gives 2- and 4-parameter co- 
efficients useful for check-out purposes to anyone re- 
peating this investigation. 


III. CALCULATION OF FINE-STRUCTURE 
SPLITTING 


The wave functions obtained above were employed 
to calculate the expectation values of the fine-structure 
operators, which are the operators H; and H; of Eq. 
(39.14) in reference 8. The arrangement of the levels 
and notation for the transitions is shown in Fig. 1. 


1 Vi =sPitaiurs 107# +86 +96C¢ 


2 parameters 4 parameters 


1.00000000 
—0.0471447 
0.1169497 
0.1837811 
0.57 
2.57 
— 2.131776 a.u. 
5.845328 X 104 





1.00000000 
0.00328923 


0.57 

2.55 
—2,131072 a.u. 

6.025406 X 10* 
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The relative positions and of the levels are governed 
by the two quantities C and D according to the relations 


Avo2= —3[C+D], 
Avy2.= —2[C-D], (25) 
Avo1= Avoo— Arya, 
Fic. 1. Schematic energy-level 


and which Breit® showed are given, for this state, by — 2%P helium (reference 
5, Pp. e 


(26) 





in which 











1 
- ers cosé 4 


re 


F een —F, igianed 


1 
1 OF; OF, 5= | —[2(aa+68)?— (aB—ab)* |dr, (29) 
)( ; ) sna |r uo 
00 00 


1 
where a=F'\—F; cosé, b=F 2 sind, a=r,—r2 cos, and 
, ae aoe ie Os B=re sind. 
-3 f=] ret re—2ne, cos6-+—F2(Fi—Fs cos6) In Hylleraas variables and with the present wave 
. om functions, we must calculate 


1 OF; OF, " _— e 
+—F,(F,—F; cosé)+4 sin (Fe —— F,— ) C= («8/N) (c?/2)Ruey, (30) 


r or, On, 
D= —3(x*/N) (a?/2)Rued, (31) 


m OF, OF, To. Ty OF, OF, 
~~ Py ——F - “+ Pa Fo——F where a is the fine-structure constant, and y and 6 are 


Ore Ore % 8% 00 00 


quadratic forms with matrix elements defined by 


Ts € n 
xcoto= ("4 rvra| lar, (27) 7,= p CiCj7V ij, 


r\ 12 i, j=l 


3p eh 7 n 
|—] 6, (28) b= DY ccbr. 
5L4armc i,j=l 
Vij = 6b;;(3,1,— 2,0, — 7) — 60;;(2,0,0,0, — 7) — 6;;(1,3, — 2,0, —7) + 168;;(1,0,1,0, —o) 
+6b;;(0,2,0,0,-—0)+16d;;(0,1,1,0,—0) 
+[(—1)%+ (—1)%][ —68,;(2,0,0,0,0) +68,;(0,2,0,0,0) ] 
+ (—1)%+af —60,;(3,1,—2,0,0) — 66,;(2,0,0,0,0) +60; (1,3, — 2,0,0) + 160;;(1,0,1,0,c) 
+66;;(0,2,0,0,0) — 168;;(0,1,1,0,c) ] 
+[(—1)%+ (—1)%][30d;;(5,2,— 2,1,0) — 30d;;(5,0,0,1,0) — 308;;(3,4, — 2,1,0) + 300;;(3,0,2,1,0) 
+ 3b, ;(1,4,0,1,0) —30d,;(1,2,2,1,0) ] 
+[(—1)%— (—1) [3 (qi—¢,)b:;(5,1,— 2,1,0) — 3 (gi—g,) (5, — 1,0,1,0) 
—3(pi— pitgi— ¥j)bi;(3,3, —2,1,0) +3 (pi— p;)b;;(3,1,0,1,0) 
+3(qs—9,)bi;(3,—1,2,1,0) +3 (pi— pb; (1,5, — 2,1,0) +3 (gi—9,)i;(1,3,0,1,0) 
—3(pi— pj +gi—qy)bi;(1,1,2,1,0) —3 (pi— p,)d;;(—1,5,0,1,0) +3 (ps— fbi, (—1,3,2,1,0) ] 
+[(—1)%+ (—1)][ —16d;;(5,0,1,2,0) — 640,,(3,2,1,2,0) 
+32b;;(3,0,3,2,0) —480;;(1,4,1,2,0) + 968,;(1,2,3,2,0) ] 
+[(—1)%— (—1)%][ni—1; J — 240,;(4,3, — 1,2,0) + 240;;(4,1,1,2,0) +326,;(2,3,1,2,0) — 246,;(2,1,3,2,0) 
— 8b; ;(2,5,—1,2,0) +8b;;(0,5,1,2,0) — 86,;(0,3,3,2,0) ]. (33) 


9G. Breit, Phys. Rev. 36, 385 (1930). 
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6;= 3b;;(4,2,—4,0,— a) 


AND 


H. MM, FOLEY 


—b;;(4,0,—2,0,—c) — 46;;(3,1,— 2,0, 7) —3b,;(2,4,—4,0,—2) 


+ 3b,;(2,0,0,0, —0) +46,;(1,3, — 2,0, -—) +4,;(0,4, — 2,0, -—0) — 38,;(0,2,0,0,-—) 

+ (—1)%+4i[ 35,;(4,2,—4,0,0) —,;(4,0, — 2,0,0) +4,; (3,1, — 2,0,0) — 3b;;(2,4,—4,0,0) 

+ 3b;;(2,0,0,0,0) — 48;;(1,3, —2,0,0) +8,;(0,4, — 2,0,0) — 36,;(0,2,0,0,0) ] 

+[(—1)%+ (—1)“][—3b,,;(4,2, —4,0,0) +8,;(4,0, — 2,0,0) + 38,;(2,4, —4,0,0) +.4,;(2,0,0,0,0) 


lor the calculation of C, the integrals that occur are 
given by (A1), (A4), (A5), (A6), (A7), (A8). For the 
calculation of D, (A1), (A2), (A3), (A4) are required. 

Note that C contains (A8) which has a singularity of 
form lim;.o,£;(¢) and that D contains (A2) which has 
a singularity of form lim;.o, In¢. One can verify that 
whenever these formulas appear in our calculations, the 
structure of the matrix formulas and integral formulas 
are such that the singularities cancel out identically. 
In the numerical work, these singularities are therefore 
ignored. 


IV. RESULTS AND DISCUSSION 


The nonrelativistic energies for various numbers of 
parameters are shown in Table IV. Although the energy 
is rather sensitive to the value of o for a wave function 
of very few parameters, Table III, there is virtually no 

TasBLe III. Dependence of energy on o for small number of 
parameters. Energy entries are in atomic units. (s—¢)e~**e~#* has 
been suppressed from wave functions. 


o\F; 1 

5 — 2.1303 
7 — 2.1307 
9 — 2.1303 


otc 

—2.1317 
— 2.1313 
— 2.1305 


cites +cat +cau 
— 2.1318 
— 2.1318 
-2.1317 


0. 
0. 
0 


TaBLE IV. Summary of nonrelativistic energy calculations. 
Difference with ex- 
periment in cm™ 
—2.1 520.5 
— 2.131831 294.3 
— 2.132519 143.; 
— 2.132820 77. 
—2.1 
—2.1 
—2.1 


No. of pa 


rameters énergy in a.u 


308 


Calculated by 


Breit 
Authors 
Authors 
Authors 
Authors 
Authors 
Experimental 


32971 44. 
33102 a5. 
.133172 0. 


oa bij (0,4, rite 2,0,0) ‘ae bi; (0,2,0,0,0) } (34) 





dependence for a larger number of parameters and there- 
fore the comparisons in Table IV are made with a fixed 
value ¢=0.55. From Table IV, it is clear that the con- 
vergence of the energy toward a limiting value, with 
increasing number of parameters, is very slow. For the 
152s *S state it was evident, already with 12 parameters, 
that one was within a very few wave numbers of a 
limiting energy value. In the present work, however, at 
the 18-parameter stage we calculate an energy which is 
still 15.5 cm~ above the experimental value. The rela- 
tivistic and ‘“‘mass polarization” terms which are esti- 
mated to contribute less than 5 cm~ are not included 
in Table IV. 

The slow convergence of the energy value and the 
still sizeable gap between calculated and observed 
energies at 18 parameters must be considered dis- 
appointing. No systematic study was made of the 
degree of sensitivity of the energy to various kinds of 
terms in the wave function. Quite possibly a different 
choice of trial functions would have yielded a better 
energy for the same number of parameters. 

The fine structure has been the principal subject of 
interest in this calculation. Results for various numbers 
of parameters and those of previous calculations are 
shown in Table V. Since Av. is the difference between 
two nearly equal calculated terms, the comparison with 
experiment is probably most meaningful for the quan- 
tities C and D defined above. It will be noted that an 
increase in the number of parameters brings the calcu- 
lated values of C and D steadily closer to the experi- 
mental values. For our best wave function, the dis- 
crepancy is about one percent, which is substantially 
greater than the experimental error. We note that the 
“error” in our nonrelativistic energy is about 40 parts 
in 10°, From the usual estimate of accuracy of a varia- 
tional wave function we can expect the value of an 


TABLE V. Summary of calculations of fine structure. 


No. of pa- 
rameters Energy in a.u. 


1.01 

1308 1,119 

131831 1.09249 
132519 1.08664 
.132820 1.08921 
Jl 
1 
Jl 


0.07 
0.142 
0.125056 
0.108248 
0.101958 
0.088114 
0.083352 
0.0765 


32971 1.06946 
33102 1.06855 
33172 1.0645 


18 
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« G. Araki, Proc. Phys. Math. Soc. (Japan) 19, 128 (1937). 
> See reference 9. 
¢ See reference 4. 


Avoz Avie Avo 


0.94 

0.977 
0.967434 
0.978392 
0.987252 
0.981348 
0.985198 
0.988 


Calculated by 
Araki® 

Breit 

Authors 
Authors 
Authors 
Authors 
Authors 
Experimental*:4 


6 D 
—0.186 —0.151 
—0.222 —0,.151 
—0.213345 —0.150817 
—0.208169 —0.154045 
—0.207025 —0.156046 
—0.200271 —0.156214 
— 0.198930 — 0.157254 
—0.1965 —0.1583 


4], Wieder and W. E. Lamb, Phys. Rev. 107, 125 (1957). This paper reports a very accurate measurement of Aviz, Their result is Avi2 =0,076443, Since 


this was the only splitting reported, C and D could not be calculated, 
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operator such as the fine structure to be no better than 
about 7 parts in 10° which is approximately the ac- 
curacy achieved. 

The degree of agreement with the experimental fine 
structure found in the present work is sufficient to 
verify the a ry terms but is not precise enough to deter- 
mine any discrepancy in the a’ ry terms. A wave func- 
tion accurate enough for this purpose would presumably 
yield a nonrelativistic energy within about one part per 
million of the true energy. 
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APPENDIX A 


In this Appendix we give formulas for the integrals 
which appear in this paper. All integrals are of the type 


s ~sevtsPyayr 
B(p,q,r,m,w) = J asf du fat : 
(s? 2m 


We need consider only the cases p>0, g>0, m>0, 
r>—4, w=-+0, 0. 
The following functions appear in the formulas. 
Pe 
ris f —dx, 0<i<oa. 
, 2 
Note that 
lim Ei() =~. 
t—0+ 
van= f ett» Ei(t)dt, B<1, n=integer. 
For 80, 


i an= | (-1 In(1—£) 


n B 1 
+(-9 E(-1(— ) | 
i=1 1—8 1 
Y (0,n) =n!/(n+1). 


We list the integrals which are needed. Let 
v=pt+qtrtz2. 
(1) Integrals of Type m=0 
For r~ —1, p+r+1>0, g+r+1>0: 
B(p,q,7,0,w) 
ptr+l 


1 (v—1—j)! 
wooed (be) See 
1 0 (ptr+i—j)!\1—w 


p (v—1—7)! 
pe 


STATE 


B(p,q,7,2,0) = 


OF He 


For r~ —1, gtr+1=—1, pt+r+120: 


B(p,q,7,0,w) 
dill j)! (— 
(p- tr+1— j)! 


pl (y—1— 7)! 1 hy 
—p!>d ( ) — p! lim Ei() } (A2) 
i-0 (p—j)! 1—w (0+ 


For r~—1, p+r+1=—1, g+r+120: 


1 | _ ptr+l 
pprenes ey 2. 


y=0 


Bi p,g,7,0,w) 


1—w 


r+1 
—1, 0,w) 


i-0 (p—j)! 
B( p,q, 
p-1 j (q+)! 1 atk+t 

i (— -) +a} (A4) 
j=0 k=o R! (j+1) 


(2) Integrals of Type m=1 


a 
= P| 


For r>0: 


(ptqtr)! 


B(p,q,7,1,0) =— fou re (—1)") 


qtr 1 ) 1 
+ ¥ - ¥ 
k 1 (k odd) g+-r+1—k k=l (k 


(A5) 
odd) k 


For ptq22: 
B(p,q, —2, 1,0) 
oe 
= Pe a In2+ > - mi I" 
j=l a 
For p+q—-120: 
T° 
B(p,q, —1, 10)= (p+ q~1)} [1+4 
12 


(A6) 


(—1)*] 


q Ey 
-41E C1+(-e*)(—) }. can 
p=2 B—1 


(3) Integrals of Type m=2 
For p+tq+r—22>0, r>0: 
(p+q+r—2) 


rH om 


—3(—1)*[g—1+(—1)"(q+r)] In2 


q-3 q+1 
> 
j=l (j odd) gq—j—2 


qt+r—2 k+1 | 


‘ k=l o+r+i—a) 


lim Ind 
t—0+ 


+4(—1){1+(—-1)"J+} 


(A8) 
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1 p (v-1-j)!/ 1 \r4 
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A recent reformulation of the theory of electron scattering by atoms—in which those scatterings, real 
or virtual, that leave the state of the atom unchanged are separated off from the remainder—has been 
generalized to include the effects of the Pauli principle. The case where the Hartree approximation suffices 


to describe the atom is considered in detail, including a calculation of the 


order. 


1. INTRODUCTION 


a; ENTLY, a new method was introduced for 

handling atomic scattering problems.'! The novel 
element was a rearrangement of the perturbation series 
for scattering so that a “scattering potential” was 
obtained for all interactions not changing the state of 
the atom. The scattered particle was assumed not to 
be an electron, so there was no need to consider the 
Pauli principle. 

The purpose of this discussion is to extend the method 
of I to include the effects of the Pauli principle; that is, 
we now assume that the scattered particle is an electron. 
Previously, methods have been developed for handling 
exchange corrections for electron-atom scattering 
within the framework of the Hartree-Fock approxima- 
tion.?:* From such studies one concludes that although 
exchange corrections are not of paramount importance 
for scattering by heavy atoms, they are not really 
negligible, at least for low-energy scattering.‘ 


2. SCATTERING OF A PARTICLE BY A SYSTEM 
OF SIMILAR PARTICLES 


We consider the scattering of an electron by a 
neutral atom having z electrons. The essence of the 
Pauli principle is that all the electrons are equivalent, 
so we shall adapt our notation to express this symmetry. 

Thus, we label the electrons 0, 1, Then, with 
Pi, X, as the momentum and coordinate operators for 
the /th electron, and >>, meaning an unrestricted 
summation from 0 to z, the Hamiltonian is® 


H=K+VwtV, 


K=>, Ki=>i(p2/2m), 
= Di ww(xs)= Dil— (2e*)/|x:| J, 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1M. H. Mittleman and K. M. Watson, Phys. Rev. 113, 198 
(1959). This paper will be referred to as I. 

2 John C. Slater, Phys. Rev. 81, 385 (1951). 

§ Aaron Temkin, Phys. Rev. 107, 1004 (1957). 

4 Hammerling, Shine, and Kivel, J. Appl. Phys. 28, 760 (1957). 

5 The discussion that follows may be generalized to include spin 
interactions by merely including the appropriate terms in the 
vj and Vy. 


(2.1) 
where 


“scattering potential” to second 


9 
e 


y= } i4;= om Se 


i<j i<j |x;—x,| 

When an arbitrary electron, say the /th, moves 

freely while the remaining electrons are bound to the 
nucleus, we shall write the Hamiltonian as 


Hi=hy+Ki. (2.3) 


Here, K; has been defined above, and we have 


i= 20 (Keto) }+ 0° 0, 


i<j 


(2.4) 


where >>“ means summation from 0 to z excluding /. 

The Hamiltonian H, differs from H by the interaction 
between electron / and the rest of the system. Calling 
this interaction V;, we have 


H=H,4+9,, 
V.=0n (x) +L va=ow(x)+Vi, 


thereby also defining V;. 

We turn now to the definitions of the basis eigen- 
vectors of the problem. If we assume that electron 0 
is the incident particle, the atom is described by the 
Schrédinger equation, 


hon= W non, 


where ¢,(0)=@, (x1: --%,) is the (antisymmetric) eigen- 
vector and W, the energy belonging to the atomic state 
n. To simplify the notation, we shall assume that the 
electron-spin variables are included with the coordinates 
x; by writing xj, etc. 

If electron / is incident, we operate on Eq. (2.6) 
with @o, the operator that interchanges electrons 0 
and /; because we have 


hi= PohtoPo1, 


(2.5) 


(2.6) 


we find 


he, (l)=Wdn()), (2.7) 
where ¢$,(1)= Porn=On(41° * -X0(1)- ++ x2). The symbol 
xo(l) indicates that x9 now occupies the position formerly 
belonging to x;. 


920 





SCATTERING OF 
The eigenvector that describes electron /, moving 
freely with energy €po= po?/2m, is  po(x1), where 


K 2 po( x1) = € pod vo(21), (2.8) 
and 


(x1|\ po(a1))= (2ar)~fe'Po-, (2.9) 


For the system comprising an atom plus the /th 
electron incident moving without interaction, we have 
the description 


(2.10) 


H,| pono)i=E| pono), 


with 
E =€ pot W 0, 


and 


| pono):=r po(xp@ no(L) 
=) po(x1)o noX1° ‘ -xo(1)- a 3 


We observe that 
Hi= P oH oP 01, 


so that, as expected, 
| pn):= Por| pn)o. 


Finally, the Schrédinger equation, 
interactions, is 


including all 


(E—H)v=0. (2.12) 


Here, WV is antisymmetric in all pairs of electrons. 

A boundary condition must be added to Eq. (2.12), 
to fix VW uniquely. The physics of the problem dictates 
the boundary condition: as x; approaches «, for / 
arbitrary, VY approaches the asymptotic form 
y ~~ bi porto) 

ze 


( 


+ (electron / outgoing scattered waves). (2.13) 


(1=0, «++2) 


Here, pono labels the incident wave, while the factor 6,, 
given by 

1=0. 
1X0, 


j= 1 for 


2.14 
=—1 for ( ) 


insures that the first term of Eq. (2.13) is antisymmetric 

in all pairs of electrons. We should, perhaps, write V as 

WV pono, to show which incident wave is the source func- 

tion, but we prefer to leave the subscripts understood. 
The basis vectors | p7)o are orthonormal, 


o(p’n' | pn)o= Sppbnn’, 
and form a complete set for the expansion of any vector, 
e.g., L(xo;%1°::«2), which is antisymmetric in any 
pair x1---x, but has arbitrary symmetry in 2: 
L (x0; 1° + *%2)= QL pn| pn)oC pn. 


In what follows, we shall often wish to form anti- 
symmetric expressions from the |pm)o. This can be 
accomplished by using the 6; defined above and the 
Po: defined previously. For example, let (xo; «1° + 2) 
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be symmetric in any pair x---x, but of arbitrary 
symmetry in 9. Then, if ¢(«,:--x,) is antisymmetric 


in any pair of variables, it is easily verified that 
f (xox1+ + + %2)= D016: Po (x0; x1° + x2) (41° + Xz) 


=). 5:0 (x1; a 1° +-Xo(L)+ + +42) 
Xo(x1- + -x(1)- ++ x,) 


(2.15) 


is antisymmetric in any pair of its +1 variables. 

The use of W to calculate scattering cross sections 
has been discussed by Takeda and Watson,* who show 
that since V is antisymmetrized we need calculate the 
flux of scattered “0” electrons only. That is, all particles 
enter the problem symmetrically, hence each particle 
has the same flux, and the total flux is z+1 times the 
flux of any one. This holds for both the incident and 
scattered fluxes; therefore, since only the ratio appears 
in the cross section, this may be computed by calculating 
the flux of particle 0 alone. Or, we may regard 0 as a 
distinguishable particle in obtaining the scattering 
cross section from ¥. 

The flux of “0” electrons scattered is calculated from 


lim > | pn)o o(pn|W), (2.16) 


ry pin 


where V contains both incident and (outgoing) scattered 
waves. The contribution of the latter to Eq. (2.16) is 


_ Ds n (ef nee ‘x9) ie (Loon, 


where labels the atomic state, k, is the momentum 
carried by the scattered particle, T, is the scattering 
amplitude, and #9 is the unit vector in the direction of 
Xo. Let the incident flux of “0” electrons be po/m; 
then the scattering cross section for leaving the atom in 
the state n is 


(da/dQ) = (Rn/po)S| Tn (40) |2, (2.17) 


where S represents the appropriate sum and average 
over final and initial spin states. 

It is apparent from Eq. (2.16), that we may obtain 
the cross section from 


V(pn)=o(pn|V). 


That is, we may use a representation that treats 
particle 0 as distinguishable from the other particles. 
(It will turn out to be a matter of practical convenience 
to use this representation.) 

Because VY is antisymmetric, the function (pn) 
satisfies a number of important symmetry relations. 
Indeed, these represent sufficient conditions that a 
wave function has been obtained that is consistent with 
the Pauli principle. First, we have, for /=0, 1, 2, -+-z, 


o(pn|V)=511(pn|V). (2.18A) 
From this, we find trivally that, for 7, J=0, 1, 2---z, 
(2.18B) 


(2.18) 


j(pn|V)= 5,5:.(pn| WV). 


® G. Takeda and K. Watson, Phys. Rev. 97, 1336 (1955). 
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From (2.18A) we obtain the important relation 


DL s(pn| p'n')b(p'n') =6 6) (pn). 


p'n’ 


(2.18C) 


When it is sufficient to use Hartree wave functions 
as approximations to the ¢,, we can considerably 
simplify our formulas. Let, then 


1 
on= = ; pe €(P)Pgri (x1) hes *£v_(X,). (2.19) 
! 


(z!) o 
Here & is a general permutation of the x’s, and e€(@), 
as usual, is (+1) depending upon whether the number of 
interchanges is even or odd. The g’s are single-particle 
Hartree orbital states, and the index m refers to the set 


(y+ + +5). 
An operator that projects onto the Hartree orbital 
states may be introduced: 


(p"|A, | p)= {Ap (x0), [go(x0)g,* (x0) Ap(x0)} 
= (Ap |B») {g|Ap)- 
Then, in an obvious notation, we obtain 
Lp (p'|A, | py (pn) =0, 


if the Hartree orbital state v is contained in the set n. 
The operator 


(2.20) 


(2.21) 


AO= > A, 


= " 


(2.22) 


is a projection operator on the set of orbital states in n. 
In Eq. (2.21), A, and y may be regarded as operators 
in the space of functions n. In this sense, Eq. (2.21) is 
equivalent to the operator equation, 


AY=0, (2.23) 


The wave function 
(pn| WV) (2+-1)45, (pn| Vv) 


has recently been used, by Coester and Kummel,’ 
in a context similar to ours. These authors, however, 
did not discuss means of actually satisfying the sym- 
metry conditions (2.18 A, B, and C). 


3. DERIVATION OF THE SCATTERING EQUATION 


We shall now follow the argument of Takeda and 
Watson® to devise a formally correct integral equation 
for the scattering problem. This is easily done—the 
major task confronting us is to show how this equation 
may be used. 

Let us first introduce several quantities: 


a=E+in—H, 


3.4 
a,=at+V=E+in—H1. on) 


7 F. Coester and H. Kummel, Nuclear Phys. 9, 225 (1958). 
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Next, a set of wave functions WV; is defined by 


1 
V,= | pono): +—V (3.2) 


a 


The wave function Y; represents the scattering of the 
lth electron by an atom containing the remaining 
electrons. Clearly, in YW, the /th electron is treated as 
distinguishable from the others. Thus ¥ has the 
symmetry properties of the [Q¢] used in Eq. (2.15). It 
follows then that the correctly antisymmetrized wave 
function WV for the problem is 


w= 16M. 


Having once obtained the W;, the correct wave function 
is easily constructed. The scattering cross section is then 
obtained by the use of the arguments associated with 
Eqs. (2.16) and (2.17). 

It is of interest, however, to obtain a single integral 
equation for W itself. To do this, we first write Eq. (3.2) 
in the form 


(3.3) 


a¥ ;=a;| pono). (3.4) 


We then multiply by 6; and sum over all / to get 


a = >> 1 5:a;| pono), (3.5) 


V=eot (1/a0)Vov. (3.6) 


Here we have 


€o= 201 61(1/a0)ay| pono): (3.7) 
= | pomo)o— 21 (in/ao)| pono), oF 
because 
4,| pono)i= in| pono):. 


From this derivation, one sees that Eq. (3.6) is 
actually independent of the choice of 0 as the subscript, 
and that any other choice, /, would lead to an equation 
of identical form. 

Equation (3.6) may be rewritten in the representation 
of Eq. (2.18): 


(pn) = o(pn|eo)+[1/ao(pn) ] o(pn|Vov). (3.8) 
Here we have 
do(pn)=E+in—W,— (p?/2m), (3.9) 


which is, of course, independent of the subscript 0. 

One may readily verify that the integral Eq. (3.6) 
[or the equivalent Eq. (3.8) ] generates, by interation, 
the properly antisymmetrized V. Also, the advantage of 
employing (1/ao) as the propagator is apparent, since 
this is diagonal in the representation Eq. (3.8). This 
advantage was obtained at a considerable price, 
however, because now neither eo nor (1/a9)Vo¥ is 
individually antisymmetrized. [This may be easily 
seen, for instance, by observing the form (2.18C) for 
the antisymmetry condition. ] Equation (3.6) also has 
a singular behavior when the limit 7 — @ is taken. 
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An immediate simplification of Eq. (3.8) is possible 
in the approximation that the atomic nucleus has a 
mass very large compared to m: 


o(pn| vv (xo)¥)=X p (plow | p’)o(p’n), 
(p|on| p’)=CAp(xo), vw (x0)Ap (x0). 


The sum over all values of (p,m) in intermediate 
states counts each antisymmetric state (2+1) times, 
as is well known. [Alternatively, we may say that a 
physical state (pm) may be obtained by putting any 
one of the (z+1) particles in the state p, the remaining 
being in the atom. ] This complicates sums over virtual 
states unless one uses considerable care. 

Now, the potential V» in Eq. (3.8) may be multiplied 
on the right by any projection operator onto the 
antisymmetrized subspace for the (z+1) electrons. It 
will prove convenient to replace Vo by 


Uo=Dj vojL (1— Po;)/2], 


where we define @oo to be the unit operator. Clearly, 
we have 


(3.10) 
where 


(3.11) 


2(1— Po) V=¥, 


so Eq. (3.8) is unchanged on replacing Vo by Uo. We 
may now drop the factor of } above if we restrict 
intermediate state sums so that the states of the pair 
(0,7) are not counted twice. With this understanding 
we replace Eq. (3.11) by 


Uo=j 20;(1— Po;). (3.12) 


We emphasize that Eqs. (3.11) and (3.12) are entirely 
equivalent. Equation (3.12) is more convenient, 
however, since we do not wish to distinguish between 
the states of a scattered pair of electrons (0,7). 

Now we may write Eq. (3.8) as 


W=eot (1/a0)[Uoton (x0) ©. 


In matrix from this is 


(3.13) 


1 
¥ (pn) = o(pn|eo)+ > - ——[o(pn| Uo| p’n’)o 
p’n’ ao( pn) 


+ (plon| p’)bnn’ W(p'n’). (3.14) 
The convention for carrying out intermediate-state 
sums that was introduced in connection with Eq. (3.12) 
must be kept in mind. 

To proceed, we follow the method of I. Equation 


(3.13) may be written as 
W=FYV¢, (3.15) 


where 


1 
Vo=eo+¢—VWe, (3.16) 


ao 


1 
F=1+- [Uotvn (x0) - UO IF, (3.17) 


dy 


ELECTRONS BY 


NEUTRAL ATOMS 
and 
dg=an— UO. 


As was shown in I, the function (3.15) satisfies 
Eq. (3.13) for an arbitrary 0. Again, as in I, we shall 
impose on the “potential” U® the condition that it be 
diagonal in the states of the atom. The actual form 
chosen for 0 will be given presently. 

To simplify Wc, we rewrite Eq. (3.16) as 


Vo= (1/do)aveo 
= (1/do) 321 610;| pono): 
= (1/do) Libido, 
where 
di= PodoP a1, 
and 
Vo = (1/di)ai| pono): 
= | pono)it (1/a)0OVWe™. 


Because U is diagonal in the appropriate set of 
states m, we conclude that 


(3.20) 


VO = Po iX po(Xo) no(Xy 5 *Be ), (3.21 ) 
where 


[Kot V o ]x po(Xo) = €oX po(Xo). (sca 2) 


Here Uo is the matrix element of 0 associated with 
the atomic state mo, and X po is that solution of Eq. (3.22) 
which has outgoing scattered waves: i.e., 

X po(%o) =A po(xo)+ (outgoing scattered wayes). (3.23) 
Physically therefore, X po(xo) describes the scattering 
of particles 0 by the equivalent single-particle potential 
V9. 

Returning to Eq. (3.18), we introduce the quantity 


A= d,—do= (Vi-V) — (Vo—0)._——(3.24) 


Substituting for d; into Eq. (3.18), we obtain 


Vo=>d) 6VeO+>D, 61(1/dp)AWe™. (3.25) 


With a convenient choice for the potential 0, we 
now have a definite perturbation prescription for 
evaluating VY. We may anticipate that A,, which arises 
only because of the Pauli principle, will often be small. 


4. SIMPLIFICATION WHEN ATOMIC STATES ARE 
DESCRIBED BY HARTREE WAVE FUNCTIONS 


For many scattering problems, such as we are 
considering, the properties of the scattering medium 
may be specified with much less accuracy than is 
required for the wave function of the scattered particle. 
The reason for this is that frequently only the state of 
the scattered particle is observed in any detail. For 
example, Hartree states often may be used for the 
scattering medium, even when such an approximation 
for the scattered particle would be very inaccurate. 
(We note that, in practice, Hartree wave functions 
are usually the best available!) 
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In this section, we shall therefore assume a Hartree 
model for the atom in order to simplify the scattering 
equations of Sec. 3. We may, if desired, use any model 
of the atom for the final equations that we shall derive. 
This is reasonable, because the Hartree assumption is 
used only to derive exclusion-principle corrections to 
the theory of I. 

We shall first note that it is desirable to choose 
L™” so that X po represents the actual elastic scattering 
of the electron by the atom. When 2p is large, we have 


e' Pozo 
lim X p( xo) =e'Po x04. __ fe, 
rym . 
1a) 
so the differential cross section for elastic scattering 
by the atom is 
(da/dQ) a= | fe\?. (4.1) 
To achieve this we extend the definition of the X, 
to include the bound Hartree orbital states g,. Let 


[Kiton (x) +B ]g, (x1) = b,g, (21) 
determine the g’s where B is the Hartree potential. 
Let us next impose on U0 the condition that it have 
the form* 

V = (1—A) 0+ AL BO+ vy (x0) ], 


where A® is defined by Eq. (2.22). Equation (4.3) 

ensures the orthogonality of the X, and the g,: 

(¢,(x0), {Kot (1—A°)O +A BO + vy (x0) ]}X p(%0)) 
= b,(gy,X p) = €p(2y,X p)- (4.4) 


(4.2) 


(4.3) 


Since we have 6,<0 and ¢,>0, the orthogonality 
follows.® 
We shall now define our Hartree approximation. We 
suppose the 0, as defined by Eq. (4.3) etc. are the 
Hartree potentials. This means that we must replace 
V, by VU for all values of 7. When this is done, the 
expression (3.24) evidently vanishes, as does the 
second term in Eq. (3.25). Now, we have 
(1—-A® )VWe=WVe, (4.5) 
since V¢ is antisymmetric in the Hartree approximation. 
Also, we saw in Eq. (2.23) that 


(1—-A)W=W. 


Since A® commutes with do, this means that we can 
replace Eq. (3.17) for F by 


F=14(1/ds)(1—A)[Uo+on (x0) UF. (4.6) 


® Such a form has been suggested by Frantz, Mills, Newton, 
and Sessler, Phys. Rev. Letters 1, 340 (1958). 

* The states X, do not in general form a complete set, since DU 
may not be Hermitean. In a strict sense, therefore, one cannot 
use these as the basis for expanding F. Instead, some complete 
orthonormal set including the g, should be introduced. In most 
practical applications it seems likely that this is not an important 
distinction, however. 
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At this point we can follow the steps of I precisely 


and write, first, 


F=1+(1/do)P(AA—A®)U dF, (4.7) 


and then 


V =oy (x9) FAB (n| (1-A®)U oF |n). (4.8) 


Here P is an instruction operator which forbids 
repetition of states m of the atom when we expand 
Eq. (4.7) in powers of Uo. (A word of caution is neces- 
sary here. We do not distinguish between the states of 
two particles which have just scattered. This means 
that neither of them must go into a state forbidden 
by P.) 
To continue, we write 


F=14(1/do)PUoF, 


where the (1—A) has been momentarily dropped to 
simplify notation. Now, the exact W is 


1 1 
W=Vce+F—PUYD af + aie (4.9) 


do l ao 


if we keep the A; terms. After a little algebra, we obtain 


V= >be +2(F-1) We +69, (4.10) 


where 


OW = ¥ 6,(1/d) AM —F(1/dy) (> ) 
l 


10 


X((1—P)L— 2D 07+] 


70,1 


+L Ey VO YW. 


80,1 


(4.11) 


We see that 6W vanishes in our “Hartree” approxima- . 
tion. In this approximation, then, we have 
W=V0+2(F-1)¥o, (4.12) 
if we calculate the flux of scattered ‘0’ particles only. 
Here Vo gives the elastic and 
2(F-1)¥— 
the inelastic scattering. (The factor of 2 arises because 
we have dropped an exchange term for the first scatter- 
ing. The operator (1—@p;) makes this exchange term 
redundant.) 
5. THE SCATTERING POTENTIAL 


We now illustrate the considerations of the last 
section by calculating the potential 0 to second order. 
Aside from the vy and B terms, to first order we have 


Vo= (1 —A) (0| a v9;(1 cis ®o;) 0). (5.1) 


The nonexchange part is 


f v(x—y)p(y)d*y, 
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where 


p(¥) = Dox Br (y) Bry). (5.2) 


The exchange part is, approximately, 
fre-n0E' see, 
7 


where >,’ is restricted to spins parallel to that of the 
incident electron. Now we use the approximation, 


dy’ By (y)go* (x) = p(y)n(x—y), (5.3) 


where 
r<h/ Py 
r<h/P;, 


n(r)=2 for 


=( for (5.4) 


and P; is the Fermi momentum within the atom. 
Thus we obtain 


w1~ fay o(y)e(x- y)[1-alx-y)] (5.5) 


This form of the potential has been obtained by Slater? 
using the Hartree-Fock method. The significance of 
the 7 term is that the charge density of those electrons 
whose spin is parallel to that of the scattered electron 
should vanish near the point x. 

The second-order potential is 


U,%= (1 —A)(0! VoL —A)/ao]Vo!0), 


where, to this order of accuracy, dp~do. Now, the 
excited states differ from 0 by the substitution of 
y’ for one of the gammas in 0. Hence, if we consider 
all such substitutions, the matrix elements of Uo 
between the state 0 and an excited state » have the 
form 


(q,n| Uo! p,0)= dy L(gy'|2| py)—(ay'|v| vp) ], (5.7) 


(5.6) 
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where the sum on y runs over the orbital states of 0, 
and 7’ is the excited orbital state (y’“any y). Also we 
have 


(ov'lel = fxat)xp*)0(e-y) 


XX p(x)Xy(y)d8adty, (5.8) 


etc. Then we obtain 


(p'|02| =X X (1-A)L (py | a7’) 
y @y’ 
(1—A®) 
— (pr|e|y’9) -— 
ay(q,Y') 


XL(q7'!0| py) — (qy'|2| vp) ] 


-EEEA-1)f(m v|qy’) 
% -@9 


(I-A) 
x (gy' |v! py) 
ao(qy’) 


; (ina) 
— (py|v| qv’) (y’q\v pm). (5.9) 


ay(qy’) 


The first term represents the usual potential induced 
by the polarizability of the atom. When transformed 
into coordinate space, and at large distances from the 
atom, it has the form! 


Ve air™ P/x', (5.10) 


where P is a constant. The exchange term falls off 
exponentially with distance from the atom, so it is im- 
portant only at points within the electronic orbits. 





PHYSICAL REVIEW VOLUME 


116, 


NUMBER 4 NOVEMBER 15, 1959 


Elastic Scattering of Low-Energy Electrons by Argon? 


B. KIvEL 
AVCO-Everett Research Laboratory, Everett, Massachusetts 


(Received June 22, 1959) 


The partial-wave Schrédinger equation has been integrated numerically for a potential adjusted so that 
the predicted elastic scattering is in agreement with measurements by Ramsauer and Kollath. The cross 
section at zero energy is found to be 8X10~'* cm? which is appreciably above the minimum value of 0.3 
X10~'* cm? at 0.4 ev. The high value at zero energy, which results from the tail of the polarization force, 
will be reduced at densities of one atmosphere and above, because the field is cut off by neighboring atoms. 
Application of the method to predict the eigenvalues of the excited bound states of potassium indicates the 
validity of the static potential and that the exchange force decreases with increasing angular momentum. 


HE Ramsauer-Townsend minimum in the elastic 
scattering of electrons by argon has been meas- 
ured with nearly monoenergetic electrons by Ramsauer 
and Kollath.!:* The effect was computed by Holtsmark® 
using a partial-wave solution of the Schrédinger equa- 
tion with a Hartree-atom potential plus a polarization 


force. The angular distribution of the scattering has 
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Fic. 1. Comparison of total elastic scattering experiments! +? 
with the semiempirical theoretical prediction Q. Also shown are 
partial cross sections for /=1 adjusted so that Q,=0 at 1.2 ev 
and for /=2 adjusted so that Q2=Qo/20 at 1.2 ev, which give the 
best fit to the angular distribution. The large value of the cross 
section at very low energy (Q=7.5X10™'* cm? at zero energy) 
results from the tail of the polarization force and will be reduced 
at densities of one atmosphere and above. 


t Sponsored by the Ballistic Missile Division of the U. S. Air 
Force. 

1C. Ramsauer and R. Kollath, Ann. phys. 3, 536 (1929). 

2.N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1949), second edition, Chap. X. 

3 J. Holtsmark, Z. Physik 55, 437 (1929). 


also been measured by Ramsauer and Kollath,‘ from 
which one concludes that the phase shift for angular 
momentum /=1 is zero at about® 1.15 ev (symmetric 
distribution around 90°). We have used this information 
to extrapolate the measurements to zero energy. 

Our calculation differs only slightly from that of 
Holtsmark. We use the Hartree-Fock atomic charge 
distribution®: an exchange potential proportional to the 
atomic electron charge density to the } power,’® and 
a polarization potential [p/(r?+d?)?]. We use® p=11 
and find d?=2.5=(r;,”) gives a good fit to the data 
where (r3,”) is the mean value of r? for the bound 3s 
state. It is expected that the magnitude of the exchange 
potential depends on / and, indeed, that required for 
1=1 is about } of that for /=0. 

A perturbation method has been used to determine 
the effect of small changes in the potential. The basic 
approximation for relating two solutions (y and ¢) for 
potentials which differ by AU is 


(yo’— ov’), -f auyedr= f AU¢@"dr. 


) 0 


The results are shown in Fig. 1. Values of Qo which 
give a good fit to the Ramsauer-Kollath data of 1929 
are (in units of 10~'* cm?) 7.5 at zero energy, 4.0 at 
E=0.02 ev, 0.55 at 0.15 ev, and 1.4 at 1.2 ev. Q; has a 
maximum value of about 0.3 and is uncertain by about 
25% mainly because of the uncertainty of energy at 
which Q,=0. The low-energy prediction is appreciably 
above earlier microwave and swarm measurements?:!” 
at room temperature and Holtsmark’s result at zero 
energy. It is in agreement with recent measurements by 
Pack and Phelps" using a drift tube which indicates an 
E-' energy dependence between 77°K and 300°K. 


*C, Ramsauer and R. Kollath, Ann. Physik 12, 837 (1932). 
5J. Holtsmark, Kgl. Norske Videnskab. Selskabs Forh. VI, 
No. 53, 200 (1934). 

6D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A166, 450 (1938). 

7J. C. Slater, Phys. Rev. 81, 385 (1951). 

* Hammerling, Shine, and Kivel, J. Appl. Phys. 28, 760 (1957). 

® Phelps, Fundingsland, and Brown, Phys. Rev. 84, 559 (1951). 

10H. B. Wahlin, Phys. Rev. 37, 260 (1931). 

4 J. L. Pack and A. V. Phelps, Bull. Am. Phys. Soc. Ser. IT, 4, 
317 (1959). 
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Calculation for /=2 at 1.2 ev gives Q2=0.3X10~"* 
cm? and a phase shift consistent with the angular dis- 
tribution data. It is larger by a factor 4 than the best 
fit to the angular distribution obtained by Holtsmark‘ 
which has been used in Fig. 1. However, the higher 
value gives a better fit to the total cross section. 

The cross section in the neighborhood of room tem- 
perature and below is strongly increased by the tail of 
the polarization force. If this tail is truncated by the 
presence of neighboring atoms, then the cross section 
will be reduced. The effect is strongest at zero energy, 
where the cross section (in units of 10-!* cm?) is reduced 
from 7.5 to 6 for a cutoff at r=60, to 3 at r=40, and 
to 1 at r=25. This effect may explain the small value 
observed by Whalin who made measurements at 1 at- 
mosphere but not that of Phelps, Fundingsland, and 
Brown which was made at a pressure of 1 mm of Hg. 
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We have applied the same method to predicting the 
eigenvalues of potassium using p=8.5.!? Essentially the 
same potential fits the eigenvalues for 4s, 6s, 8s, and 10s. 
(The exchange force magnitude required is ~5% larger 
for 4s than the others.) This establishes the --alidity of 
the static potential. The result is insensit e to the 
shape of polarization and exchange forces 1 ide the 
atom because of the dominance of the Coul. mb field. 
As in argon, a weaker (~25%) exchange force was 
required for /=1 (6p) than for /=0 (6s). 
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Energy Dependence of Fast-Neutron Activation Cross Sections* 


A. E. Jounsrup,t M. G. SrvBert,} AND H. H. BaRscHALL 
University of Wisconsin, Madison, Wisconsin 
(Received May 1, 1959) 


Fast-neutron capture cross sections of 24 nuclides ranging from A=51 to A=197 have been measured 
by an activation method, in the neutron energy region from 0.15 to 6.2 Mev. The neutron energy spreads 
were of the order of 0.1 Mev so that cross sections averaged over many energy levels of the compound 
nucleus were measured. Activities induced in samples by fast and thermal neutrons were compared. The 
relative neutron flux in the fast- and thermal-neutron activations was determined with a U** fission counter. 
A knowledge of the energy dependence of the U** fission cross section and of the thermal-neutron activation 
cross sections allows calculation of the fast-neutron activation cross sections. 


I. INTRODUCTION 


EASUREMENTS of the cross section for the 
radiative capture of fast neutrons have furnished 
valuable information about nuclear structure such as 
the dependence of level spacing on excitation energy 
and on nucleon number, and the effects of closed shells 
and of even or odd numbers of protons and neutrons on 
level spacing. Several authors'* have calculated 
fast-neutron capture cross sections averaged over 
resonances. Most recently Lane and Lynn,' and Rae, 
Margolis, and Troubetzkoy® have calculated the energy 
dependence of the capture cross sections of U*®, U8, 
* Work supported by the U. S. Atomic Energy Commission 
and by the Graduate School from funds supplied by the Wisconsin 
Alumni Research Foundation. 
7 Present address: Hughes Aircraft Company, Culver City, 
California. 
{Present address: Los Alamos Scientific Laboratory, Los 
Alamos, New Mexico. 
1 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 
2E. P. Wigner, Am. J. Phys. 17, 99 (1949). 
3B. Margolis, Phys. Rev. 88, 327 (1952). 
4A. M. Lane and J. E. Lynn, Proc. Phys. Soc. (London) A70, 
557 (1957). 
5 Rae, Margolis, and Troubetzkoy, Phys. Rev. 112, 492 (1958). 


and Th? for neutron energies below 1 Mev. These 
calculations gave cross sections in good agreement 
with observations. There are, however, not many 
other isotopes for which the energy dependence of the 
capture cross section has been measured over a wide 
energy range, and there are inconsistencies in the 
reported results. For these reasons the present 
experiments were undertaken to measure capture cross 
sections of intermediate and heavy nuclei averaged 
over many energy levels in the compound nucleus, for 
neutrons in the energy range from 0.15 to 6.2 Mev. 

Three methods for measuring fast-neutron capture 
cross sections are currently widely used: (1) observa- 
tions of induced radioactivities,®? (2) observations of cap- 
ture y-rays,® and (3) sphere transmission experiments.? 

®Segré, Greisen, Linenberger, and Miskel, Atomic Energy 
Commission Report MDDC-228, 1946 (unpublished). 

7, Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949); 
D. J. Hughes and D. Sherman, Phys. Rev. 78, 632 (1950); 
Hughes, Garth, and Levin, Phys. Rev. 91, 1423 (1953). 

8 Diven, Hemmendinger, and Terrell, Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, 1958 (United Nations, Geneva, 1958), Paper 
UN-667. 

9 A. O. Hanson, Los Alamos Report LA-276, 1945 (unpublished), 
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Since the latter two methods require relatively large 
amounts of material, they are normally applied to the 
naturally occurring isotopic mixture, while the first 
method measures an isotopic cross section, even 
when an isotopic mixture is used. The isotopic cross 
section can be more readily obtained theoretically than 
the cross section for a mixture of isotopes, since the 
calculation of the latter requires the addition of several 
isotopic cross sections. 

Previous measurements” of the energy dependence of 
fast-neutron capture cross sections which were carried 
out at this laboratory used the activation method to 
demonstrate the effect of resonances on the capture 
cross sections of light nuclei and to measure radiation 
widths of the observed levels. The present experiments 
use a similar method for observing cross sections 
averaged over resonances. Although this method has 
the advantage of measuring isotopic cross sections, it 
can be applied conveniently to only a restricted number 
of isotopes which, upon addition of a neutron, produce 
a readily observable activity. 

In order to study the variation of the capture cross 
section with energy it is most convenient to use an accel- 
erated-particle source. Both the activation method'*"® 
and the observation of y rays have been used with such 
sources. Since the sphere transmission method!® can 
be most conveniently used with an isotropic source, 
photoneutron sources are best suited for such measure- 
ments. At isolated energies many activation measure- 
ments have also been performed with photoneutron 
sources.'7!8 The most extensive measurements of 
activation cross sections were carried out by Hughes 
and co-workers’ who used fission neutrons which have 
an average energy of about 1 Mev. 


II. APPARATUS AND PROCEDURE 
A. Method 


Fast-neutron activation cross sections were deter- 
mined through observations of induced radioactivities 
according to the method developed by Segré® and 
Hughes.’ In order to avoid the necessity for an absolute 


1! R. L. Henkel and H. H. Barschall, Phys. Rev. 80, 145 (1950). 

4 A. TG. Ferguson and E. B. Paul, J. Nuclear Energy A10, 
19 (1959). 

1” H. C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1953). 

13S. J. Bame and R. L. Cubitt, Phys. Rev. 113, 256 (1959). 

4 Pasechnik, Barchuk, Totsky, Strizhak, Korolev, Gofman, and 
Lovchikova, Proceedings of the Second United Nations International 
Conference on the Peaceful Uses of Atomic Energy, 1958 (United 
Nations, Geneva, 1958), Paper UN-2030. 

16 Leipunsky, Kazachkovsky, Artyukov, Baryshnikov, Galkov, 
Stavissky, Stumbur, and Sherman, Proceedings of the Second 
United Nations International Conference on the Peaceful Uses of 
Atomic Energy, 1958 (United Nations, Geneva, 1958), Paper 
UN-2219. 

16T. S. Belanova, J. Exptl. Theoret. Phys. U.S.S.R. 34, 574 
(1958) [translation: Soviet Phys. JETP 7, 397 (1958) ]. 

17... E. Beghian and H. H. Halban, Nature 163, 366 (1949); 
V. Hummel and B. Hammermesh, Phys. Rev. 82, 67 (1951); 
Macklin, Lazar, and Lyon, Phys. Rev. 107, 504 (1957); Booth, 
Ball, and MacGregor, Phys. Rev. 112, 226 (1958). 

18 W. S. Lyon and R. L. Macklin, Phys. Rev. 114, 1619 (1959). 
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determination of neutron and y-ray counting efficiencies, 
the activities induced by fast neutrons were compared 
to the activity induced by thermal neutrons in the same 
sample. The fast and thermal neutron fluxes were 
compared with a U™® fission counter. A knowledge of 
the energy dependence of the U** fission cross section 
and of the thermal-neutron activation cross section 
allows calculation of the fast-neutron activation cross 
section. 

In the previous measurements” at this laboratory the 
neutron flux was monitored by observations of a- 
particles from the reaction B!(n,qa). For the calculations 
of the capture cross sections, the boron disintegration 
cross section measured at Los Alamos in 1944 and 
plotted in Adair’s review article’ were used. More 
recent measurements”! have shown that this boron 
cross section was too high by a factor of about two. 
Consequently all capture cross sections reported in 
reference 10 should be reduced by the ratio of the 
boron disintegration cross section reported in reference 
21 to that reported in reference 19, i.e., by a factor of 
the order of two. 


B. Apparatus 


The activities induced in the samples were detected 
with a scintillation counting system utilizing a NaI (TI) 
crystal. Gamma rays or x-rays accompanying beta 
decay or isomeric transitions in the product nucleus 
were observed. In order to obtain the best signal-to- 
background ratio, only scintillation pulses in a pulse- 
height interval centered approximately on a prominent 
photopeak in the spectrum were counted. 

Fissions were observed in a cylindrical ionization 
chamber which contained a 0.45-mg/cm? layer of U?*® 
oxide deposited on a cylindrical platinum backing.” 
For the calculation of the activation cross section a 
U*® fission cross section of 584 barns** was used for 
thermal neutrons, while for fast neutrons the values 
given by Allen and Henkel*‘ were employed. 

Samples to be activated were cylindrical rings, 2.5 
cm long, 3.2 cm inside diameter, and 0.04 to 0.64 cm 
thick. The metallic samples were cast, machined, or 
rolled from sheet into the appropriate shape. The 
samples in powder form were packed into polyethylene 
or Teflon containers. In Table I the nuclides on which 
measurements were carried out are listed in the first 
column. These nuclides were chosen because of the 
convenient half-lives of the induced activities, the 


9 R. K. Adair, Revs. Modern Phys. 22, 249 (1950). 

* Petree, Johnson, and Miller, Phys. Rev. 83, 1148 (1951). 

21H. Bichsel and T. W. Bonner, Phys. Rev. 108, 1025 (1957). 

* The authors are indebted to Mr. J. Povelites and Dr. B. C. 
Diven of the Los Alamos Scientific Laboratory for the preparation 
of the U™* foil. 


*%D. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325, (U. S. 
Government Printing Office, Washington, D. C., 1958), second 
edition. 

*W. D. Allen and R. L. Henkel, Progress in Nuclear Energy 
(Pergamon Press, New York, 1958), Ser. I, Vol. II. 





FAST-NEUTRON ACTIVATION CROSS SECTIONS 


TABLE I. Information concerning the nuclides studied. 








Ground- 
state 
spin and 
(kev) parity 


180-2 Ut a 
740-1250 5/2 


Standard Y- 
error or x-ray 

in thermal peaks 

(barns) activation (kev) 


4.5+0.9 +7% 230, 1450 
13.30.2 7 850 


Thermal 
activation 
cross section 


. Counting 
Sample region 
form 


V(p) 
MnO:2(p) 


Nuclide Half-life 


vi 3.77 min 
Mn*> 2.58 hr 


(Mev) 


0.323 (5/27), 0.65, 0.928, 1.614, 1.819 

0.128 (7/2-), 0.59, 0.983, 1.29, 1.53, 
1.88, 2.20, 2.25, 2.27, 2.29, 2.31, 2.37, 
2.40, 2.43, 2.56, others observed 
to 3.93 

1.10 (5/27), 1.29 (3/27), 1.8, 3.1 

0.770, 0.82 (1/27), 1.11, 1.48, 1.62, 
1.73, 2.09, 2.11, 2.21, 2.28, 2.33, 2.40, 
2.53, 2.59, 2.65, .2.75, 2.84, 2.86, 
2.89, 2.98, 3.04, 3.08 

0.513, 1.48, two additional states 
observed between 0.513 and 1.48 

0.199, 0.265, 0.280, 0.305, 0.402 (3/2+), 
0.477, 0.572, 0.628, 0.78, 0.814, 1.25, 
1.63 

0.217, 0.261, 0.307, 0.398, 0.606, 0.833 





42-83 7/2 


10.5 min ; 16 +3 
‘u 50-420 3/2 


5.1 min 1.8+-0.4 


Ga” 14.2 hr Ga (1) 4.0+0.7 700-1000 3/2 


As® 26.7 hr As(p) 5.4+1.0 480-660  3/2- 


46-122 3/2- 
46-122 3/27 
46-122 3/2 
279-488 Ot 
400-2 

50-420 


8.5+1.4 
2.9+0.5 
3.10.5 


PbBr(t) 
PbBr(¢) 
35.9 hr PbBr(t) 
2.80 hr SrO(t) 1.3+0.4 
14.6 min Mo 0.2+0.05 
2.3 min Ag 45 +4 


18.0 min 
4.5 hr 


B r7? a 
Br? 4 
Br®! 

Sr86 4 
Mo! 
Agi? 


0.278 


0.53 (2+) 
0.093 (7/2+), 0.324 
(5/2), 0.939, 1.28 
0.335 (1/27), 0.595 (5/27), 0.825 
(3/27), 0.858 (3/27), 0.935 (7/2*), 
1.08, 1.14, 1.29 (11/2*), 1.42 (9/2*), 
1.60, 1.98 
0.057 (7/2*), 0.203 (3/2*), 0.373, 0.38, 
0.42, 0.62, 0.64, 0.724, 0.74, 0.94, 
1.02, 1.22, 1.38 
1.43 (2+), 1.89, 2.21, 2.30, 2.44 (3), 
2.63, 3.34 
0.165 (5/2*), 1.5 
510-798 5/2+ 0.142 (7/2*), 1.30 (5/2*) 
118 67-163 Ot 0.300 (2+) 
118 67-163 Ot 0.131 (2*) 
122 75-161 5/2 0.022, 0.194, 0.304 
105 70-150 Ot 0.082 (2*) 
45 25-65 0.073 (2*) 
52 32-73 0.095 (9/2~), 0.205 (11/27), 0.361, 0.52 
72, 134, 480, 30- x 0.123 (2*) 
686 
+2.0> 412 


(3/27), 0.423 


137, 400, 800, 100-x 


1090, 1300 


In"58 = 54 min In 155 +10 


[!27 25.0 min 5.6+0.3 450 300-600 


I(p) 


160 75-235 Ot 


(oe) 


Ba!8 85 min Ba 0.5+0.1 


8.2+0.8 694-1750 7/24 
10 +3 
3.71.2 
3.0+1.5> 

1400 +300 

$m203;(p) §.5+1.1 

Dy:0;(p) 2100 +300 

Ho20;(¢) 60 +12 

W(p) 34 +7 


40.2 hr 815, 1596 
19.2 hr 
2.0 hr 
12.0 min 
9.2 hr 
24.0 min 
2.32 hr 
27.3 hr 
24.0 hr 


La2O;(t) 
PreQi, (¢) 
Nd:O3;(t) 
Nd:2O3;(t) 
Eu20;(t) 


La! 
Ppritl 
Nd'48 
Nd! 
Eu! a 
Sm! 
Dy'# a 
Ho!#5 & 


W186 


— 


NNNO Mts A 


— 


0.077. (1/2+), 0.268 (3/2+), 0.279 
(5/2*), 0.409, (11/27), 0.548 (7/2*), 
1.22, 1.68, 2.2, 2.6, 3.0 


Au? 2.70 day Au 99 337-487 


® Cross section to one of two possible states. 
b Thermal absorption cross section. 


compilation by Hughes ef al.,% except the value for 


large fraction of decays which yielded y rays or x-rays, 
Au? which is the result given by Gould et al.26 The 


and the availability of samples of high purity and in 


suitable form. Those marked with a [superscript a] are 
the nuclides for which the measured cross section is for 
capture to one of two possible states of the product 
nucleus. In the second column the half-lives of the 
induced activities which were studied in the present 
experiments are given as quoted in the review article 
by Strominger et al.*° The chemical form of the samples 
is shown in column 3. (¢) indicates that the sample was 
enclosed in 0.4-mm thick Teflon sheet, (p) that it was 
enclosed in 0.4-mm thick polyethylene sheet. The 
thermal-neutron activation cross sections (in barns) on 
which the present measurements are based are given in 
the fourth column. These values are taken from the 


26 Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 585 (1958). 


cross sections are for neutrons with a velocity of 
2200 m/sec, except for Eu’ and Dy'* for which the 
only available activation cross sections are for pile 
neutrons. For Nd!*°, the thermal activation cross 
section has not been determined so that the thermal 
absorption cross section is quoted. Since the thermal 
absorption cross section of Au’? is known much more 
accurately than the thermal activation cross section, 
the former has been used in the calculations. The fifth 
column gives the standard rms error in the present 
measurements of thermal neutron activation. This 
error combined with the uncertainty in the thermal 
activation cross section (column 4) determines the 


26 Gould, Taylor, and Havens, Phys. Rev. 100, 1248 (1955). 
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Fic. 1. Experimental arrangement for fast-neutron activations. 
The neutron source was the target of an electrostatic accelerator. 


uncertainty in the normalization of the fast-neutron 
cross sections. 

As a preliminary step the samples were activated by 
neutron bombardment and the scintillation spectra 
studied with a 20-channel pulse-height analyzer. The 
desired activity was identified both by y- or x-ray 
energy and by half-life, and a suitable region of the 
spectrum for counting was chosen. 

Columns 6 and 7 refer to the scintillation counting 
used to measure sample activity. The y- or x-ray 
photopeaks which were observed in the scintillation 
spectrum, within the counting region indicated in 
column 7, are listed in column 6. The samples for which 
no peaks are listed are those for which the peaks were 
not resolved. The y- and x-ray energies are those quoted 
in reference 25 and by McGowan and Stelson.”” Column 
8 gives the ground-state spin and parity of each target 
nucleus, as quoted by Strominger ef al.”* In column 9 
are listed the known levels of the target nuclei, because 
of their importance to the energy dependence of the 
capture cross section. The position, spin, and parity of 
levels are taken from Strominger ef al.,?° Nuclear Data 
Cards and Nuclear Data Sheets.?* Energies of levels 
which have been observed in inelastic scattering of 
neutrons are given in italics. 


C. Procedure 
1. Fast-Neutron Activations 


Neutrons were produced in the energy region from 
0.15 to 0.60 Mev by the Li(p,m) reaction, in the energy 
region from 0.60 to 2.5 Mev by the T(,) reaction, 
and in the energy region from 2.6 to 6.2 Mev by the 
D(d,n) reaction. Protons or deuterons were accelerated 
with an electrostatic generator. The Li target was 
metallic and of such thickness as to produce a neutron 
energy spread of about 50 kev. Gas targets of deuterium 
and tritium were used. All of the measurements with 
D(d,n) neutrons and some of the measurements with 
T(p,m) neutrons were carried out with a double-foil 


27 F, K. McGowan and P. H. Stelson, Phys. Rev. 107, 1674 
(1957). 

28 Nuclear Data Cards and Nuclear Data Sheets (National 
Academy of Sciences, National Research Council, Washington, 
a, <p. 
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gas target, similar to that described by Nobles.” 
The energy spread of the T(p,m) neutrons, using this 
target, was about 170 kev, that of the D(d,m) neutrons, 
380 kev. For the measurements on V, Mn, Cu, As, Mo, 
Ag, In, I, Ba, Sm, Dy, W, and Au a single-foil tritium 
target introduced an energy spread of about 80 kev. 
To simplify the figures only the larger energy spreads 
are shown for the T(p,2) neutrons. 

The experimental arrangement for the fast-neutron 
activation is shown in Fig. 1. Each sample was fitted 
around the fission counter and the combination was 
placed coaxially with the proton or deuteron beam so 
that the distance from the center of the sample to the 
center of the neutron source was 8 cm. In this position, 
the relative neutron flux measured by the fission 
counter was nearly the same as that at the sample. 
A correction was applied for the difference in neutron 
flux at the sample and at the fission counter, caused by 
the difference in angle subtended at, and distance from 
the neutron source. To reduce the effect of room- 
scattered neutrons the sample and fission counter were 
enclosed by a 0.8-mm thick cylindrical Cd shield open 
at both ends. 

The effect of room-scattered background neutrons 
was estimated by repeating activations at distances 
greater than normal from the neutron source and 
assuming that the direct neutron flux varied inversely 
with the square of the distance while the background 
neutron flux was constant. The effect of room-scattered 
background neutrons was always less than 8%, and at 
most energies less than 3%. When the D(d,n) reaction 
was used, activations were repeated with hydrogen 
replacing deuterium in the gas target so that the effect 
of background neutrons from deuteron reactions with 
nuclei other than deuterium in the target could be 
determined. The effect of these background neutrons 
became serious at the higher deuteron energies and was 
about 12% and 37% at the two highest deuteron 
energies, 2.4 and 3.2 Mev, corresponding to neutron 
energies of 5.5 and 6.2 Mev. The figures for the magni- 
tude of the neutron background effect take into account 
the increase in both the sample activity and the fission 
counting rate and represent the correction that must 
be applied in the calculation of the cross sections. 

A leaky-capacitor current integrator® was employed 
during the activations of samples with short-lived 
activities to compensate for fluctuations in the accel- 
erator beam current. The beam current was collected 
on a capacitor which was shunted by a variable resist- 
ance in series with a sensitive galvanometer. The time 
constant of this combination was chosen to match the 
decay constant of the activity. The galvanometer 
current was then a measure of the sample activity. 

Only a limited number of nuclides was investigated 
above 2.5 Mev because of low sample activity. In 


27 R. Nobles, Rev. Sci. Instr. 28, 962 (1957). 
#® S. C. Snowdon, Phys. Rev. 78, 299 (1950). 
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Fic. 2, Experimental arrangement for 
thermal-neutron activations. 


addition, neutron-induced reactions, other than radia- 
tive capture, lead to the production of radioactive 
nuclei in some of the samples at the higher neutron 
energies. Extraneous activities induced were noticed as 
deviations from previously determined half-lives. 


2. Thermal-Neutron Activations 


Thermal neutrons were produced by slowing down 
neutrons from a Pu-Be source in water (Fig. 2). 
Thermal-neutron activations were carried out by placing 
the sample and fission counter in a well-defined position 


near the Pu-Be source, in the same position relative to 
each other as during fast-neutron activations. Thermal- 
neutron activations were repeated with a Cd shield 
enclosing the fission counter and sample, and the 
effect of epi-Cd neutrons was subtracted. 

Although the samples depressed the thermal neutron 
flux, activations of a thin Ag probe showed that the 
flux was quite uniform along the samples. A small 
correction was applied for the difference between 
the flux at the inner surface where the fission foil was 
located, and the average of the flux at the inner and 
outer surfaces of the samples. The uncertainty in this 
correction for flux depression is included in the error 
in the thermal-neutron activation quoted in Table I. 

The “thermal” neutron spectrum is approximately 
Maxwellian below the Cd cutoff. The thermal-neutron 
activation cross sections of the nuclides studied and 
the thermal-neutron fission cross section of U*® used 
in the calculations are for neutrons with an energy of 
0.025 ev, with the exceptions noted in Sec. II-B. 
Rigorously, the cross sections employed in the calcula- 
tions should be cross sections integrated over the 
neutron spectrum. The energy dependence of the 
activation cross sections, however, is similar enough 
to that of the U*® fission cross section in the energy 
region below the Cd cutoff, that, based on the observed 
Cd ratios and the assumed neutron spectrum, the 
error in the normalization of the fast-neutron capture 
cross sections caused by the use of 0.025-ev cross 
sections is estimated to be less than 3%, 


ACTIVATION 
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III. RESULTS 


The isotopic capture cross sections measured in the 
present experiment are plotted as a function of neutron 
energy in Figs. 3, 4, and 5. The triangles at the bottom 
of the figures represent neutron energy spreads. The 
arrows indicate the positions of known levels in the 
target nuclei (Table I); cross-hatched areas indicate 
many closely-spaced levels. 

The error bars indicate the rms standard errors in 
the relative values of the cross sections. In addition, 
there is an uncertainty in the absolute value caused by 
the uncertainties in the measured thermal-neutron 
activation (Table I, column 5) and the uncertainty in 
the assumed thermal-neutron activation cross section 
(Table I, column 4). The errors in the absolute values 
of the capture cross sections have not been included in 
the error bars, because the cross sections can be 
readily adjusted as more accurate values of the thermal 
activation cross sections become available. 

The capture cross section of Sr** (to the 2.8-hr state) 
has been measured only below 0.39 Mev in the present 
experiment. Neutrons with energies greater than 0.39 
Mev can be inelastically scattered from the stable 
isotope Sr*’, producing the state Sr*’™, the decay of 
which was observed to measure the capture cross 
section of Sr**. Therefore, the activity produced in the 
Sr sample by such neutrons was the sum of that 
produced by capture and by inelastic scattering. The 
resulting apparent cross section increases by about a 
factor of 10 between 0.40 and 2.5 Mev. 

Results obtained by other investigators are shown on 
the same figures for comparison. Cross sections based on 
the capture cross section of I’ have been adjusted to 
the present I"? cross section. 

The figures show data obtained by the following 
investigators who used accelerated-particle neutron 
sources: Pasechnik ef al.,‘" who compared fast-neutron 
activation cross sections to the activation cross section 
of I'*7; Diven,*® who measured capture-y rays ; Bame and 
Cubitt,’ who measured activation cross sections by 
absolute 8 counting; and Ferguson and Paul," who 
measured the activation cross section of Au!’ by 
absolute y counting. 

The following investigators 
sources: Belanova,'® who used the sphere-transmission 
method ; Lyon and Macklin,'* who measured activation 
cross sections by absolute y counting; and Leipunsky 
et al.,® who used both accelerated-particle neutron 
sources and photoneutron sources to compare fast- 
neutron activation cross sections to the I” cross 
section. 

The results of Martin and Taschek” for ['*’ have not 
been plotted since they have been superseded by the 
measurements of Bame and Cubitt." 

The agreement between the present results and those 
of other investigators is fairly good. The present 
results for I?” lie about 20% below the results of Bame 


used photoneutron 
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Fic. 3. Capture cross sections of V"', Mn*, Co®, Cu®, Ga”, As’5, and Br” as a function of neutron energy. Closed circles @ repre- 
sent present data. For comparison the following results have also been plotted: A, reference 14; 7, reference 15; %, reference 18. 
Arrows indicate the positions of known levels in the target nuclei (Table I); cross-hatched areas indicate several closely spaced levels. 
Triangles at the bottom of the figure show neutron energy spreads with the exceptions noted in Sec. II-C-1 of the text. The indicated 
errors are the rms standard errors in the relative values of the cross sections and do not include errors in the absolute values (Sec. IIT 


of the text). 




















and Cubitt. In addition, the capture cross sections been adjusted to the present values of the '?? capture 
measured by Pasechnik and Leipunsky which have cross section appear to be generally lower than the 





FAST-NEUTRON ACTIVATION CROSS SECTIONS 





























+ 
So 


(to 280-hr state) 
oe ee 
| 








e- 


S 





” 
z 
c 
B 4 
= 
- 
= 
= 
2 
2 
4 
- 
oO 
WwW 
” 
7) 
” 
° 
« 
So 
Ww 
4 
P= ] 
- 
a 
be § 
=) 























40 
0.1 04 10 


NEUTRON ENERGY IN MEV 








eto TTT. wee 
#4 yy t } | (to 54-min state) ~ 


tial a 














| 
aa a a 
ae | 


| 
| 





+ 
} | 





3 
°o 





+ 
°o 





re) 





> 





CAPTURE CROSS SECTION IN MILLIBARNS 
+ 





























4 


ALAL 








— te 


0.1 04 10 
NEUTRON ENERGY IN MEV 





Fic. 4. Capture cross sections of Br*!, Sr8*, Mo, Ag!®?, In'!5, I'27, Ba'5§, and La! as a function of energy. Closed circles represent 
yresent data. For comparison the following results have also been plotted: A, reference 14; 7, reference 15; 0, reference 8; 9, ref- 
& , , 


erence 16; ¥, reference 18; +, reference 13. 


present values, for the nuclides for which comparisons 
are possible. This suggests that the present results for 
I7 are low. Since the present results for Au"? are in 
good agreement with the work of Diven*® and of 


Ferguson and Paul,!! a possible cause of the disagree- 
ments in the I cross section could be that the thermal 
activation cross section of I which was used in the 
present determination is low. A large number of 
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Fic. 5. Capture cross sections of Pr!, Nd™8, Nd!®, Eu!®!, Sm! Dy! Ho!65, W186, and Au'®’ as a function of energy. Closed circles 
represent present data. For comparison the following results have also been plotted: A, reference 14; 7, reference 15; O, reference 


&; %, reference 18; +, reference 13; closed diamonds, reference 11. 


comparison data are available for I and Au because 
these elements have only one naturally-occurring 
isotope, so that the activation cross sections can be 
directly compared with cross sections measured by the 
capture-y and sphere-transmission methods. 


The present results agree fairly well with the measure- 
ments of Hughes ef al.” with fission neutrons. The 
latter results are not shown in the figures, since they 
are not directly comparable with present measurements. 
The magnitude of the largest disagreement is about 
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50% of the present values if an energy of 1 Mev is 
assumed for the fission neutron spectrum. 

Corrections were applied to the data for the following 
effects: neutron background; difference in neutron flux 
at the U™® foil and at the sample; decay of activity 
during neutron bombardment, for the samples with 
half-lives long enough so that the leaky-condenser 
current integrator was not used ; and mis-match between 
the time constant of the leaky-condenser current 
integrator and the decay constant of the sample. 


IV. DISCUSSION 


In Fig. 6 the capture cross sections measured in the 
present experiment have been plotted as a function of 
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Fic. 6. Neutron capture cross 
sections as a function of mass 
number, at 0.15, 1.0, and 2.5 Mev. 
Closed symbols represent even-Z 
target nuclei; open symbols rep- 
resent odd-Z target nuclei. Circles 
indicate neutron capture cross 
sections; triangles indicate cross 
sections for neutron capture to one 
of two possible states of the 
product nucleus. 


mass number, for neutrons with energies of 0.15, 1.0, 
and 2.5 Mev. The open symbols indicate odd-Z nuclei, 
the closed symbols indicate even-Z nuclei. Triangles 
indicate those cross sections which are for capture to 
one of two possible states of the product nucleus, 
and are lower limits to the values which might be 
compared to circles. The same general behavior found 
by other investigators can be seen in this figure: the 
capture cross sections increase with A up to approxi- 
mately A=100, then are roughly constant except for 
closed shell and even- or odd-Z effects. A minimum 
is evident for the nuclides Ba!8, La”, and Pr, which 
have 82 neutrons. The odd-Z nuclides have larger 
neutron capture cross sections than the even-Z nuclides, 
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in the cases for which a comparison between nuclides 
of nearly the same mass numbers is possible. The 
variation of the capture cross section with mass number 
can be largely attributed to the variation of compound 
nucleus level spacing with mass number. 

Plots at the three energies do not differ greatly, 
except in the obvious general decrease in cross section 
as a function of energy. There is some tendency for the 
cross sections that are lowest, i.e., those for even-Z and 
magic neutron-number nuclei, to decrease more slowly 
with energy than the cross sections of other nuclei. 
It has been suggested by Weinberg and Wigner* that 
the effect of neutrons with angular momenta higher 
than /=0 is of greater importance for those nuclei for 
which the compound nucleus formed by the addition 
of a neutron has a low level-density. Therefore such 
nuclei would be expected to exhibit neutron capture 
cross sections which decrease less rapidly as a function 
of energy than the cross sections of nuclei in general. 
This behavior is also evident in Figs. 3, 4, and 5. 

The capture cross sections as a function of neutron 
energy, presented in Figs. 3, 4, and 5, do not follow 
a systematic pattern in progressing to successively 
higher mass numbers, with the exception of the first 
four nuclides, V™ to Cu®. In this sequence a plateau 
appears in the cross section between about 0.6 and 1.0 
Mev. It becomes more pronounced as A increases from 
51 to 65, is vestigial at A=71, and has disappeared at 

=75. The cross sections of In™5, Ba'§, and Sm! 
also begin to increase in this neutron energy region, and 
pass through maxima somewhat above 1 Mev. 

The cross section for the capture of fast neutrons is 
expected to be inversely proportional to the energy at 
neutron energies high enough so that the neutron width 
is much larger than the radiation width, if the effect 
of only s-wave neutrons is considered and if the effect 
of inelastic scattering is neglected. At lower energies, 
where the radiation width is much larger than the 
neutron width, the cross section is expected to be 
inversely proportional to the square root of the energy. 
The transition point, where the radiation width and 

3A, M. Weinberg and E. P. Wigner, The Physical Theory of 


Neutron Chain Reactors (The University of Chicago Press, 
Chicago, 1958). 
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neutron width are equal, occurs near 1 kev for nuclei 
with A~SO and near 300 kev for nuclei with A~240. 
However, in the 0.1- to 1.0-Mev region the effect of 
neutrons with higher orbital angular momentum is 
appreciable. Lane and Lynn‘ and Rae et al. found it 
necessary to include f-wave neutrons even below 1 Mev 
in their calculations of capture cross sections of heavy 
nuclei. The neutrons of higher angular momentum 
cause the capture cross section to decrease more slowly 
than 1/E and may even produce a maximum in the 
cross section. On the other hand, inelastic scattering 
contributes to the total level width as the incident 
neutron energy is raised above the energy of excited 
states of the target nucleus. In general, competition 
between inelastic-neutron and y emission in the 
compound nucleus is sufficient to produce a mono- 
tonically decreasing capture cross section. In a target 
nucleus such as U*8’, which exhibits a “rotational’’ 
spectrum, the level density may, however, decrease as 
a function of energy, at low excitation energies. The 
competition from inelastic scattering may then be so 
small that the neutrons of higher angular momentum 
produce a flat region or even a maximum in the capture 
cross section.’ At energies above a few Mev the increase 
in level density in the target nucleus is sufficient to 
produce monotonically decreasing capture cross sections. 

The effect of competition between inelastic neutron 
scattering and y emission is evident in the energy 
dependence of some of the capture cross sections. In 
these cases rapid decreases in the capture cross section 
can be correlated with the positions of known levels in 
the target nucleus. This effect can be observed above 
the 0.305-Mev level in As7®, the 0.261- and 0.398-Mev 
levels in Br”, the 0.278-Mev level in Br®, the 0.528-Mev 
level in Mo™, and the 0.300-Mev level in Nd"™*. The 
change from an increasing to a decreasing cross section 
observed in In"® and Ba'®’ may be correlated with the 
levels in these nuclei at 1.42 and 1.43 Mev, respectively. 

An analysis of some of the present data and a 
discussion of the information obtainable from fitting 
the data with calculations based on the statistical 
theory of nuclear reactions*.® will be given in a paper by 
Mossin-Kotin, Margolis, and Troubetzkoy.” 

8 Mossin-Kotin, Margolis, and Troubetzkoy, following paper 
[Phys. Rev. 116, 937 (1959) ]. 
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Calculations of Neutron Capture Cross Sections* 
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Neutron capture cross sections are calculated for a number of target nuclei using the statistical theory 
of nuclear reactions. These calculations are compared with experiment. The different shapes of these capture 
cross sections as a function of energy are explained in terms of the effect of higher incident neutron partial 
waves and the competition from inelastic scattering. Using the measured capture sections it is seen that 
considerable information can be extracted concerning properties of the target and compound nuclei. 





INTRODUCTION 


HE statistical theory of nuclear reactions has 

proved very successful in predicting neutron 
cross sections in the energy region up to a few Mev for 
heavy target nuclei. The general theory has been 
presented by Wolfenstein! and specialized for the case 
of inelastic scattering processes by Feshbach and 
Hauser? and for capture processes by Margolis.’ A 
refinement of the theory has been made by Dresner* 
which is especially important when one has to consider 
only a small number of neutron channels. 

In the statistical theory, nuclear reactions are 
described following the Bohr assumption. There is a 
probability for compound nucleus formation and a 
subsequent independent probability for decay through 
the various open channels. It is assumed that at any 
energy there are compound states of all angular 
momenta and both parities available, these being of 
high density and of random phases so that one can 
neglect interference terms. 

The purpose of this paper is to make a detailed 
comparison with experiment of calculations of neutron 
capture cross sections. The theory involved has been 
described in detail in reference 3 and in papers by 
Rae, Margolis, and Troubetzkoy® and Lynn and Lane.® 

THEORY AND DISCUSSION 


Since the appropriate formulas have been written 
down in detail in the references given above,?:® we will 
content ourselves here with a qualitative formula. 
The cross section for neutron capture is essentially of 
the form 

o=o,I',/T, 


* This work partially supported by the U. S. Atomic Energy 
Commission. 

t On leave from University of Buenos Aires, Argentina. Fellow 
of the American Association of University Women. 

{Present address: Physics Dept., Ohio State University, 
Columbus, Ohio. 

§ Now at Nuclear Development Corporation, White Plains, 
New York. 

1L. Wolfenstein, Phys. Rev. 82, 690 (1951). 

2 W. Hauser and H. Feshbach, Phys. Rev. 86, 366 (1952). 

3B. Margolis, Phys. Rev. 88, 327 (1952). 

4L. Dresner, Proceedings of the Columbia University Inter- 
national Conference on Neutron Interactions with Nuclei, 1957, 
—— University Report CU-175, TID-7547 (unpublished), 
p: 41; 

5 Rae, Margolis, and Troubetzkoy, Phys. Rev. 112, 492 (1958). 

6 A. M. Lane and J. E. Lynn, Proc. Phys. Soc. (London) A70, 
557 (1957). 


where og, is the cross section for compound nucleus 
formation, I, is the capture width and I’ the total 
width for decay of the compound nucleus. The quantita- 
tive formulas involve sums over contributions from the 
different partial waves. 

Figures 1, 2, and 3 show theoretical fits to the 
measurements of Johnsrud, Silbert, and Barschall’ 
for the target elements As’, Mo™, Ag!?, W!86, and 
Au’, This group has measured capture cross sections 
for a great many target nuclei using activation tech- 
niques. The cases considered were selected for analysis 
for several reasons. They cover a considerable range of 
the periodic table, by and large the parameters needed 
to calculate the cross sections are known, and the 
cross sections show a variety of shapes as a function of 
energy. 
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Fic. 1. Calculated neutron capture cross sections for As”, 
Ag"7, and W!*6 together with measurements of Johnsrud, Silbert, 
and Barschall.? The energies, spins, and parities of excited states 
of the target are given along the energy abscissa. For As’® the 
partial wave cross sections up to /=2 are also plotted. 


. Johnsrud, Silbert, and Barschall, preceding paper [Phys. Rev. 
116, 927 (1959) ]. 
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Fic. 2. Calculated neu- 
tron capture cross section 
for Mo™ together with 
measurements of reference 
7. The different branches 
of the curve above neutron 
energy E=500 kev corre- 
spond to different choices of 
spin and parity for the 
excited state near 500 kev. 
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The neutron penetrabilities used in the calculations 
were taken from the tables of Beyster ef al.’ who 
determine these by fitting to neutron scattering 
experiments with a diffuse-well optical model. 

Table I lists the parameter I',(B)/D(B) as determined 
from normalizing the calculated capture cross sections 
to the measurements of reference 7. Here I',(B) is the 
radiation width at the separation energy, B, of a neutron 
and D(B) is the level spacing at the same energy for 
compound levels that can be excited by s-wave neutrons. 
Also listed is T,(B) as determined from slow neutron 
resonance measurements.’ If the radiation width is 
known then one can of course determine D(B) which 
is also listed in Table I. It is to be noted that the value 
of T,/D extracted from the measurements’ depend 
somewhat on the functional dependence of the level 
spacing on angular momentum. This is taken to be of 
the form D,; « (2J+1)— exp[a(2J+1)?] following Lang 
and LeCouteur.” The agreement of D(B) as determined 
here with slow neutron results® is very good. 

The cross section measurements of reference 7 
can be divided roughly into two classes, those that 
decrease monotonically (mainly the odd target nuclei) 
and those that are relatively flat or actually increase 
as energy increases (mainly even target nuclei). The 
increase or flatness in the cross sections is due to the 
onset of important contributions of partial waves with 
angular momentum greater than zero. 

This increase or flatness will appear if the value 
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Fic. 3. Calculated neu- 
tron capture cross section 
for Au’? together with 
measurements of reference 
7. In addition to the excited 
states indicated along the 
abscissa, there is a state 
with excitation 77 kev 
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® Beyster, Salmi, Schrandt, and Walt, Los Almos Report 
LA-2099 (unpublished). 

® Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1955); D. J. Hughes and R. Schwartz, 
ibid., Suppl. No. 1, 1957. 

10 J. M. B. Lang and K. J. LeCouteur, Proc. Phys. Soc. (London) 
A67, 686 (1954). 


MARGOLIS, 


AND TROUBETZKOY 

of I',/D is small enough. Small values of this quantity 
imply strong contributions to the capture cross section 
from / values greater than zero." An inspection of 
Table I provides a rough check on this rule. Mo™ and 
W'* have the smallest values of I',/D and their capture 
cross sections show flat regions. The behavior described 
above is of course modified by the onset of inelastic 
scattering which brings down the capture cross sections. 
The sudden drops in the cross sections as energy 
increases are of course due to the onset of inelastic 
scattering as one passes threshold. It is to be noted in 
Fig. 2 that one has a convincing check on the spin and 
parity of the excited state of Mo™ near 500 kev. 

On the other hand, in the case of As” it appears that 
the cross-section calculations are relatively insensitive 
to fine details of the level structure. As’ apparently 
has more low-lying levels than were put into the 
calculation when it was performed (see reference 7). It 
is to be noted from Fig. 2 that if the excited state of 

TABLE I. Ratio of radiation width (assumed independent of 
spin of compound state) to level spacing at separation energy of a 
neutron. For odd-mass target nuclei 1/D=1/Dj_4+1/Dis:, 
where i is the spin of the target nucleus; for even-mass nuclei 
D=D,. This ratio has been determined by fitting calculated 
capture cross sections to the measurements of Johnsrud, Silbert, 
and Barschall.* Also listed are radiation widths from slow-neutron 
resonance measurements.» The last column gives values of 
D(B) determined using columns 2 and 3. In all cases where D(B) 
is known from slow-neutron work? there is agreement to within 
experimental error. 





r'y(B) (10> ev) 


270+50 
260+80 
140+ 25 
4649 
125+30 


Target D(B) (ev) 


As? 3.6 
Mo 1.86 
Agi 6.8 
wise 0.59 
Au? 5.8 


108 XT, (B)/D(B) 








* See reference 7. b See reference 9. 


Mo™ near 500 kev had spin and parity 0*, the inelastic 
scattering competition would not be very important. 
It was not thought worthwhile to do other calculations 
on As’® since spins and parities of the levels involved 
are not known. 

It is seen that the statistical theory of nuclear 
reactions predicts neutron capture cross sections in 
considerable detail if one has the necessary parameters : 
radiation width, binding energy, level spacing, target 
nucleus level structure and neutron penetrabilities. In 
the absence of complete knowledge it is possible to 
extract some of these quantities from measurements of 
capture cross sections as a function of energy. In 
addition to the type of information obtained above, it 
is in principle also possible to obtain, from an analysis 
of the experiments, information on the neutron penetra- 
bilities, if all other quantities are known. An analysis 
of this type has already been made” in order to investi- 
gate p-wave neutron penetrabilities. 

4 E. P. Wigner, Am. J. Phys. 17, 99 (1949). 

2K. K. Seth, Proceedings of the International Conference on 


the Nuclear Optical Model, The Florida State University, 
Talahassee, Florida, 1959 (unpublished). 
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An iron-free intermediate-image spectrometer has been used to 
measure the beta-ray spectra of 2.25-sec C5, 7.4-sec N!*, and 
29-sec O'* and to measure the positron-electron internal pair con- 
version lines occurring in C'* and N'* decays. C'® emits a beta-ray 
branch of end-point energy 9.82+0.04 Mev to the 4— ground 
state of N and a branch of 4.51+0.03-Mev end-point energy. 
Relative intensities are (32+2)% (log ft=6.0) and 68% (log ft 
=4,1), respectively, and both components have the allowed shape. 
From pair line measurements at 1.5% resolution the C!’ gamma- 
ray energy is 5.299+0.006 Mev, and thus the inner beta-ray 
group leads to the upper member of the (5.276—5.305)-Mev 
doublet level in N'* known from the N"(d,p)N'® reaction. The 
internal pair conversion coefficient derived for the 5.299-Mev 
line agrees best with an E/ assignment. Our data require spin 
and parity $+ or $+ for the 5.305-Mev level in N', and spin and 


INTRODUCTION 

WO of the light element beta-ray emitters which 

have not been studied hitherto by means of 
magnetic spectrometer techniques are C and O, C's 
(half-life 2.25 sec) is reported! to decay 20% to the 
ground state of N’ with an end-point energy of 9.5+0.3 
Mev, while the remaining beta rays lead to the (5.276- 
5.305)-Mev doublet in N'® followed by gamma radia- 
tion. The C!®-N!® mass difference calculated from nu- 
clear reaction Q values! is 9.78+0.01 Mev. We have 
studied C!® with the following aims: to determine the 
shapes, branching ratios, and end points of the two 
beta-ray components; to establish to which member 
of the 5.3-Mev doublet the inner beta-ray group decays; 
to find the multipole order of the gamma radiation; to 
fix the spin and parity of C!® from the various measure- 
ments; and to search for gamma rays which would 
indicate beta-ray branching to other known states in 
N}. 

O" (half-life 29 sec) has been reported! to decay with 
a beta-ray branch of 4.5+0.3 Mev (30+10)% to the 
0.198-Mev state in F and a branch of 2.9+0.3 Mev 
(70%) to the 1.56-Mev state. We undertook an investi- 
gation of the beta-ray spectrum in order to determine 
more accurate branching ratios and to look for a 
possible branch to the ground state of F™. 

During the course of the C!® work we used N'® as a 
comparison beta-ray activity. Owing to a discrepancy? 
between previously reported gamma-ray intensities and 
the beta-ray branching intensity to the 7.11-Mev level 
in O!*, derived from Kurie-plot analyses, we have made 

+ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

* On leave from the Institut de Recherches Nucléaires, Stras- 
bourg, France. 

t Permanent address: Clarendon Laboratory, Oxford, England. 

1F, Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 


(1959). 
2D. E. Alburger, Phys. Rev. 111, 1586 (1958). 


parity $+ or $+ for C'S. Taken together with other evidence it 
seems likely that both states are $+. No evidence could be found 
from gamma-ray measurements for the beta decay of C™ to other 
known states of N'®. Some comments are made on the intermedi 
ate-coupling model for A = 15. In the decay of N'® we find that the 
3.3-Mev beta-ray branch to the 7.11-Mev level in O'8 is <11% 
per decay, based on the Kurie-plot analysis. A value of (4.7+0.9)% 
per decay for this branch is derived from the intensity of the 
7.11-Mev pair line. O" decays with beta-ray branches of 4.601 
+0.015 Mev [(41.5_5**)°%, log ft=5.4] and 3.25+0.02 Mev 
(58.5%, log ft=4.5). Other results include a value of 5.416 
+0.015 Mev for the beta-ray end-point energy of F® and a 
value of 6.051+0.005 Mev for the energy of the pair-emitting 
state of O'8, 


a study of the inner beta-ray group and have also de- 
tected and measured the intensity of the 7.11-Mev pair 
line. 

EXPERIMENTAL METHODS 


C activity was made by the C'(d,p)C® reaction 
using deuterons of 2.8 Mev from the Van de Graaff 
accelerator. The target had been prepared by J. N. 
McGruer at the University of Pittsburgh and was 
kindly placed at our disposal. It consisted of a layer 
of carbon 1.2 mg/cm? in thickness containing 30% C™ 
deposited on a gold backing 0.2 mg/cm? thick. This was 
cemented at its edges onto a water-cooled holder at the 
normal source position of the spectrometer. The O” 
activity was made in the O!%(d,p)O"” reaction at Ea 
= 2.8 Mev. Targets were prepared from water enriched 
to 22% O'8 obtained from the Weizmann Institute in 
Israel, by anodizing one side of a 7 mg/cm? thick 
tantalum foil. The thickness of the tantalum oxide 
layer was estimated to be ~0.7 mg/cm? thick from the 
color changes occurring during the anodizing process. 
Nitrogen enriched to 95.6% N!® was used for making 
N'® by the N!5(d,p)N'® reaction. The samples con- 
sisted? of a layer of TiN powder a few mg/cm? thick 
cemented onto a 0.0005-in.-thick nickel foil. A CaF» 
target 1 mg/cm? thick, vacuum evaporated onto a 
nickel foil, was also used in some of the work. In all 
cases the target was on the spectrometer side of the 
backing such that the beam passed through the back- 
ing, then through the target and on to the beam- 
collecting cup.’ For scintillation spectrometer measure- 
ments the C" or TiN! samples were cemented onto the 
bottom of a ?-inch diameter cylindrical brass target 
cup located at the end of the beam pipe. 

The iron-free intermediate-image beta-ray spectrom- 
eter’? was operated with two different detecting sys- 


31D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 
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tems. For measuring positron-electron internal pair 
conversion lines the arrangement was the same as that 
described earlier,? whereas when beta-ray spectra were 
investigated the pair coincidence detector was replaced 
with a Geiger-Miiller counter having a 3 mg/cm? thick 
window. 

Owing to the high energies of the beta rays to be 
studied, the previous upper limit of 9 Mev in the 
focusing energy of the spectrometer had to be raised. 
This was accomplished by making a series connection 
of the two generators in the three-unit M-G set in 
place of the former parallel connection. Proper current 
regulation was achieved at a maximum of 855 amperes 
and 150 volts (128 kw) which focuses electrons of 11 
Mev. Under steady-state conditions at 128 kw and with 
the full water-cooling pressure, the inlet and outlet 
water temperatures were 10°C and 77°C, respectively. 

In the measurement of the various beta-ray spectra 
two methods of normalizing the data were employed. 
The C'® and N’* beta-ray spectra were normalized on 
the high-energy gamma rays which were detected in a 
2X2 inch Nal crystal located just outside the vacuum 
chamber and next to the magnetic field coil at the 
source end, a point which is 12 inches from the target. 
A 4-foot-long light pipe extending perpendicularly to 
the spectrometer axis connected the crystal optically 
to an RCA-6342 photomultiplier tube surrounded by 
four coaxial iron magnetic shields. With this arrange- 
ment the pulse-height resolution was adequate for our 
purposes and no influence of the spectrometer magnetic 
field on the phototube gain could be observed at the 
maximum coil current. When the bias on the gamma- 
ray monitor was adjusted so as to detect pulses of 
>3 Mev, the background was only a few percent of the 
total yield of C'® or N'® gamma-ray counts. However, 
this method was not very suitable for the F* study, 
since the background was ~10%, and it failed com- 
pletely with O” because of a relative background of 
~50% which varied with time. In the latter two cases 
the gamma rays have energies of 1.63 and 1.35 Mev, 
respectively, and it is not possible to bias out the ac- 
tivities induced in the crystal and elsewhere by neutrons. 

At the suggestion of Ralph Pixley we used the leaky 
integrator method‘! of monitoring the F” and O” ac- 
tivities. This technique consists of connecting the beam- 
collecting cup to one side of a parallel RC circuit (the 
other side being at ground potential) whose time con- 
stant is the same as the mean life of the activity being 
studied. Precautions were taken to avoid leakage cur- 
rents and we employed plastic film capacitors of 1-5 mf 
(Plasticon, made by Condenser Products Company, 
Chicago). With initial conditions of no activity and 
zero voltage across the circuit the dc voltage developed 
by the beam is proportional to the amount of activity 
of the corresponding mean life in the target provided 
(a) the beam energy is constant, (b) the target is uni- 


4S. C. Snowden, Phys. Rev. 78, 299 (1950). 
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form, and (c) the beam reading is not affected by vary- 
ing secondary electron emission effects. In the geometry 
of the spectrometer (see reference 2, Fig. 2), the sec- 
ondary electrons from both the target and the beam 
cup are confined by the magnetic field to move nearly 
parallel to the axis. By placing the cup and the target 
each at a bias of +45 v, we expected that there would 
be enough of a potential barrier in the region between 
the target and the cup so as to restrict much of the 
intermingling of their respective secondary electrons. 
Measurements on the known F” beta-ray spectrum, 
which will be discussed later, resulted in a good spec- 
trum shape and showed that if any secondary electron 
mixing occurs it is not strongly magnetic-field depend- 
ent when the biases are imposed. The procedure was to 
bombard the target until the voltage across the RC 
integrating circuit, as read on a type 1800-A General 
Radio vacuum-tube voltmeter, passed a given reference 
point at which time the Van de Graaff beam was cut 
off. The reference voltage was 0.3-1.2 volts in the 
various runs. Just as the meter voltage dropped past 
the reference point, the scalars were turned on for a 
fixed timing interval. Successive runs at one point on a 
beta spectrum established whether the time constant 
of the RC circuit was adjusted accurately. 

When taking positron-electron internal pair conver- 
sion data on C!® and N'*, the singles counting rate from 
one of the pair-detecting crystals, resulting from focused 
beta rays, was used for monitoring. The variation of 
this rate is negligible over the small momentum interval 
of a coincidence pair line. 

In studies of the F?° and O" beta-ray spectra the beam 
was removed by turning off the Van de Graaff belt 
excitation. However, when the pair lines of C!® and N!® 
were examined it was found desirable, because of the 
short half-lives and the long runs necessary, to use the 
automatically operated beam interceptor.? The cam 
system previously used for N!® was employed again and 
for C!® the frequency of the timing cycle was doubled 
so as to result in irradiation and counting intervals of 
approximately 3 sec each. 

All data on beta-ray spectra were taken at a spec- 
trometer resolution setting of 1.6% using a 3-mm 
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Fic. 1. Beta-ray spectrum of N'*. 
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Fic. 2. Kurie-plot analysis of the N'® beta-ray spectrum. Curve 
A, ordinary Kurie plot of the high-energy group; Curve B, correc- 
tion of curve A with the “unique” first-forbidden factor a; and 
Curve C, Kurie plot of the inner group after subtraction of the 
a-shaped high-energy spectrum. Note: the three plots are made 
with different ordinate scales. 


diameter beam spot for activating the target. Positron- 
electron pair lines were measured at 1.5% resolution. 
In all cases the calibration was taken from the 9986.7 
+1.5 gauss-cm line® of thorium-active-deposit, the 
source having been collected electrostatically on a 3-mm 
diameter Al foil. The linearity of current versus mo- 
mentum was checked occasionally with the 4657.9+ 1.0 
gauss-cm line® of Bi’’’. Calibrations were generally made 
before and after the various runs and the voltage across 
the reference potentiometer in the current regulating 
circuit was monitored frequently. Care was taken to 
adjust the axial positions to be nearly the same for 
both the target and the calibration source, and small 
corrections® were applied to the calibration constant 
when required by slight differences in axial position. 

When our initial runs were made on the O” beta-ray 


spectrum, we found that a considerable amount of 
66-sec F!’ was present. In order to prevent the detection 
of the positrons from this activity (Finax=1.75 Mev), 
we installed a spiral baffle system which has been de- 


scribed earlier.® 
BETA-RAY SPECTRA 


The study of the N'® beta-ray spectrum was made in 
order to check the operation of the spectrometer at 
high focusing energies and to investigate the shape of 
the inner group as mentioned in the Introduction. 
Figure 1 shows the spectrum obtained. Data were cor- 
rected for counter dead-time, normalized according to 
the accumulated gamma-ray monitor count, and the 
background averaged from points beyond the end of 
the spectrum has been subtracted out. A Kurie-plot 
analysis of the spectrum is shown in Fig. 2. Curve A, 
the normal Kurie plot of the high-energy group, shows 
the distinct curvature previously observed by Morton 


5K. Siegbahn, Beta- and Gamma-Ray Spectroscopy (North- 
Holland Publishing Company, Amsterdam, 1955), see p. 227. 
6 Alburger, Ofer, and Goldhaber, Phys. Rev. 112, 1998 (1958). 
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and Lewis’ and by Brunhart, Kenney, and Kern.® 
When this plot is corrected by means of the unique 
first-forbidden factor a, a linear plot, Curve B, is ob- 
tained having an extrapolated end-point energy of 
10.44+0.04 Mev. This energy is in agreement with the 
previous measurements and with the value 10.40+0.01 
Mev calculated from reaction Q values.! After subtrac- 
tion of the high-energy a-shaped group from the total 
spectrum the Kurie plot of the remainder is found, as 
shown by Curve C. The points of this plot are quite 
linear from 2 Mev to the end point at 4.27+0.03 Mev, 
and there is no evidence of a deviation starting at 3.3 
Mev as has been found before.’:* This end point is to be 
compared with 4.27+0.02 Mev expected for a transi- 
tion to the 6.14-Mev state of O'®. In order to determine 
the intensity of 3.3-Mev beta rays which would be 
required to produce a noticeable departure from lin- 
earity above 2 Mev in Curve C, we constructed Kurie 
plots from combined 4.3- and 3.3-Mev end-point beta- 
ray spectra of allowed shapes having various relative 
intensities. An intensity ratio J;.3/J4.3=1/10 produces 
a noticeable curvature above 2 Mev and we consider 
the ratio 1/7 to be a firm upper limit. This corresponds 
to an upper limit of 11% per decay on the 3.3-Mev 
branch. Deviations in the earlier Kurie plots’:* at 3.3 
Mev probably resulted from source thickness effects. 
From the areas under the total spectrum and under the 
extrapolated high-energy group we find that the in- 
tensity per decay of the ground-state group is (26+2)%, 
This is the same as the mean value of the two previous 
results of 24%7 and 28%.° 

The beta-ray spectrum of C!® is shown in Fig. 3 and 
the corresponding Kurie-plot analysis is given in Fig. 4. 
Data were taken and analyzed in a manner similar to 
the case of N'®, It is seen that the high-energy group 
has the allowed shape, extrapolating to an energy of 
9.82+0.04 Mev, and that the inner group is also 
allowed, extrapolating to an energy of 4.51+0.03 Mev. 
The intensities per decay are (32+2)% for the 9.82-Mev 
group and 68% for the 4.51-Mev group. Reaction Q 
values predict an end-point energy of 9.78+0.01 Mev 
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Fic. 3. Beta-ray spectrum of C*. 


7P. W. Morton and H. W. Lewis, Bull. Am. Phys. Soc. 2, 286 
(1957). 

8 Brunhart, Kenney, and Kern, Phys. Rev. 110, 924 (1958); 
Bull. Am. Phys. Soc. 2, 395 (1957). 
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Fic. 4. Kurie-plot analysis of the C'® beta-ray spectrum. 


for C!®. These data indicate that the inner group leads 
to a state in N'® at 5.31+0.05 Mev which is to be com- 
pared with states known at 5.276+0.006 and 5.305 
+0.006 Mev.' 

The F” beta-ray spectrum was run primarily to test 
the leaky integrator monitoring technique in connection 
with the O” spectrum. The 10% background in the 
gamma-ray monitor, while bothersome, was low enough 
so that the integrator normalization could be checked 
against the gamma-ray monitor. When the leaky in- 
tegrator was used alone, a spectrum was obtained which 
has a linear Kurie plot between 2.0 Mev and the 
5.4-Mev end point. Runs were made on the F” spec- 
trum above 3.5 Mev in order to obtain end-point 
energy values which could serve as a test of the relia- 
bility of the leaky integrator monitoring method. An 
F® end-point energy of 5.416+0.015 Mev was ob- 
tained, this being the average from analyses based on 
integrator monitoring and on gamma-ray monitoring. 
The separate results on the end point using the two 
monitoring techniques differed by 0.008 Mev. If the 
gamma ray in F* decay is taken as 1.629 Mev, which 
is the mean of two reported measurements,' the ad- 
justed mass values published by Wapstra’ predict a 
beta-ray end-point energy of 5.420+0.013 Mev, where 
0.001 Mev associated with nuclear recoil has been 
subtracted. 

In Figs. 5 and 6 we show the O” beta-ray spectrum 
and its Kurie-plot analysis, respectively. The higher- 
energy group appears to have the allowed shape. Its 
end-point energy of 4.601+0.015 Mev was derived 
from the analysis of a series of runs with closely spaced 
points in the region above 3.3 Mev. Upon extrapolating 
the Kurie plot of the 4.6-Mev group, its calculated 
spectrum was subtracted from the total leaving the 
inner group whose Kurie plot is linear above 1.8 Mev 
and has an end-point energy of 3.25+0.02 Mev. Rela- 
tive branching intensities are (41.5_;+°)% (log ft=5.4) 


~ A. H. Wapstra, Physica 21, 367 (1955). 
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for the 4.601-Mev group (see the Discussion section 
for an explanation of the errors in the branching in- 
tensity) and 58.5% (log ft=4.6) for the 3.25-Mev 
branch. These data are consistent with the known 
decay scheme” of O”. 


POSITRON-ELECTRON PAIR LINE 
MEASUREMENTS 


Because the separation of the 5.3-Mev doublet levels 
in N'® is only 0.029 Mev, or 0.55%, a measurement of 
the transition energy with an accuracy of ~0.1% is 
necessary in order to establish to which of these levels 
C!® decays. The beta-ray measurements reported above 
favor the upper level but the errors are not small 
enough to establish which level is involved. As a check 
on our experimental accuracy, we carried out a series 
of measurements on the pair-emitting first excited state 
of O'* produced in the F(p,a)O"* reaction. A previous 
pair-line measurement® yielded an energy of 6.065 
+0,009 Mev, but according to more recently deter- 
mined reaction Q values! the weighted energy is 6.053 
+0.007 Mev. Our procedure was to make alternate 
comparisons at 1.5% resolution between the peak posi- 
tion of the pair line and that of the thorium calibration 
line, the momentum® of which differs by only 0.4% 
from the momentum of the pair line. A correction of 
0.03% was made for a difference of 0.1 mm in the axial 
position of the target relative to that of the thorium 
source. This difference was determined by inserting, in 
turn, the source-holding tube and the target-holding 
tube in a bench-mounted jig and by locating the axial 
position of the surface of the source or target relative 
to a reference point by means of a depth micrometer. 
Corrections were also made for energy loss due to the 
1.0-mg/cm? thickness of the CaF, target and for the 
nuclear recoil associated with the emission of a pair. 
No Doppler correction is necessary owing to the long 
half-life of the state (7X10~" sec). According to these 
measurements the energy of the pair-emitting state is 
6.051+0.005 Mev. We propose that the earlier pair- 
line energy*® be replaced by the present one and that 
this result be combined with the reaction Q-value figure 








2000 4000 6000 8000 10000 12000 14000 1600 


GAUSS -cm 


Fic. 5. Beta-ray spectrum of O”. 


0 Johnson, Jones, Phillips, and Wilkinson [Proc. Roy. Soc. 
(London) (to be published) ] give a high-energy branch of 38.5% 
from observations on the gamma rays following the beta decay 
of O". See also Jones, Phillips, Johnson, and Wilkinson, Phys. 
Rev. 96, 547 (1954). 
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Fic. 6. Kurie-plot analysis of the O beta-ray spectrum. 


mentioned above to give a most probable energy value 
of 6.052+0.004 Mev for the first excited state of O'%. 

The energy of the C'’ gamma ray was measured in a 
manner similar to that described above, except tha} 
the pairs occurring in the decay were detected only 
during the “beam-off” portion of the cam timing cycle 
just as in earlier work? on N!*. Figure 7 shows the re- 
sults of one 15-hour run on the pair coincidence line. 
We derive an energy value of 5.299+0.006 Mev for the 
gamma-ray transition in N'® based on two such runs 
which separately gave the energy as 5.298 and 5.300 
Mev. The relative predicted positions of the peaks for 
gamma rays of 5.276 and 5.305 Mev, with their errors, 
are also shown in Fig. 7 and it is seen that our measure- 
ment agrees better with the position of the 5.305-Mev 
level. A 5.276-Mev transition may also be present but 
its intensity must be <3 of the total gamma-ray in- 
tensity. An accurate experimental re-check on the 
energies of these levels from the N'(d,p)N" reaction 
would be desirable. 

In order to fix the multipolarity of the 5.3-Mev 
transition, we made comparisons between the number 
of pair counts per gamma ray for this line and for the 
6.14-Mev £3 transition in O'* following the decay of 
N!*, Our procedure was to determine the net number 
of pair counts at the peak of the line per standard 
monitor count of 100 000 counts recorded in one of the 
crystals. The singles monitoring yield results almost 
entirely from focused beta rays. Owing to the differences 
in shapes and end-point energies of the C'® and N'6 
beta-ray spectra and to the different relative momen- 
tum positions of the pair line with respect to the beta- 
ray spectrum, the 100000 monitor counts corresponds 
to different total numbers of disintegrations. This dif- 
ference of approximately 10% was determined from an 
analysis of the amplitudes of the beta-ray spectra at 
the pair-line positions together with the areas under 
these spectra. ‘The observed ratio of pair-line intensities 
was thus reduced to a ratio of intensities for equal 
numbers of beta-ray disintegrations. Generally one 
would then apply a factor, according to the relative 
branching intensities, to derive the ratio of pairs for 
equal numbers of gamma-ray transitions. However, in 
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our case, it happens that both branches to the gamma- 
emitting level are 68% and no further correction is 
necessary. 

From the ratio of pair counts for equal numbers of 
gamma-ray transitions, a derivation of unknown in- 
ternal pair conversion coefficient of the 5.3-Mev gamma 
ray in C!® decay, based on the theoretical coefficient 
for the 6.14-Mev E3 gamma ray in N"* decay, would be 
straightforward if it were not for the fact that the pair 
transmission of the spectrometer (defined as the num- 
ber of coincidence counts at the peak of a line per pair 
emitted from the source) varies both with energy and 
with multipole order owing to differences in angular 
correlations of the pairs. In earlier work? it was found 
experimentally that the spectrometer is 1.5 times more 
efficient in detecting 6.14-Mev £3 pairs than it is in 
detecting 6.05-Mev £0 pairs. Since in the analysis one 
must make use of the relative pair transmissions, it 
would appear that the pair conversion coefficient could 
be derived only if the multipole order of the transition 
in question is already known. 

We believe that the correct procedure is to assume a 
number of different multipole orders for the unknown 
transition, to make use of the spectrometer transmission 
appropriate to each assumption, to derive the various 
internal pair conversion coefficients, and to compare 
these with the theoretical values for the assumed mul- 
tipoles. A unique assignment may be made if a derived 


coefficient agrees with its corresponding theoretical 
coefficient in one case only. An inherent combination 
of characteristics limits this comparison method, namely 
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Fic. 7. Internal pair conversion line occurring in the decay of 
C, The full width at half maximum is 1.5%. Predicted peak 
positions are shown for the 5.3-Mev doublet levels in N'® known 
from the N'*(d,p)N! reaction. 
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that, in general, the higher the multipole order the 
greater will be the spectrometer transmission because 
of angular correlation effects—but the effect of this 
greater transmission on the pair-line yield tends to be 
cancelled by the fact that the higher the multipole 
order the lower will be the internal pair conversion 
coefficient." In order to make a unique multipole order 
assignment, the accuracy of the measurements must be 
greater than would obtain if the spectrometer pair 
transmission were independent of multipole order. 

With the help of Ralph Pixley we calculated the pair 
transmission of the spectrometer as a function of mul- 
tipole order and transition energy with an accuracy 
which is limited only by the lack of exactness with 
which the mean entrance angle and the acceptance 
angle of the spectrometer are known. Pairs of equal 
energy are chosen, one component of which is allowed 
to enter the acceptance angle. The probability that the 
other component will also enter is found by integrating 
the angular correlation function" over the acceptance 
angle geometry. This probability is multiplied by the 
solid angle for the passage of the first particle and by a 
resolution-dependent energy-width factor, which repre- 
sents the fraction of the pair spectrum accepted, thus 
giving the total probability that both components 
shail reach the detecting area. It is assumed that the 
points where the pairs enter the detecting area are un- 
correlated, in which case just half of the pairs produce 
coincidence counts except for a loss of 5% due to the 
interception of pairs by the tungsten absorber between 
the crystals. Further corrections to the experimental 
coincidence yields must be made for the number of 
counts lost, because of the pulse-height bias conditions 
on the detectors. 

We have, up to the present, several experimental 
checks on the calculations. The experimentally observed 
absolute pair transmission for the 6.14-Mev £3 trans- 
ition in O'* following N'® decay differs from the calcu- 
lated transmission by only 10% which is within the 
experimental accuracy. Our other checks are on the 
ratios of pair transmissions. As mentioned earlier, we 
had previously? measured the ratio of 6.14-Mev £3 to 
6.05-Mev E0 transmission as 1.5 (with an accuracy of 
~10%). The theoretical ratio is 1.45. Furthermore, the 
calculations show that the ratios of transmissions should 
not vary appreciably over the entire range of spectrom- 
eter resolution settings, and experimentally this has 
been found? to be true for the two transitions men- 
tioned above. Finally, we were able to detect and 
measure the intensity of the internal pair conversion 
line of the 7.11-Mev £1 transition occuring in the decay 
of N'* and to derive from the data a beta-ray branching 
ratio which is in agreement with the known decay 
scheme. 

The measurement of the 7.11-Mev pair-line intensity 
in N'® decay was difficult because of the small peak 


"lM. E. Rose, Phys. Rev. 76, 678 (1949). 
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yield relative to the background. The background arises 
both from random counts and from true coincidences 
between the continum of beta rays and that of 6.14-Mev 
pairs. Our procedure was to focus alternately at the 
pair-line peak position and at background points on 
either side of the line. 3471 peak counts and 2959 back- 
ground counts (both for the same accumulated monitor 
count) were the totals for 40 sets of points obtained in a 
16-hour run. We derive the relative 7.11-Mev gamma- 
ray intensity from the pair-line intensity by using the 
6.14-Mev pair-line intensity as a reference, together 
with the theoretical internal pair conversion coefficients 
and our calculated relative spectrometer transmissions. 
In this case the ratio of calculated transmissions is 
(7.11 E1)/(6.14 £3)=1.185/1.444 (based on a trans- 
mission of 1.000 for £0). The yields must be adjusted 
for the slightly different numbers of monitor counts 
per beta ray. We find that the relative 7.11-Mev 
gamma-ray intensity, and therefore the intensity of the 
3.3-Mev beta-ray branch of N'* to this state in O! is 
(4.7+0.9)% if we take the 4.3-Mev beta-ray branch as 
68%. This result is in excellent agreement with the 
(4.9+0.4)% branch? based on gamma-ray intensities. 
If, on the other hand, we assume that the gamma-ray 
intensities are correct, the result confirms our spec- 
trometer transmission calculations for E1, at least 
within an accuracy of 19%. In none of our experimental 
checks on the spectrometer pair transmission do we 
feel that the measurements establish the transmission 
characteristics to the accuracy with which we believe 
the calculated transmissions. 

Returning to the C!® gamma ray, we find from our 
comparison measurements that the yield of C! pair 
coincidence counts per 5.3-Mev gamma ray is 1.11 
times larger than the number of pair counts per 6.14- 
Mev gamma ray in N'¢ decay. The internal pair con- 
version coefficient a for the C!® gamma ray is given by 
the relationship: 


ac's= 1.11 (ex#/ec') KX 1.46X 107%, 


where the e’s are the respective pair transmissions and 
the factor 1.46X10~* is the theoretical internal pair 
conversion coefficient for the 6.14-Mev £3 transition 
in O'8, 

In Table I we list the calculated relative spectrometer 
transmission for various multipoles (the numbers are 
based on a relative transmission of 1.000 for 6.05-Mev 


TABLE I, Summary of calculations on the internal pair conversion 
coefficient a for the 5.3-Mev gamma ray in C!® decay. 





A in Nos. 
of prob. 
errors 


Relative 
spec. trans. 
( =1.000 for E0) 


a X10* (exp) 
(+10%) 
2.20 
1.83 
1.8 1.54 i; 
1. 1.12 3. 
1. 1.24 2. 


a X108 (theor) 


2.08 0.6 
1.38 2.5 


Multipole 


Fl 1.065 
M1 1.280 
E2 1.261 
M2 1.423 
E3 1.407 
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E0 pairs—for EO the transmission changes very little 
with energy), the corresponding experimental internal 
pair conversion coefficient, and the theoretical coeffi- 
cient. The last column gives the difference A between 
experimental and theoretical values in numbers of prob- 
able errors of the experimental number. Only in the case 
of F1 do the experimental and theoretical values agree 
within the probable error of the experimental result. 
Experimental values for all other multipoles, with the 
possible exception of #2, are well outside the probable 
errors and we feel that the results fix the 5.3-Mev tran- 
sition with reasonable certainty as £1. The exclusion of 
£2 is strengthened by theoretical considerations to be 
presented later. 


SCINTILLATION SPECTROMETER MEASUREMENTS 


States above 5.3 Mev are known! in N! which 
energetically could be fed by beta decay from C!®. In 
particular, there are levels at 7.31 and 8.32 Mev both 
of which have spin and parity 3+ or $+, and if our 
evidence that C!® has spin and parity 3+ is correct, one 
might expect allowed beta-ray transitions to take place. 

Two types of experiment were performed to search 
for such branching. In the first we looked for gamma 
rays of low energy in coincidence with the 5.3-Mev 
gamma ray. Two 3X3 inch Nal(TI) detectors were 
placed on either side of the target with } inch of iron 
between the target and each crystal to absorb beta 
rays. The procedure consisted of irradiating the target, 
interrupting the beam by means of the cam timer and 
pneumatically-operated beam stopper, and counting 
during the beam-off part of the cycle. The coincidence 
spectrum was displayed on a 100-channel pulse-height 
analyzer. 

As a test of the method we examined the spectrum of 
gamma rays in coincidence with gamma rays of >4 Mev 
occuring in the decay of N'® using the target material 
described in the second section. The 2.75-Mev gamma 
ray, which is known” to follow a 1.1% beta-ray branch 
to a level in O'® at 8.87 Mev and to be in coincidence 
with gamma rays of 6.14 Mev, was observed clearly. 

Similar measurements on C! failed to reveal any 
gamma-ray lines between 0.7 and 4 Mev in coincidence 
with the 5.3-Mev gamma ray. An upper limit of 0.3% 
per decay may be placed on the intensity of such 
coincident gamma rays in the energy region of 2-3 Mev. 

Actually, one might expect low-spin states in N' to 
decay preferentially to the ground state rather than 
through one of the 5.3-Mev levels. Our next set of 
experiments, therefore, consisted of a search for high- 
energy gamma rays by means of a 3-crystal pair 
spectrometer. The arrangement was similar to that 
described earlier? except that the center crystal was 

+ inches in diameter and 2 inches long and the side 
crystals were both 3X3 inches. An additional function 


2 Wilkinson, Toppel, and Alburger, Phys. Rev. 101, 673 (1956). 
18D. E. Alburger and B. J. Toppel, Phys. Rev. 100, 1357 (1955). 
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of the cam timer in this case was to remove the voltage 
from the center photomultiplier tube during the deu- 
teron bombardment of the target so as to avoid the 
effects of the high flux of prompt gamma radiation. 
The conical collimator between the target and center 
crystal was placed with its axis at an angle of ~30° to 
the beam so as to reduce the chance of detecting 
prompt gamma rays from the beam stopper and else- 
where in the Van de Graaff. In order to discriminate 
against the intense annihilation radiation associated 
with the production of 10-min N® from the C” in the 
target and also to absorb the C! beta rays, a }-inch- 
thick lead plate was placed between the conical colli- 
mator and the center crystal. 

The results of a check experiment on N'* activity are 
given in curve A of Fig. 8 which shows the 3-crystal 
pair spectrum obtained in a run of 2-hours actual 
counting time. Activation of the target with a 0.1-4amp 
beam at 2.5 Mev resulted in a singles counting rate of 
14.000/sec in the center crystal and a 3-crystal rate 
of ~300 counts/min per channel at the 6.14-Mev peak. 
The 8.87-Mev line has been observed":"® previously only 


Fic. 8. Three-crystal pair spectra. Curve A~N'®; Curve B-C!5. 
Energies in Mev of known gamma rays or levels are indicated. 
Note: the constant of pulse height versus pair-line energy is 
slightly different for the two curves. 


4 Bent, Kruse, Lidofsky, and Eklund, Bull. Am. Phys. Soc. 2, 


52 (1957). 
18 McCrary, Bonner, and Ranken, Phys. Rev. 108, 392 (1957). 
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in the F(p,a)O"* reaction. In the beta decay of N’* it 
should occur to the extent of 0.1% per decay, or a 
factor of 700 lower than the 6.14-Mev line, on the basis 
of the known beta- and gamma-ray branching intensi- 
ties. Figure 8(A) seems to indicate the presence of the 
8.87-Mev gamma-ray line superposed on an underlying 
background which we attribute to pulse pile-up. The 
intensity of the line corresponds to a gamma ray 1/ (800 
+200) as strong as the 6.14-Mev gamma ray. Both this 
result and the gamma-ray intensity ratio 6.14/7.11 
= 1341.5 derived from Fig. 8(A) agree with the decay 
scheme of N'® proposed earlier.” 

In Fig. 8(B) we show the 3-crystal pair spectrum of 
C obtained in 4} hours of actual counting time (10 
hours total). With a 2-ua beam at 2.8 Mev, the 
singles and coincidence counting rates were only slightly 
lower than in the N'* run. Although several points at 
the 8.3-Mev position are above the smooth curve of 
background pile-up by slightly more than the probable 
errors, we can claim no positive evidence for any but 
the 5.3-Mev gamma ray. We place upper limits of 
0.05% per decay on the intensities of the 7.3- and 
8.3-Mev gamma-ray transitions whose predicted peak 
positions are indicated in the figure. There is further- 
more no evidence for lower energy gamma-ray peaks, 
From a comparison between curves A and B, and know- 
ing that the 2.75-Mev peak in curve A corresponds to 
a gamma-ray intensity of 1% per decay, we can place 
an upper limit of 0.5% per decay on C!® gamma rays 
between 2 and 3 Mev. 

We have also searched for beta decay of O” to the 
2.78-Mev (7/2, 9/2) state of F" by measuring the 
gamma-ray singles and 3-crystal pair spectra. This 
state is known! to decay to the 0.198-Mev level with 
the emission of 2.6-Mev gamma radiation. An upper 
limit of 0.15% per decay is placed on the beta decay of 
O” to the 2.78-Mev state and this corresponds to a 
lower limit of 6.3 for the log ft value. 


o'r 
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DISCUSSION 
N'* 


The characteristics of N'® are well established from 
earlier work.':? Our examination of this activity had as 
its primary objective the testing of the spectrometer on 
a beta-ray transition of known shape and of about the 
same energy as is involved in the decay of C!®. As we 
have seen the correct unique first-forbidden shape was 
found and a good value for the end point was obtained. 
This gives us confidence in the correct functioning of 
the spectrometer in a new region of beta-ray energy. 
A secondary objective was the removal of a discrepancy 
as to the intensity of the low-energy branch to the 
7.11-Mev state of O'® between gamma-ray measure- 
ments and earlier beta-ray spectrometer measurements. 
This was also successful. 

We summarize in Table II what we believe to be the 
best available data??!®!7 on the beta decay of N'®. In 
drawing up this table we have used a mean value! of 
7.37 +0.04 seconds for the half-life of N'®. These data 
are not sufficiently different from those current at the 


TABLE II. Beta-ray branches in the decay of N!®* 


Percent log fot 


branch 
26+2 
< 0.015 
68+2 
4.9+0.4 
1.0+0.2 


State of O'* (Mev) 
and spin-parity 


Epmax 
(Mev) 


10.40 


log fot (exp) 


6.69+0.04 
>8.2 
4.52+0.02 
5.10+0.04 
4.3 +0.1 


ground, 0+ 
6.05, 0+ 
6.14, 3— 
7.11, 1— 
8.87, 2— 


4.26 
3.29 
1.53 


® References 2, 12, 16, 17, and present work. 


time that Elliott and Flowers” published their success- 
ful calculations to warrant a recomparison of theory 
and experiment. 


oY 


The decay scheme of O (see Fig. 9) is well known” 
and the present measurements are in complete accord 
with the earlier work. Their special contribution is to 
provide a more accurate measurement of the branching 
ratio between the 1.56-Mev and 0.198-Mev states and 
to give good values for the beta-ray energies. These 
results have already been reported above. 

The question of the absence of the transitions to the 
5+ ground state of F is an important one since it is 
an approach to the ground state spin of O. According 
to the shell model!® the ground state of O” is 3+ while 
according to the rotational model" it is $+. Experi- 
mentally we have $+ or $+ with the latter preferred” 
simply because the ground-state transition has log 

16 B. J. Toppel, Phys. Rev. 103, 141 (1956). 

17 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A242, 57 (1957). 

18 J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 

1 E. B. Paul, Phil. Mag. 2, 311 (1957). G. Rakavy, Nuclear 
Phys. 4, 375 (1957). 
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ft>6.5. However on the collective picture the O'%(3+) 
to F%($+) transition would be of K=3 to K=} and 
would be asymptotically hindered. It is therefore im- 
portant to confirm or sharpen the limit on the ground- 
state transition. The present approach of direct beta- 
spectrum measurement could not be expected to reveal 
directly a weak branch to the ground state. It might, 
however, do so indirectly by showing an apparent end 
point inconsistent with a simple transition to the 
0.198-Mev state. We have made Kurie plots of con- 
structed beta-ray spectra composed of various relative 
intensities Js of two allowed components having end 
points of 4.60 and 4.80 Mev. In all cases the Kurie plot 
in the region above 3.3 Mev is linear and its extrapo- 
lated end point lies above 4.60 Mev by an amount 
closely equal to (/4.,/(Z4.6+/4.s) ]X0.20 Mev. We may 
therefore estimate the relative strength of the ground- 
state component by comparing our measured extrapol- 
ated end point of 4.601+0.015 Mev with that expected 
from other data for a transition to the 0.198-Mev state. 
There are two cycles of accurately-measured Q values 
that can be used to determine the mass difference A 


TABLE IIT. Beta-ray branches in the decay of O”. 


log fot 
(theor)*® 


Percent 
branch 


State of F'® (Mev) 
and spin-parity log ft (exp) 
ground, 1/2+ 26.5 


0.198, §/2+ er hh J.49_0 o3* ~6.4 


1.56, 3/2+ 58.5 5140.0: 4.6 
2.78, 7/2, 9/2 ts 


® See reference 18. 


between O” and F'’. They are: 


O'8(d,p)O" (d,p)O'8(d,p)O! (A) F¥ (p,a)O", 
and 
O'8(d,p)O" (A) F(d,t and He’,a) F'8(n,p)O'. 


In the second cycle two independent measurements 
link F and F'8 and the last reaction is written back- 
wards. The data of the literature! yield A= 4.815 +-0.016 
Mev and 4.793+0.014 Mev for these two cycles, re- 
spectively. Since the only reaction in common between 
the cycles is O'8(d,p)O"” which contributes little (3 kev) 
to the error of either cycle we may combine them to 
find O8— F¥= 4,803 +0.012 Mev (allowing for common 
contributions to error through the simple particles). 
If the high-energy transition of O' is purely to the 
().198-Mev state of F", we therefore expect an end 
point of 4.604+0.012 Mev (allowing 0.001 Mev for 
recoil) to compare with our measured value of 4.601 
+0.015 Mev. These two figures agree well within the 
combined error of 0.019 Mev. By comparing the error 
with the difference of 0.198 Mev in the end-point 
energies, it appears unlikely that there can be more 
than 10% by relative intensity of the ground-state 
transition involved in the decay as compared with the 
transition to the second excited state, This corresponds 
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Fic. 10. Decay scheme of C!, 


to log ft26.5 for the ground-state transition, the same 
limit as reached in other work" which used a quite 
different method. 

We summarize in Table III and in Fig. 9 the present 
data for the beta-ray transitions of O” (rather sharp 
limits are available for transitions to other low-lying 
levels but these are discussed in detail elsewhere"). In 
drawing up Table III, we have used a half-life of 
29.4+1 seconds.! The intensity of the 4.601-Mev 
branch is assigned a larger limit of error on the lower 
side because of the possible presence of a ground-state 
beta-ray transition. 

Just as for N'®, the changes in the log ft values con- 
sequent upon the present work are not great enough 
to warrant a fresh comparison with theory.'® The limit 
on the decay to the 2.78-Mev state of F" suggests that 
the transition is at least first-forbidden. If we may 
anticipate that this state is of even parity and if the 
ground state” of O” is indeed $+, then our result 
favors the J=9/2 alternative which agrees with the 
theoretical prediction.'® 


Cl 


The chief objective of this work was a study of the 
C decay. (For the discussion which follows, refer to 
Fig. 10 and to the level diagram for N™ given in refer- 
ence 1.) C!® is interesting because it contains 9 neutrons 
so the last is presumably in the mixed 2s-1d shell. We 
should therefore expect C!® to be $+ (1ds) or 3+ (2s). 
The expected 3+ (1d;) state should be somewhat 
higher up. To speak of C'® in this way as a one-particle 
nucleus is, of course, incorrect but is encouraged by the 
large excitation (at least 6.6 Mev) of the first even- 
parity excited state of the parent C". This simple view 
is justified by the results of the full intermediate- 
coupling calculation® which treats it as the 3-body 
p-*(2s, 1d) and which shows the lowest two states of 
C' to be §+ and $+ and to be rather good one-particle 


*” FE. C. Halbert and J. B. French, Phys. Rev. 105, 1563 (1957), 
See also reference 17, 
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states. Which of the two should be the ground state is 
not clear from the calculation; they are predicted as 
being very close together. In fact,’ the lowest experi- 
mental excited states of C!® are at 0.66 and 2.48 Mev, a 
pattern qualitatively consistent with the simple ex- 
pectation. If now the ground state were 3+, the transi- 
tion to the N'® ground state (;—) would have the 
unique first forbidden shape. We have already noted 
(Fig. 4 compare Fig. 2) that this is certainly not the 
case and so the 3+ possibility is eliminated. We have 
also noted, however, that the spectrum has very ac- 
curately the allowed shape, at least in the region 
accessible to us before the lower energy branch is en- 
countered. At first sight this does not seem surprising 
because it is a general rule” that first forbidden transi- 
tions of AJ=0 or 1 have the allowed shape. The reason 
for this is clear on examining the form of the correction 
factor to the allowed shape for such transitions which 
may be written 
C~O(Ex)+0(,q), 


where /g is the electrostatic energy at the edge of the 
nucleus and p,g are the lepton momenta. We usually 
encounter first forbidden transitions in nuclei of medium 
or heavy weight where Eg~ 10 Mev or more and where 
the beta transition is of 1 or 2 Mev. Under these 
circumstances, the electrostatic term dominates the 
momentum term and so the correction factor is almost 
a constant. With C!*, however, the situation is reversed : 
Ep~2 Mev and the transition energy ~10 Mev. We 
should therefore have expected a strong departure from 
the allowed shape if J=}+ or 3+ and should only 
have expected an accurately allowed shape if the trans- 
ition were fact allowed, viz., odd parity for C". 

This last possibility is most unpalatable and the 
second part of this investigation was directed towards 
the problem of the parity of C!’. This we are able to 
attack because a transition to the (5.28-5.31)-Mev 
doublet of N’* is certainly allowed (log ft=4.1). Even 
if the decay takes place to both members of the doublet 
this remark holds true. Our task is accordingly to de- 
termine to which member of the doublet the decay 
leads and then to fix the parity of that member which 
gives us the parity of C". 

The lower doublet member is formed by stripping! 
in the reaction N'(d,p)N® with /=2 which fixes its 
parity as even and its spin as J=} to . We may regard 
the possibilities J=} and 3 as relatively unlikely, how- 
ever, because they could be formed by /=0 which is 
not seen. The shell model in intermediate coupling” is 
firm that the lowest even parity T=} state of N™ 
should have J = 3 and it seems likely that this is correct. 
The experimental reduced width of this state is in good 
accord with the prediction of the model. In this case, 
we should not expect C’ to decay to this state with 
log ft=4.1 if the parity of C!® were odd (a first for- 


*! See, e.g., M. G. Mayer, reference 5, Chap. XVI, p. 433. 
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bidden transition), nor if C!’ were $+ because the 
transition would in the latter case be second-forbidden. 
As we have seen this state is indeed not favored in the 
decay which goes largely or wholly to the upper doublet 
member. 

The upper doublet member therefore fixes the parity 
of C!®, Unfortunately its own parity is unknown. It is 
formed in the N'‘(d,p)N* reaction with a low, more-or- 
less isotropic cross section’ which does not admit of a 
stripping interpretation. A weak argument against odd 
parity is that the $— (1p, hole) state of N', which 
together with the }— ground state completes the 
remnants of the 1p-shell, appears to be that at 6.33 
Mev and so we should not expect any more odd-parity 
states until considerably higher because these will be 
states of double excitation. We unhappily find a rapid 
gegenbeispiel in the neighboring nucleus O'* which has 
even-parity excited states equally numerous with odd- 
parity ones, but in fact in N’® no other odd-parity state 
is known below 10 Mev which encourages our argu- 
ment. As we have seen, our measurements of the in- 
ternal pair formation coefficient strongly suggest that 
the transition to ground from this state is £1 which 
confirms that it is of even parity, J/=}+ or 3+, and 
this in turn implies that C is J=}+ or $+. The 
theoretical indication is clearly in favor of 3+ for C'. 
Other evidence comes from N!. A state of $+ at 11.61 
Mev is found to have a large reduced width for proton 
emission and a very small (~10~ single-particle units) 
width for neutron emission,” a fact that suggests 
strongly that it has T= $ and so must be found in C". 
We accept this for the following discussion. It has 
already been suggested” that this state of N! may cor- 
respond to the ground state of C'*. To predict the exci- 
tation in C! corresponding to 11.61 Mev in N", we 
resort to an automatic procedure already described.” 
The ground state of C™ is 0.16 Mev above the ground 
state of N™ but corresponds to the 0+ T=1 state at 
2.31 Mev, i.e., the Coulomb plus n-p mass difference 
shift from N"™ to C™ is 2.15 Mev. If we make the ap- 
proximate A‘ correction,” we should expect a corre- 
sponding shift of 2.10 Mev in the A4=15 system. We 
therefore expect the state in C! analogous to that at 
11.61 Mev in N'® to be 9.51 Mev above the ground 
state of N™. The same prediction based on the energy 
difference of the N“—C® mirror pair gives 9.49 Mev 
in good agreement. In fact the energy is 9.8 Mev. This 
discrepancy of 0.30 Mev between the ground state of 
the 7.=X nucleus and the excitation of the analog 
state in the 7.=Y—1 nucleus is in the same sense and 
of the same order as those found in comparable cases 
where Y¥=1 and the self-conjugate nucleus is even- 
even.” It is doubtless due to the great density of states 
in the 7.=X—1 nucleus under these circumstances 
which results in a depression there of the analog state. 


2 Bartholomew, Litherland, Paul, and Gove, Can. J. Phys. 34, 
147 (1956). 
*8.—D, H. Wilkinson, Phil, Mag. 1, 1031 (1956). 
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Furthermore if the 11.61-Mev 3+, 7=8, state of N™ 
does not correspond to the ground state of C!®, the re- 
sulting discrepancy would be unacceptable—at least 
1.0 Mev—since the first excited state of C!® is at 0.66 
Mev. These arguments strongly favor 3+ for C!. 
Stripping measurements! on C'(d,p)C!® are consistent 
with this assignment though do not of themselves 
establish it. 

Comparison with the theoretical intermediate cou- 
pling scheme also favors the }+ alternative for the 
5.305-Mev state of N'®. Of the lowest seven states 
belonging to p-*(2s, 1d), six are well identified with 
experimental states, the lower theoretical }+ state re- 
maining for identification with the 5.305-Mev 3+ or 
3+ state. This identification is encouraged by the 
comparison of the feebleness of the stripping to this 
state with the low values of the theoretical reduced 
widths (0.016 for /=0, and 0.006 for /=2 in the ap- 
propriate single-particle units). We may also consider 
the possibility of its identification with the lowest 3+ 
state of the model. This we reject: firstly, because that 
state has a large theoretical reduced width for /=0 
and, secondly, because there is already a satisfactory 
identification with the experimental }+, 3+ state at 
7.31 Mev which shows experimentally a large /=0 re- 
duced width. 

It therefore seems likely that the 5.305-Mev state is 
the missing }+ state of the intermediate-coupling 
model. Other possibilities are that it is a more compli- 
cated state than p-*(2s,1d) or that it is perhaps 1s*p”. 
Either alternative would explain the low isotropic 
N"(d,p)N" cross section. They are however eliminated 
by the very fast beta transition to this state from C. 
This would not be expected if the N' state were com- 
plicated and would be forbidden if it were 1s*p". 

We may conclude our comparison with the inter- 
mediate-coupling model by considering two more pre- 
dictions of that model, viz, the energy of the C* ground 
state and the speed of the beta-ray transitions to 
states of N'®. The theoretical excitation of the lowest 
3+, T= 3 state of N™ is about 12.3 Mev. If we subtract 
the semiempirical Coulomb plus x-p mass difference 
correction of 2.1 Mev discussed above, we predict 
C¥—N®= 10.2 Mev which is in quite good agreement 
with the experimental 9.8 Mev. The theoretical log ft 
value for the beta transition in question is about 4.8 
which is in moderate but not good agreement with the 
experimental figure of 4.1. At least the transition is 
predicted to be fast. The theoretical predictions about 
the speeds of allowed transitions to higher states of 
N?® are not obviously in conflict with the limits es- 
tablished in this work. 

We finally return to the ground-state beta-ray transi- 
tion of C'® and to the puzzle of why it has so accurately 
the allowed shape. Since the intermediate-coupling 

*4W. E. Moore and J. N. McGruer, Bull. Am. Phys. Soc. Ser. 
II, 4, 17 (1959). 
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TABLE IV. Beta-ray branches in the decay of C'5. 


State of N'5 (Mev) 
and spin-parity 


log fot 
(theor) 
5.8° 
4.804 
6.49° 


Percent 
branch 


Egmax 


(Mev) log fot (exp) 


3242 5.97+0.04 
68+2 4.07+0.03 
< 0.05 > 6.0" 
< 0.3» > 5.2» 
< 0.058 > 5.08 
< 0.3» > 4.2» 


j 98 ground, 1/2— 
4.5 5.305, 1/2+ 
tee 7.31, 1/2+, 3/2+ 


8.32, 1/2+, 3/2+ 4.51° 


* Assuming de-excitation predominantly by a ground-state gamma-ray 
transition. 

b Assuming 
transition. 

¢ Single-particle calculation by J. S. Thomson— 

4 See reference 20. 

¢ Calculation by J. B. French and S. Iwao using the full intermediate- 
coupling wave functions of reference 20. 


de-excitation predominantly by a cascade gamma-ray 


see text. 


model suggests that the C! ground state is almost 
wholly p-?2s the spectrum and the log ft value are 
easily calculated. This has been done by J. S. Thomson 
of the Clarendon Laboratory using A and V couplings 
and harmonic oscillator wave functions adjusted to 
give the correct size for the nucleus as indicated by the 
systematics of fast electron scattering. The calculations 
were made with an rms radius of 2.52X10~" cm and 
with C4=—1.2Cy. Good agreement with the experi- 
mental log ft value of 6.0 is found and the shape correc- 
tion factor for that portion of the beta-ray spectrum 
which is accessible to us (see Figs. 3 and 4) is remark- 
ably independent of beta-ray momentum. Considerable 
divergence from the allowed shape is found in the 
region that is obscured by the low-energy branch and 
it is clear from the strong momentum dependence of 
the many individual matrix elements that the con- 
stancy of the shape factor above 5 Mev is due chiefly 
to chance. It appears then that the allowed shape of 
Fig. 4 is to some degree explained. A divergence be- 
tween the theoretical and experimental shapes is, how- 
ever, apparent and the significance of this must await 
the calculation using the full wave functions.2> We 
remark in passing that the C!® decay, if indeed it is 
5+ to 4—, may have some pseudoscalar contribution. 
This will affect the spectral shape and might be de- 
tected by measurement of the longitudinal polarization 
of the beta particles. 

We summarize in Table IV and in Fig. 10 the data 
on the decay of C!®. We have used a half-life of 2.25 
+0.05 seconds! for Cl. 
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The conversion electron spectrum of Np*® has been studied at resolution settings of 0.1% and 0.05% with 
a 100-cm radius air-cored rv2 8-ray spectrometer, using a proportional counter as detector. One hundred and 
forty-three lines were identified corresponding to Auger transitions or the internal conversion of y rays of 
energies 44.65, 49.41, 57.26, 61.46, 67.86, 88.06, 106.14, 106.47, 181.7, 209.8, 226.4, 228.2, 254.4, 272.9, 277.6, 
285.5, 315.9, and 334.3 kev. The results require the addition of a level at 163.75 kev to the basic level scheme 
for Pu*® proposed by Hollander et al. in order to account for three of the weak gamma transitions observed in 
this work. The relative conversion line intensities are used to determine the transition multipolarities, mixing 
ratios and expected quantum intensities assuming the K and L shell theoretical conversion coefficients of 
Sliv. The precisely determined level spacings and the relative transition probabilities are compared in some 
detail with those expected from an interpretation of the Pu level scheme in terms of the ‘‘Unified Model.” 

New and more accurate K, L, M, and N electron subshell binding energies for Pu have also been deduced 
from the experimental data of this work. These values are 20 to 100 ev higher than the values tabulated by 


Hill, Church, and Mihelich, which were estimated by extrapolation from data at lower Z. 


I. INTRODUCTION 


LUTONIUM-239 is in the heavy element region 
(A>225) where nuclei have been found to have 
pronounced spheroidal deformations and_ properties 
characteristic of the ‘Unified Model.’ Three rotational 
bands have been identified in the level scheme of Pu? 
from studies of the 6 decay of Np**’,? electron capture 
decay of Am? and a decay of Cm**4.> The inde- 
pendent-particle states on which these bands are based 
have been discussed in terms of the Nilsson model by 
Hollander® and Stephens ef al.’ The four lowest energy 
levels in the Pu level scheme proposed by Hollander 
et al.” were interpreted as the members of a ground-state 
rotational band with K=1/2. Weak a-ray groups from 
Cm*8 feed what appear to be the fifth and sixth mem- 
bers of this band.’ The gamma transitions which would 
be expected to de-excite these two levels have not been 
identified in earlier investigations. Two other levels have 
been interpreted as members of a K=5/2+ band and 
another level as a member of a K=7/2— band. 

The present paper reports the results of a high- 
resolution study of the conversion electron spectrum of 
Np”. This investigation with <0.1% resolution and 
high counting rates has revealed a large number of pre- 
viously unreported conversion lines. Most of these 
correspond to conversion of known y transitions in the 
L and higher subshells. Their intensity ratios were used 
to determine the multipole mixing ratios of these transi- 
tions. Other lines have been assigned to weak y tran- 
sitions not previously observed in the 6 spectrum of 


* Present address: Brookhaven National Laboratory, Upton, 
Long Island, New York. 

1B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab. Mat. fy s. Skr. 1, No. 8 (1959). 

* Hollander, Smith, and Mihelich, Phys. Rev. 102, 740 (1956). 

§ Smith, Gibson, and Hollander, Phys. Rev. 105, 1514 (1957). 

* Asaro, Thomson, and Perlman, Phys. Rev. 92, 694 (1953). 

5 Asaro, Thomson, Stephens, and Perlman, Bull. Am. Phys. Soc. 
2, 393 (1957). 

6 J. M. Hollander, Phys. Rev. 105, 1518 (1957). 

‘Stephens, Asaro, and Perlman, Phys. Rev. 113, 212 (1959). 


Np”. In this way we have identified the fifth member 
of the ground-state band. 

The accurate energies and intensities deduced from 
these results are compared with the detailed predictions 
of the Unified Model for the level scheme of Pu, Of 
particular interest is the energy of the fifth member of 
the ground-state rotational band, which has been estab- 
lished by identifying one transition which feeds it and 
two which de-excite it. This level energy reveals a dis- 
tinct departure from the spacings predicted by the 
simple two-parameter formula for a K = 1/2 band. Even 
when a correction term for rotational—vibrational 
interaction is included, there appear to be small but 
significant discrepancies. The relative experimental £2 
transition probabilities between members of this band 
are compared with the theoretical estimates for a 
K=1/2 band and found to agree within experimental 
error. The observed interband transition probabilities 
are also compared with the theoretical predictions of the 
Unified Model. 


Il. EXPERIMENTAL PROCEDURE 


Np” was prepared by irradiating U*** (depleted in 
U5) in the NRX reactor for periods of approximately 
one day. The procedure used to separate Np”” from the 
inactive uranium and fission products has been de- 
scribed fully in a previous paper.’ Sources were prepared 
by subliming the separated Np through a slot 20 mm X 2 
mm wide onto a backing of 800 yg/cm? Al foil in a 
vacuum. The initial strength of the source used in the 
first survey of the conversion electron spectrum was ~ 1 
mC. The surface density of the active material was 
estimated to be ~30 yg/cm?; it was almost invisible. 
For the experiments at 0.05% resolution, narrower 
sources were made by subliming through a slot 20 mm 
1 mm wide, and one 0.2-mm wide source was prepared 
to test the spectrometer at good resolution. 

8 Ewan, Geiger, Graham, and MacKenzie, Can. J. Phys. 37, 174 
(1959). 
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N p?** AND LEVEL 

The conversion electron spectrum was studied in an 
air-cored rvV2 B-ray spectrometer. A brief description of 
the instrument has been given previously.*:? A more 
complete description is now in preparation. Most of the 
experimental results described in this paper were ob- 
tained from the first 2-mm wide source. The resolution 
was set at 0.1% in momentum with a spectrometer 
transmission of 0.35% of 42. For the later measurements 
made with the 1-mm wide source, the resolution was 
reset to 0.05% with a transmission of ~0.2%. The in- 
strument was calibrated with similar line sources of 
Th(B+C+C”) and Cs"? using the momenta listed by 
Wapstra et al.!° 

The detector used in these experiments was a con- 
tinuous flow methane proportional counter of conven- 
tional design."' It has a 1-in. diameter window of 0.9 
mg/cm? Mylar plastic film and was coated on one sur- 
face with a thin conducting layer of Aquadag colloidal 
graphite to prevent charging. The transmission of the 
window as a function of incident electron energy was 
calculated by interpolation from the transmission curves 
of Lane and Zaffarano.” The curve used for the purpose 
of this work is shown in Fig. 1. A curve deduced in this 
manner does not necessarily give the transmission for 
our particular counter window with high accuracy, but 
a number of checks were carried out to test its general 
validity. One test was made by examining the departure 
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Fic. 1. Solid line shows the counter-window transmission curve 
used in computing the line intensities listed in Table I. This curve 
for a 1.1-mg/cm? window was obtained by interpolation from the 
curves of Lane and Zaffarano.” The validity of this curve for our 
particular window is discussed in the text. For comparison dashed 
lines A and B show Lane and Zaffarano’s experimental results for 
a 0.63-mg/cm? window, and for a 1.57-mg/cm? window, re- 
spectively. 


® Graham, Ewan, and Geiger, Bull. Am. Phys. Soc. 4, 64 (1959). 

10Wapstra, Nijgh, and van Lieshout, Nuclear Spectroscopy 
Tables (North-Holland Publishing Company, Amsterdam, 1959), 
p. 127. 

4 This counter, Atomic Energy of Canada Limited, type FB-2, 
designed by I. L. Fowler of the Counter Development Section, was 
adapted by him for use with the xv2 spectrometer. 

2 R.O. Lane and D. J. Zaffarano, Iowa State Report I.S.C.-439, 
1953 (unpublished). 
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from linearity of a Fermi plot of the spectrum of Au'®’ 
and Au™ at low energies. In another test the absorption 
at 61 kev and 87 kev was measured by observing the 
reduction in counting rate when an additional 0.9- 
mg/cm? Mylar film was placed over the window. The 
low-energy cutoff of ~20 kev is consistent with that 
expected from the empirical range energy curve for 
absorbers of ~1 mg/cm’. Below 30 kev, where the cor- 
rections to be applied are large, intensity measurements 
obtained using this curve are necessarily approximate. 

The focused electrons passed between rectangular 
edged 0.040-in. thick brass plates which define the 
counter aperture. The slit was 25 mmX2.5 mm wide 
for the experiments at 0.1% resolution and 25 mm X 1.2 
mm wide for those at 0.05% resolution. The slight 
difference in penetration of the edges of the slit by 
electrons of widely differing energies may have caused a 
small systematic error in the relative line intensities 
quoted below. This effect is believed to have negligible 
importance, but has yet to be investigated in detail. No 
correction for it has been applied to the data of this 
paper. 

The background counting rate in the proportional 
counter was measured periodically, usually every 10 
minutes, with the spectrometer current turned off or 
with the current on and a 1/4-in. Lucite shutter placed 
in front of the source. The counting rate in both cases 
was ~40 counts/min. The counting rate with the 
spectrometer current set to focus electrons above the 
end point of the 6 spectrum was also ~40 counts/min. 
These results suggest that the effect of scattering in the 
vacuum chamber is small. As a continuous check for 
possible variations in the counter background contribu- 
tion the counting rate of a nearby Geiger counter was 
monitored using a counting rate meter and pen recorder. 

The current for the spectrometer coils is derived from 
a 600-volt dc generator and accurately regulated by a 
stabilizing system which maintains the voltage drop 
across a precision standard resistor within ~1 part in 
10° of the reference potential. In these experiments this 
potential was derived from a Leeds and Northrup type 
K-2 potentiometer. For all scans it was adjusted manu- 
ally and the reference voltage was usually advanced in 
steps of 0.02% to 0.03%. The initial source was strong 
(~1 mC) and gave high counting rates. Accordingly 
short counting periods of 15 sec were used. The resulting 
experimental data were subsequently corrected for 
background, for decay and when necessary for the 
16-usec dead time of the counting system. 


III. TREATMENT OF THE DATA 


A vast amount of data was accumulated during the 
course of these experiments. The procedures used in the 
analysis of the data are outlined in this section. 

The momentum assignments of clearly resolved peaks 
were deduced from the center of the top of the peaks. 
This is a more reliable method than deducing a mo- 
mentum setting by extrapolating the high-energy edge 
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Fic. 2. This demonstrates the manner in which conversion line 
intensities were derived in this work. After correcting the original 
data for counter dead-time (16 usec), background, and decay, the 
shape of the 8 continuum was deduced from the line-free portions 
of the spectrum. The net counts, after subtracting the continuum 
contribution, are here plotted on a logarithmic scale. This enables 
closely spaced conversion lines to be decomposed using a standard 
line shape for L and higher subshells which have natural widths 
ranging from 7 ev for the L» shell to ~30 ev for the M, shell. The 
much greater natural width (~100 ev) for the A shell gives K 
conversion lines and K Auger lines a broader shape having a 
distinct high-energy tail characteristic of the Lorentz factor. The 
Auger lines, which have three natural-width contributions, appear 
noticeably broader than the K 209.76 line. The additional width 
of the K-L, Ls peak is due to its complexity.* The intensity of the 
L; 106.14 (dashed line) is that estimated from multipolarity con- 
siderations. The L, 106.48 peak not resolved here has been identi 
fied with 0.06% resolution as shown in the upper right inset of 
Fig. 4. 


to the continuum, since the latter will vary with the 
natural line width. The peak top center was defined by 
determining the line width at various heights and 
extrapolating a smooth line passing up through the half- 
points to intersect the top of the line as indicated in 
Fig. 2. This procedure has the advantage of using most 
of the line data, rather than just the shape of the line 
near the top, which in some cases was not well defined. 

The intensities of the conversion lines could not be 
determined reliably from peak height, since the line 
shape was not constant, but depended on the natural 
width as well as on the energy degradation in the source 
deposit. Accordingly the areas were determined (divided 
plot) and corrected for counter window absorption ac- 
cording to Fig. 1. In many cases lines were grouped so 
closely that simple numerical procedures could not be 
employed. The usual procedure was to subtract the 
background and §-continuum contribution and plot the 
net line counts on semilog paper vs momentum as 
illustrated in Fig. 2. This procedure makes it easy to use 
the shape of clearly resolved lines in analyzing unresolved 
groups and makes it possible to estimate the contribu- 
tion due to the tails of intense lines under nearby weak 
conversion lines. The K-conversion lines were quite 
noticeably wider than L and higher subshell lines and 
also displayed a pronounced high-energy tail. This is due 
to the much larger natural width, ~ 100 ev, of a K-shell 
vacancy. For ease of analysis we have assumed that the 
L and higher subshell lines had similar shapes although 
small variations are expected due to differences in their 
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natural widths which range from 7 to 30 ev. This arbi- 
trary procedure may possibly have given rise to small 
systematic errors, but these have been included in the 
errors assigned to the intensity values. The K lines were 
always analyzed with an appropriately broadened shape, 
since not taking this into account could have led to 
intensity errors of as much as 30%. 

As a check on the intensity deductions procedure 
outlined above we have found it useful to plot the ratio 
of peak height to line area against line momentum. The 
data fall clearly into two groups. A smooth curve rising 
with momentum can be passed through the points corre- 
sponding to L and higher subshells. The K-line points 
are all lower and lie on a more steeply rising curve, as 
one would expect from consideration of the greater 
natural width. These two curves were well defined be- 
cause of the large number of peak to area ratios deduced 
in this analysis. Departures from the curves proved 
useful in revealing arithmetical errors. 

It is not practical to present all the data gathered in 
these experiments in graphical form. A typical portion 
of the spectrum near 210 kev is displayed in Fig. 3 taken 
with momentum resolution settings of 0.1%, 0.05%, and 
0.013%. The 0.05% resolution was used only when re- 
quired to resolve closely-spaced conversion lines. The 
single line shown in the lower part of Fig. 3 demonstrates 
the capabilities of this instrument for high resolution 
work. Figure 4 shows the region of the L subshell con- 
version lines of the two y rays which de-excite the 9/2+ 
level at 163.75 kev. In order to establish the £2 charac- 
ter of y 106.47 a search was made for the L; conversion 
line at 0.06%, as shown in the upper right inset. Al- 
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Fic. 3. Conversion electron spectrum of Np** in the region of 
210 kev. Most of the results reported in this paper were obtained 
at 0.10% as in the top part of the figure. When it proved necessary, 
small regions were rescanned with a resolution setting of 0.05% as 
shown in the middle part of figure. In this case, the weak L2- 
conversion line of the 226.4-kev y ray is much more clearly re- 
solved from the intense L; conversion line of the 228.2-kev y ray, 
and hence a more reliable estimate can be made of its intensity. 
The lower scan shows a test of the spectrometer’s capabilities for 
high-resolution work. 
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Fic. 4. L conversion lines of the two y transitions which de-excite the new level at 163.75 kev 
not previously reported in studies of the 8 spectrum of Np. 


though the Z; conversion line is clearly resolved in Fig. 4 
the intensity deduced from its area depends critically on 
the shapes assumed for the two nearby intense lines and 
is necessarily approximate. However, the Ly: L2:L3 
conversion line ratio clearly establishes the multipolarity 
of y 106.47 as predominantly F:2. 


IV. EXPERIMENTAL RESULTS 


The conversion line energies and intensities have all 
been deduced from the data, using the methods de- 
scribed above, and are listed in Table I. Most of these 
values arise from the initial survey scan at 0.1% 
resolution. The intensity values for some of the weak 
lines revealed in later higher resolution scans have been 
normalized to the original scale by comparison with 
nearby well-resolved lines. The limit of accuracy for the 
energy values listed in Table I is estimated to be 1 part 
in 3000. 

The initial assignment of the conversion lines to the 
various y transitions was made using the binding 
energies for Z=94 tabulated by Hill, Church, and 
Mihelich."® These values were deduced by extrapolating 
from the experimental values at lower Z. Hill ef al.” 
point out that the absolute accuracy of these values is 


13 Hill, Church, and Mihelich, Rey. Sci. Instr. 23, 523 (1952). 


perhaps no better than ~0.1 kev. They did prove accu- 
rate enough, however, to make unambiguous assign- 
ments to all the lines observed in this work. There is, 
therefore, no ambiguity in the proposed level scheme for 
Pu®®, The number of conversion lines identified in this 
work is very much larger than the number of parameters 
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Fic. 5. Proposed level scheme of Pu**. This level scheme is 
similar to that proposed by Hollander et al.? for Np* and includes 
the additional level at 163.75 kev revealed in the present work. 
The level energies shown here are those deduced from this work 
and are accurate to ~1 part in 3000. 
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Taste I. Conversion line spectrum of Np*®. 











| Energy* (kev) Assignment” Intensity® 


44.64 2.4+0.6 100.55 M: 106.14 0.27+0.03 
44.63 0.94+0.2 100.91 ] : 0.045+0.008 
49.41 1.8+0.35 101.19 g ~0.01 
44.64 0.71+40.15 101.53 ] ‘ 0.089+0.015 
49.39 2.1+0.4 101.89 1 a 0.032+0.007 
49.41 1.7+0.3 102.18 J ; ~0.02 
$7.27 0.35+0.06 102.34 ] , ~0.01 
57.26 7.741 e [N 
61.46 0.18-4-0.04 104.56 K ‘4 0.41+0.06 
44.67 0.73+0.15 105.06 N: ? ~0.04 
57.27 6.5+1 106.34 q 2 11.9+1 
44.06 0.18+0.04 111.58 -M] ~0.005 
44.65 0.19+0.04 132.56 ’ ak 0.105+0.015 
61.33 0.15 143.21 37 0.007 +0.001 
44.64 sid 151.00 ¢ 85 0.065+0.01 
49.40 0.50+0.1 155.76 c E 9.8+1 
43.83 49.42 0.65+0.1 158.51 L, 181.67 0.024+0.004 
44.28 44.61 0.055+0.015 159.43 L2 181.74 ~A).004 
44.54 K 166.39 0.05+0.02 160.42 M, 166.40 ~0.002 
a M; 49.39 m 163.62 K 285.47 0.040+-0.005 
44.78 1 67.94 0.65+0.1 175.72 M, 181.70 0.010-+0.003 
45.52 2 67.83 3.4+0.5 186.60 L, 209.76 0.83+0.1 
47.83 N, 49.43 0.18+0.03 187.43 Lz 209.74 0.11+0.015 
48.01 Nz 49.42 0.19+0.03 191.64 L; 209.74 0.006+0.002 
48.25 N; 49.40 0.18-+0.03 194.06 K 315.91 0.025+0.004 
49.09 49.42 0.13+0.02 203.27 L, 226.43 0.041+0.008 
49.32 49.39 ~0.03 203.79 M, 209.77 0.21+0.03 
49.74 13 67.84 2.4+0.4 M2 209.70 
51.29 57.27 0.12-40.03 204.11 {L: 226.42) ~0.04 
51.66 2 57.25 2.5+0.3 | 205.04 L, 228.20 2.15+0.2 
52.66 3 57.27 1.7+0.2 205.91 Le 228.22 0.30+0.04 
5 M, 57.25 0.028+0.007 208.18 N, 209.78 0.065+0.01 
26 0.014+0.005 209.41 O 209.74 0.017+0.004 
46 0.048+0.007 209.77 P 209.84 ~0.005 
57.26 0.65+0.08 210.13 L3 228.23 0.012+0.003 
0.37+0.05 212.50 K 334.35 0.029+0.004 
~0.01 | 220.46 M, 226.44 0.012+0.003 
0.30+0.04 220.92 M2 226.48 ~0.002 
0.06+0.02 222.22 M, 228.20 0.54+-0.06 
> 222.65 M2 228.24 0.075+0.01 
0.18+0.03 224.86 V; 226.46 ~0.004 
~0.01 226.59 N, 228.19 0.16+0.02 
~0.007 re ie O 228.10 0.045+0.01 
0.04+0.01 228.11 P 228.18 ~0.01 
0.85+0.1 231.27 L, 254.37 0.018+0.003 
0.69+0.1 232.12 Le 254.43 0.003+0.001 
0.014+0.003 248.55 M, 254.53 ~0.005 
0.0065+0.002 249.72 L, 272.88 0.012+0.002 
0.016+0.002 254.48 L, 277.64 1.76+0.12 
0.010+0.002 255.30 L. 277.61 0.23+0.015 
0.24+0.03 259.50 L; 277.60 0.014+0.003 
0.20+0.03 262.31 L, 285.47 0.009 +0.003 
~0.006 263.15 Le 285.46 0.030+0.005 
0.10+0.02 266.93 M, 272.91 ~0.003 
; ~0.025 267.38 L; 285.48 0.012+0.003 
69.98 $ 0.006+0.001 271.64 M, 277.62 0.41+0.03 
75.18 ai 0.087+0.01 272.00 M2 277.59 0.065+0.01 
75.05 -LiLe 0.167+0.02 272.93 M; 277.54 ~0.006 
76.78 raLele ~0.01 276.05 N, 277.65 0.12+0.02 
80.24 aL 0.052+0.006 277.26 O 277.59 0.036+0.01 
81.06 : é 0.097 +0.01 277.56 P 277.63 ~0.008 
82.97 4, 106.13 0.87+0.09 279.13 VW, 285.11 ~0.002 
83.30 . 106.46 ~0.01 279.87 Mo 285.46 0.0075+0.001 
83.81 » 106.12 0.93+0.09 280.90 M; 285.51 0.0035+0.001 
84.13 2 106.44 0.14+0.02 284.02 Ne 285.43 0.0028+-0.001 
85.30 K-L3L, 0.034+0.004 292.75 L, 315.91 0.0036+0.001 
87.9] K 209.76 5140.4 293.63 Le 315.94 0.001 +-0.0004 
oi L; 106.11 si ' 309.89 M, 315.87 0.0016+0.001 
88.38 L; 106.48 0.086+0.02 311.20 L, 334.31 0.0037 4-0.001 
92.56 K-LM 0.18-+-0.04 312.19 L2 334.35 0.001+0.0004 
99.71 +K-LN : ee 314.02 N, 315.62 ~0.0007 
100.16 M, 106.14 0.25+0.03 328.39 M, 334.37 ~0.0015 


Energy* (kev) Assignment! Intensity® 


21.48 
22.32 
26.25 
26.54 
27.08 
31.31 
34.11 
34.95 
38.30 
38.69 
39.17 
40.05 
43.05 


43.23 
43.42 
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* Based on calibration with F and J lines in ThB spectrum and the K 661 line from Cs'8? (see Wapstra, Nijgh, and Van Lieshout, Nuclear Spectroscopy 
Tables (North Holland Publishing Company, Amsterdam, 1959). The accuracy limits are about +1 part in 3000; see text. 

» The transition energies assigned here were deduced using the electron binding energies determined in this work and listed in Table II. 

© Relative line areas in arbitrary units after correcting for decay, counter dead-time, variation in line shape, and the assumed counter-window transmission 
correction shown in Fig. 1, The intensity errors do not allow for an uncertainty in the counter-window correction factor shown in Fig. 1 which was used in 
calculating the values listed here. For a discussion of this source of error see text. 
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TABLE II. Binding energies in Pu(Z =94), in kev. 





18.10 
18.05 





121.85 23.16 22.31 
121.75 23.10 22.25 


5.98 


Experimental* 
5.93 


Hill et al.» 


li In Li M M2 
5.59 4.61 4.00 
5.56 


M; M, , N Ne Na Ni Ns 


0.91 
0.86 


1.15 


1.60 1. 
456 3.98 156 138 1.13 0.82 








« A small systematic error may be present due to imperfect cancellation of the earth's field. The estimated absolute accuracy is +0.05 kev for the K shell 
and +0.03 kev for all other shells. The relative accuracy is +0.03 for the K shell and +0.020 for all other shells. 
> Values listed by Hill ef al. were obtained by extrapolation from lower values of 7. 


required to determine the level energies. We make use 
of this redundancy to deduce, also, the absolute electron 
binding energies for the Pu atom, Z=94. For example 
the 49.41-kev y ray is in cascade with the 228.20-kev 
y ray, and the crossover 277.62-kev y ray is also ob- 
served. The L; binding energy, B.E.(Zi), can be de- 
termined from the relation 


B.E. (11) = E(L1)277— E(L1) 228— E(L1) 49. 


There are also several other cascades and cross-overs 
from which this binding energy may be determined. The 
mean value of the binding energy B.E.(/:) is found to 
be 23.16+0.03 kev. The binding energies of other sub- 
shells were deduced from the conversion line energies 
listed in Table I in a similar manner. The experimental 
values so obtained are listed in Table II and compared 
with the values listed by Hill ef al.'!® The estimated 
limits of accuracy for our experimentally determined K 
binding energy is +0.05 kev and that for the binding 
energies of the other shells is +0.03 kev. The fact that 
the newly determined binding energies are all higher 
than the tabulated values may indicate that there is a 
systematic error in the extrapolation procedure used by 
Hill ef al. Our experimental values have been used in 
assigning transition energies listed in Tables I and III. 

The errors assigned to the intensities listed in Table I 
include statistical counting errors, estimates of errors 
introduced in treating incompletely resolved lines and 
estimates of errors introduced in determining the con- 
tribution from the low-energy tails of conversion lines. 
These tails could not always be followed to the continuum 
background because of other conversion lines (see 
Fig. 2). The errors listed are what we consider to be 
limits of error due to these causes. It should be noted 
that we have not included an allowance for the esti- 
mated uncertainty in the counter window absorption 
correction (Fig. 1) used in computing the listed in- 
tensities. This method of presenting errors has been 
chosen since most of our multipolarity assignments de- 
pend on the relative intensities of the L subshell 
conversion lines which are closely spaced in energy. For 
these deductions the uncertainty due to the variation in 
the absorption correction is small compared to the 
absolute uncertainty for all lines in such a group. In 
comparing the intensity of low-energy lines with high- 
energy lines, however, an additional error for window 
absorption should be included which ranges from ~ 30% 
at 28 kev through ~ 10% at 50 kev to less than 2% for 
energies above 100 kev. 


The conversion line intensities and multipolarity as- 
signments of the transitions are summarized in Table IIT. 
The multipolarity assignments and mixing ratios have 
been deduced from the conversion line intensity ratios 
using the theoretical conversion coefficients of Sliv."4 In 
the few cases indicated in Table I, where conversion 
lines have two assignments, the individual contributions 
have been deduced, after establishing multipolarities, by 
using the theoretically predicted subshell ratios. In the 
case of M and WN subshell lines, the ratios used were 
those observed in these experiments for y rays of the 
same multipolarity. The starred quantum intensities 
listed in the table are those of Ewan e/ al.'® for the y rays 
they observed. For the other transitions the quantum 
intensities are deduced from the theoretical conversion 
coefficients. In the case of the M1 y rays this procedure 
may give rise to small errors as the experimentally 
measured conversion coefficients!® do not agree exactly 
with the theoretical values of Sliv. 


V. DISCUSSION OF RESULTS 


All the transitions identified in these experiments are 
accounted for by the level scheme shown in Fig. 4. The 
high relative accuracy of the transition energies deduced 
in this work, ~1 part in 5000, together with the total 
transition intensities provide convincing evidence of the 
correctness of this level sequence. The absolute accuracy 
of the level energies is about 1 part in 3000 which 
includes an allowance for the possibility of error in 
calibration. This level scheme is basically the same as 
that proposed by Hollander e/ al.* for Np* 8 decay. 
Apart from small changes in level energies it differs 
chiefly in the addition of a 9/2+ level at 163.75 kev. 
The levels in Pu?” can be grouped into a ground-state 
rotational band with AK =1/2, a K=5/2 rotational band 
based on the 285.5-kev level, a 7/2— level 391.6 kev 
(K=7/2), and a level at 511.9 kev with spin 5/2 or 7/2. 
In this section we test how well the Unified Model 
theory, as presently developed, accounts for the level 
energy spacings and the relative intensities of competing 
y transitions. 

The K =1/2 ground-state band identified by Hollander 
consisted of four members seen in their conversion elec- 
tron study? of the Np*” 8 spectrum. The work of Asaro 


4L. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 JCCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois (un 
published) ], the LZ conversion coefficients circulated privately 

15 Ewan, Knowles, and MacKenzie, Phys. Rev. 108, 1308 (1957). 
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ef al.® on the a decay of Cm** showed weak a groups of 
5.900 and 5.872 Mev which fed possible fifth and sixth 
members of this ground-state band. The experiments 
described in this paper provide evidence for a level at 
163.75 kev which is identified as the fifth band member. 
The assignment of 9/2+ for this level is based on the 
mixed M1+ £2 multipolarity of the 88.06-kev transition 
from it to the 7/2+ level, the pure £2 multipolarity of 
the 106.47-kev transition from it to the 5/2+ level and 
the absence of transitions to the 3/2+ and 1/2+ levels. 
It is fed by the 166.39-kev M1 transition from the 7/2+ 
330.1-kev level and possibly by an F1 y transition of 
227.8 kev from the 7/2— level at 391.6 kev. The con- 
version lines of the latter are expected to be weak and 
they could not be resolved in our spectra because of the 
low-energy tails of the intense conversion lines of the 
228.2-kev M1 y transition. The 121.71-kev £2 transition 
feeding this level from the 285.47-kev level is expected 
to be very weak and no conversion lines clearly attribut- 
able to it were identified. 

Hollander e/ al. fitted the first four levels of the 
K=1/2 band with the simple rotational formula of 
Bohr and Mottelson,'® 


Fy = (#?/29)[(1(1+1)+a(—1)*4(74+1/2)], 


where 9 is the effective moment of inertia, J the spin of 
the level and a the decoupling parameter. The present 
more accurate energy determinations and. the observa- 
tion of the fifth member of this band show that this 
description is inadequate. If one deduces the two 
parameters by fitting to the first three observed level 
energies, one obtains f?/29 = 6.284 kev and a= —0.581. 
The predicted energies of the fourth and fifth levels are 
then 75.59 kev and 164.51 kev, respectively. The dis- 
crepancies between these predicted values and the ob- 
served energies (see Table IV) are well outside any 
possible experimental error. It is clear that the simple 
formula (1) is inadequate and that at least one addi- 
tional parameter is required. One possibility is that 
rotational-vibrational interaction (RVI) is important 
here and its inclusion adds an additional term" to the 
level spacing formula: 


Ey, = (h?/29)[1(1+1)+a(—1)*#(7+1/2) ] 
— BLT (I+1)+a(—1)4U7+1/2) F. 


(1) 


(2) 


Rather than match the first four level energies, we seek 
now a “best fit’ to all five as shown in Table IV. The 
discrepancies are still rather larger than the experi- 
mental errors but the agreement is much improved. The 
value of the additional parameter B=0.0024 required 
here is of the same magnitude as the value of B=0.0034 
deduced by Perlman and Rasmussen!* for the ground- 

16 A. Bohr and B. R. Mottelson, B- and y-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. XVII. 

17 This form is given by A. K. Kerman, Kgl. Danske Videnskab. 
Selskab, Mat-fys. Medd. 30, No. 15 (1956). 

'8J. Perlman and J. O. Rasmussen, Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 42, p. 109. 
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state band in Pu’, There is therefore strong evidence 
for rotational-vibrational interaction in the odd-N 
nucleus Pu. The small but significant energy dis- 
crepancies still remaining suggest the presence of another 
factor which must be taken into account if the theory 
is to provide an exact description of these level spacings. 

The measured transition probabilities within this 
band can also be compared with the theoretical pre- 
dictions. The reduced £2 transition probability ex- 
pected for a transition /; — J; within a rotational band, 
given by Bohr and Mottelson,'* is 


B(E2;i— f)=(5/16)PQe(7,2K0|7;21;K). (3) 


If we assume that the effective quadrupole moment Qo 
is constant for a given band, it is possible to calculate 
the ratio of the #2 transition probabilities from one 
level to other levels in the band using (3). The theo- 
retical ratios for transitions within the ground-state 
band are compared with the experimental ratios in 
Table V and are found to be in good agreement. In all 
cases the £2 quantum intensity was calculated from 
the experimental LZ subshell intensities assuming Sliv’s 
conversion coefficients." The conversion lines of the 
18-kev (7/2 — 5/2) transition were not observed in the 
present experiments since their energies are below the 
counter-window cutoff of ~20 kev. 

The theoretical reduced M1 transition probability for 


a transition within a K=1/2 band given by Nilsson’ is 


9 


3 eh \? 
( - ) (Lk —gpr)*4h? 
647 \2Mc 


21+1 
x( Jet o(—1y ‘P. 
+1 


B(M1;1+1-—1)= 


(4) 


where gx and ge are the intrinsic and rotational 
gyromagnetic ratios and by a parameter analogous to the 
decoupling parameter a in Eq. (1). Assuming that these 
quantities are all constant within the band, the ratio of 
the reduced M1 transition probabilities for the two 
transitions 9/2 — 7/2 and 5/2 — 3/2 is, from (4), 


B(M1;9/2—7/2) 
oe = 10/9=1.11. 
B(M1; 5/2 — 3/2) 


TABLE IV. Energy levels in ground state A=1/2 band, in kev. 
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TABLE V. Reduced relative £2 transition probabilities in 
K=1/2 band. 


Experimental* Theoretical 


“1443 


/2)/B(Q/2 7 
/2)/B(7/2 — 5/ . 
2)/B(5/2 3.4+0.2 

> f) = (5/16)FOe (1;2K0| 1,21 ,K)? 


BO/2>5 
B(7/2 — 3, 
B(5/2 1, 


B(E2;% 


* —E2+M1 mixing ratios and E2 quantum intensities deduced from con 
version line measurements assuming theoretical 1 subshell conversion 
coefficients of Sliv. 


The ratio of the reduced £2 transition probabilities for 
the same transitions is, from (3), 


1\2 


2 


—=(),30. (6) 
3 1 )2 


Using the observed M1/E2 mixture in the 5/2 — 3/2 
49.41-kev transition shown in Table III together with 
relations 5 and 6, one calculates that the 9/2 — 7/2 
88.06-kev transition should be 86% M1+14% £2. This 
isin good agreement with the value of 85% M1+15% 2 
deduced from experiment (see Table ITI). 

The levels at 285.4 kev (5/2+-) and 330.1 kev (7/2+) 
are assigned as the first two members of a K=5/2 band. 
The interband transitions from the 5/2+ level to the 
3/2, 5/2, and 7/2 levels in the ground-state rotational 
band are almost pure M1 in character, having less than 
5% £2 admixture. Similarly the interband transitions 
from the 7/2+ member of the K=5/2 band to the 5/2, 
7/2, and 9/2 levels in the ground-state band are also 
dominantly M1 in character, with less than 25% £2 
admixture. Interband dipole transitions with AK > 1 are 
theoretically forbidden. This is consistent with the 
relatively long measured half-life of 1.1 10~* sec for the 
285.4-kev level measured by Graham and Bell.” The 
reduced M1 lifetimes for the transitions from this level 
are ~ 104 slower than the single-particle estimate. How- 
ever, /:2 transitions are not K forbidden between levels 
differing by AK=2. We note that the £2 components 
of the transitions from the 285.4-kev level are slowed 
down by a factor of ~ 100 from the single-particle esti- 
mate. A possible explanation of this #2 hindrance factor 
is found in the asymptotic selection rules first proposed 
by Alaga”! to explain hindered 6 transitions in spheroi- 
dally deformed nuclei. The most probable Nilsson as- 
signment’®7 of the asymptotic quantum numbers 
(K,r,N nz,A) for the 145th neutron in a K=1/2 state is 
1/2+[631] and in a K=5/2 state is 5/2+[62 2]. 
This assumes a prolate deformation, 6~0.24, as sug- 
gested by the study of the properties of odd-V nuclei in 
this region.’ According to the asymptotic selection rules 
as recently tabulated by Mottelson and Nilsson,' a 
AK=2 £2 transition with Anz=1 and AA=1 is for- 
bidden and is usually hindered by a factor of ~ 10°. 


” R. L. Graham and R. E. Bell, Phys. Rev. 83A, 222 (1951) 
1G. Alaga, Phys. Rev. 100, 432 (1955 
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Tape VI. Reduced relative M1 transition probabilities from second rotational band to ground-state band. 


Experimental* 


0.6:1:0.4 
0.6:1:0.4 


» §/2): (5/2 > 7/2) 
/2- 7/2): (7/2 — 9/2) 


* Deduced from Table III assuming transitions to be pure M1. 


Asymptotic selection rules have also been invoked? to 
account for the relative intensities of the 8 groups which 
feed levels in Pu™. 

If one assumes naively that violation of the K selec- 
tion rule should rigorously suppress M1 transitions be- 
tween pure bands differing by AK = 2, it is necessary to 
seek another explanation of the M1 transitions which 
are observed experimentally. One then examines whether 
their presence is attributable to lack of K purity, i.e., 
either one or both of the K=1/2 and K=5/2 bands is 
not pure but has a small admixture of K=3/2 in it due 
to a nearby K =3/2 band. The probable Nilsson assign- 
ment for this would be 3/2+-[631 ] and it might occur at 
an energy of ~1 Mev as discussed below. There is no 
experimental evidence at present for such a band but it 
could not be fed by 8 decay if its energy were above 
~700 kev. M1 transitions would then be K allowed 
from the K=3/2 component of the wave-functions in 
the K=5/2 band to the members of the K=1/2 band, 
or alternatively from the K=5/2 band to the K=3/2 
component of the ground-state band. To see if either of 
these hypotheses is tenable, we compare the reduced 
transition probabilities for these two cases with the 
experimental ratios in Table VI. We see that there is 
qualitative agreement between experiment and theo- 
retical predictions for the K=3/2— K=1/2 assump- 
tion but not for K=5/2 ~ K=3/2. 

The level at 391.6 kev has spin 7/2— and has been 
assigned a value of K=7/2—. The Nilsson diagram’ 
indicates that it can be interpreted as being an intrinsic 
particle state with quantum numbers (7/2—743). The 
half-life of this level has been measured as 1.9X 10~7 sec 
by Engelkemeir and Magnussen” which is ~ 10° longer 
than that expected for single-particle £1 de-excitation. 
The transitions to the ground-state band involve AK =3 
and so violate the K-selection rules for £1 transitions. 
While the £1 transitions to the A=5/2 band do not 
violate the K selection rules (AK=1) they require 
changes A.V =1, Anz=2, and AA=1 which violate the 
asymptotic selection rules and hence are expected to be 
hindered. The predicted ratio of the reduced 1 transi- 
tion probabilities from a K=7/2— K=5/2 band is, 
according to Bohr and Mottelson,'® 

B(F1;7/2—5/ F1F1/513H7 
| =3.4. (7) 


B(F1;7/27/2) 4(}141/3148) 


The reduced experimental ratio for y 106.14 and y 61.46 


#1). Engelkemeir and L. B. Magnussen, Phys. Rev. 99, 135 


(1955). 


Theoretical 
K =3/2 + K =1/2 


 0,83:1:0.38 
0.75:1:0.35 


quantum intensities listed in Table IIT is 1.4.0.6 which 
is in poor agreement. According to the asymptotic selec- 
tion rules for anomalous F1 conversion listed by Nilsson 
and Rasmussen,” both of these hindered transitions 
would be expected to have anomalous conversion coefh- 
cients. However, the quantum intensity listed for 
y 61.46 in Table III was deduced assuming Sliv’s theo- 
retical coefficients. On the other hand, the quantum 
intensity listed for y 106.14 was deduced from the 
anomalous /; experimental conversion coefficient of 
Ewan et al.,!° which disagrees with Sliv’s predictions. If 
one assumes that the degree of “anomaly” is the same 
for these two transitions and that Sliv’s theoretical 
coefficients give the relative values correctly, the re- 
duced experimental ratio is then 2.60.8, which is in 
much more satisfactory agreement with Eq. (7). 

The level at 511.9 kev can have a spin and parity of 
5/2+ or 7/2+ since the de-exciting transitions to the 
5/2+ and 7/2+ members of the K=5/2+ band are 
predominantly M1. The ratio of the reduced M1 transi- 
tion probabilities to these levels from a 5/2+, K=5/2 
level and a 7/2+, K=7/2 level are predicted to be 2.5 
and 3.4, respectively. The experimental reduced ratio of 
1.7+0.5 deduced from Table III assuming these are 
pure M1 transitions favors the 5/2+, K=5/2 assign- 
ment. However, Stephens ef al.’ in their recent survey of 
odd-mass nuclei in the heavy-element region have 
chosen a Nilsson assignment 7/2+[624] for the 512 
level on the basis of systematics. The arguments for 
their preference are not strong and the assignment 
5/2+[633] was also considered.’ On the other hand, 
since a rather accurate experimental ratio is needed to 
distinguish clearly between these two alternatives, we 
are reluctant to make a definite 5/2+ assignment. It is 
interesting to note that if the 5/2+[633] assignment is 
correct one would expect from the Nilsson diagram that 
a 3/2+[631] level should also be nearby at perhaps ~ 1 
Mev. This would be near enough to the K=5/2 band 
based on the 5/2+[622] level at 285.47 kev to give rise 
to appreciable band mixing and so account for the ob- 
served relative intensities of the K-forbidden M1 transi- 
tions discussed above. 


Vv. CONCLUSIONS 


The energy spacings between the five members of the 
K=1/2 ground-state band in Pu*® have been deter- 
mined with high accuracy in this experimental study of 


*3S. G. Nilsson and J. O. Rasmussen, University of California 
Radiation Laboratory Report U.C.R.L.-3889, 1957 (unpublished). 
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the conversion electron spectrum following 8 decay of 
Np”*. The simple two parameter rotational energy level 
formula for a K=1/2 band accounts only qualitatively 
for the experimental values. A greatly improved fit is 
obtained when a third rotation-vibration interaction 
term is included. The interaction strength required to 
give the “‘best fit” to the experimental spacings is com- 
parable to that required in the even-even nucleus Pu***, 
There is thus good evidence that rotation-vibration 
interaction is important in Pu, With the inclusion of 
this third parameter the largest difference between the 
“best fit” values and the experimental ones is 0.10 kev. 
This discrepancy is still considerably larger than the 
experimental uncertainty and may be indicating the 
necessity of including one or more additional correcting 
terms in the theoretical formula. One possibility would 
be to take account of rotation particle coupling from a 
postulated K=3/2 band which is not observed. The 
influence of such a band on the energy spacing has not 
been explored in this paper although its presence may be 
indicated for other reasons. The good agreement be- 
tween the observed transition probabilities within the 
ground-state band and the theoretical predictions, also 
confirms the validity of a Unified Model description for 
this group of rotational levels. 

Both the M1 and the £2 components of the transitions 
from the K=5/2 band to the ground-state band are 
strongly hindered. K selection rules account for the 
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slowness of the M1 components but asymptotic selection 
rules must be invoked to explain the £2 hindrance. Since 
these transitions are predominantly M1, a possible ex- 
planation for the violation of the K selection rules has 
been sought by assuming that either the K=1/2 or the 
K=5/2 band is not pure but has a small admixture of 
K=3/2 in it. It is seen that a 3/2+[631] level at 
<1 Mev is not inconsistent with present knowledge and 
could provide the necessary admixture in the K=5/2 
band to account for the observed M1 intensity ratios. 

The spin and parity of the level at 511.9 kev must be 
either 5/2+ or 7/2+. The intensity ratios of de- 
exciting transitions deduced from the experimental 
work of this paper favor an assignment of 5/2+[633 ] 
while the systematics arguments presented by Stephens 
et al.” point to an assignment of 7/2+-[624 ]. Our experi- 
mental evidence for 5/2+ is not considered to be ac- 
curate enough to completely preclude an assignment 
of 7/2+. 
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A double-resonance method has been employed to measure the nuclear moment ratio Cd"!:Cd"', The 
result is 113/111 = 1.046083+0.000003. This value is compared with recently reported hyperfine coupling 
intervals. A similar experiment on Hg and Hg”! was not successful. 


INTRODUCTION 


HE evaluation of the hyperfine structure anomaly 

of the odd-nucleon isotopes of cadmium, Cd!" 
and Cd"*, requires a more precise determination of the 
nuclear magnetic moment ratio than has been reported 
previously.! The usual nuclear resonance method for 
making such determinations—the simultaneous ob- 
servation of the two nuclear resonances in the same 
sample—may be difficult for reasons of sensitivity 
when the nuclear moments are small. Accordingly we 
have used a nuclear-nuclear double-resonance method, 
first applied by Royden? in another connection, in 
which the only spectroscopic observations required are 
of another nucleus having a much larger magnetic 
moment and coupled to the desired nucleus by an 
electron-coupled spin-spin interaction. Characteristic 
perturbations of the strong resonance occur when the 
sample is simultaneously irradiated at the resonance 
frequency of the nucleus of interest.’ 


EXPERIMENTAL 


A sample of dimethylcadmium, Cd(CHs)s, kindly 
prepared by Dr. E. R. Bissell, was vacuum-distilled 
into a Pyrex tube and sealed off. The proton resonance 
was examined with a Varian Associates V-4300 high- 
resolution nuclear magnetic resonance spectrometer 
operating at 40.00 Mc/sec, and the spectrum is shown 
in Fig. 1. The strong central component arises from 
protons in those molecules containing cadmium isotopes 
of spin zero. The weaker doublets, almost coincident 
and both spaced symmetrically about the central line, 
arise from protons which are coupled to Cd" (inner 
doublet) or Cd"* (outer doublet) with an interaction 
constant J in the neighborhood of 50 cps. An auxiliary 
oscillator and amplifier, which could be operated in the 
vicinity of either of the cadmium resonance frequencies 
(8.486 and 8.877 Mc/sec), was coupled to the same 
transmitter coil that induced the proton resonance and 
produced an oscillating field H, of about 1 gauss 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1W. G. Procter and F. C. Yu, Phys. Rev. 76, 1728 (1949). 

2 V. Royden, Phys. Rev. 96, 543 (1954). 

3A. L. Bloom and J. N. Shoolery, Phys. Rev. 97, 1261 (1955). 


amplitude. As the frequency of the auxiliary oscillator 
was passed through resonance, the appropriate pair 
of satellites moved inward toward the central line and 
then outward again to its original position.* During 
this time the proton resonance frequency, after passage 
through a set of fast dividers, was used as the frequency 
standard for a Hewlett-Packard 524B counter which 
counted the cadmium frequency. Thus the counter 
indicated once a second the ratio of cadmium to proton 
frequency, independently of any external frequency 
standards. The satellite spacing was plotted against 
this frequency ratio several times for each cadmium 
isotope, and the result obtained was 


¥113/YH M113 
- -=—= 1.046083+0.000003. 


Yi1/VYH fill 


DISCUSSION 


Faust, McDermott, and Lichten‘ have recently re- 
ported experimental values for the hyperfine coupling 
intervals in the metastable *P» state of Cd!" and Cd"8 
obtained by the atomic-beam magnetic-resonance 
method. From their results one obtains 


4113, ‘aay= 1.0460677+0.0000007. 


The hyperfine anomaly as customarily defined® is 


Fic. 1. Proton nu- 
clear magnetic reso- 
nance in dimethyl- 
cadmium, Cd(CHs3)>». 








4 Faust, McDermott, and Lichten, Bull. Am. Phys. Soc. Ser. II, 
3, 371 (1958). 

6 J. Eisinger and V. Jaccarino, Revs. Modern Phys. 30, 528 
(1958). 
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Cd!11—~Cd'138 


given by 
Aio= (@imiis/ 1134111) — 1, 
which for the present case gives the ‘experimental” 
hyperfine anomaly 
Auin,113= +0.000015+0.000004. 


This anomaly is unusually small. It is furthermore not 
possible to assess its significance directly in terms of 
theories of nuclear structure, in view of unknown 
corrections to the orbital g factor for non-s electrons in 
the Cd atom. Accordingly a discussion of the distribu- 
tion of nuclear magnetization,® the Breit-Rosenthal 
effect,’ etc., must await an extension of the theory of 
Schwartz* to this case. 

Lacey and Bitter’ are conducting a microwave double- 
resonance experiment on the 5s5p *P; state of Cd to 
determine the hyperfine coupling ratio of the same 
pair of isotopes. Their preliminary value is 

4414/@111= 1.046079-+0,000015, 


which is not yet precise enough to permit further 
comment on the hyperfine anomaly but is certainly 
consistent with the values quoted above. 


MERCURY 


Our original interest in this experiment arose from a 
desire to determine the moment ratio for the odd- 


6A. Bohr and V. Weisskopf, Phys. Rev. 73, 1109 (1948); A. 


Bohr, Phys. Rev. 81, 134 and 331 (1951). 
7 J. E. Rosenthal and G. Breit, Phys. Rev. 41, 459 (1932). 
8 C. Schwartz, Phys. Rev. 105, 173 (1957). 
*R. F. Lacey (private communication). 


NUCLEAR 


MOMENT RATIO 961 
nucleon mercury isotopes Hg’ and Hg”, where the 
small nuclear moments make the present sort of indirect 
measurement almost mandatory. The proton resonance 
of a sample of dimethylmercury (kindly prepared by 
Mr. R. Spenger) was examined and showed clearly a 
doublet arising from spin-spin coupling between the 
protons and the spin-} Hg". However no trace was 
found of the expected quartet from the spin-3 Hg”. 
It is probable that a time-dependent quadrupole inter- 
action of the latter species produces a thermal relaxa- 
tion time sufficiently short to completely obscure the 
components of this multiplet. Such a conclusion is in 
accord with a previous failure to detect the Hg”! reso- 
nance directly.” Thus the present double-resonance 
method for moment-ratio measurements may be limited 
to the relatively small number of cases in which both 
species have spin-} or in which the quadrupolar nucleus 
is in an environment of sufficiently high symmetry to 
reduce the quadrupolar interaction to a very small 
value. 
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The Rice Institute 5.5-Mev Van de Graaff accelerator and a magnetic spectrograph have been used to 
study reaction products produced by He* bombardment of B", C, C’, N4, and O'*. Q values of 9.5, 9.3, 
6.31, 5.68, 5.63, 5.49, 4.31, 3.67, and 3.29 Mev were observed for the B"(He*,p)C" reaction, corresponding 
to excitations of from 3.7 to 9.90 Mev in C™. The energy levels at 7.69 and 8.87 Mev in C®, for which the 
Q values were 5.49 and 4.31 Mev, were determined to have widths of approximately 75 and 175 kev, 
respectively. For the C'*(He’,p) N" reaction the observed Q values were 5.38, 4.33, 3.50, 3.36, 3.09, 2.35, 2.09, 
1.61 and 1.50 Mev. The O'*(He',p)F'® reaction revealed the existence of twelve states below 3.9 Mev 
of excitation in F'*. These states occur at 0.943, 1.047, 1.089, 1.128, 1.708, 2.102, 2.521, 3.058, 3.130, 3.355, 
3.724, and 3.843 Mev of excitation. The ground-state Q values of the’ O'*(He’,a)O™ and N'(He',d)O% 
reactions were determined to be 4.91 and 1.80 Mev, respectively, and the first excited state of O' was 
observed at 5.17 Mev by means of the O'*(He*,p)O'* reaction. 


INTRODUCTION 
t." containing 90 to 100% He?’ has recently become 


available in quantities which allows He* to be 
used as the incident particle for extended bombardments 
of various target nuclei.! The low binding energy of 
this nucleus results in high excitations in the compound 
nuclear system, even when used with the moderate 
bombarding energies produced by an electrostatic 
accelerator. Since He* has an isotropic spin of 3, its 


use permits the observation of some 7=1 and T=} 
levels which are not excited strongly in reactions 
involving deuterons and alpha particles. 

No extensive investigations had been performed by 


studying the reaction products produced by He? 
bombardment. It was therefore decided to examine 
several of the light nuclei to determine if any previously 
unobserved energy levels could be detected. Since 
carbon and oxygen appear, at least in small quantities, 
as contaminants on most targets, they were chosen for 
early study. 
EXPERIMENTAL DETAILS 
A. General 


A 180° magnetic spectrometer was used to study 
reaction products produced by bombardment of B", 
Cc”, C8, N™, and O'® with He’ ions from the Rice 
Institute 5.5-Mev Van de Graaff accelerator. Reaction 
products emitted at 180° to the incident beam were 
deflected through a semicircular path of about 35-cm 
radius. The spectrometer and the formulas necessary 
for the determination of Q values have been described 
previously.” 

Ilford E1 photographic emulsions were used to 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at the College of the Pacific, Stockton, California. 

t Now at Phillips Petroleum Company, Atomic Energy Division, 
Idaho Falls, Idaho. 

§ Texas Southern University, Houston, Texas. 

' He’ gas was purchased from Oak Ridge National Laboratory. 

? Gossett, Phillips, and Eisinger, Phys. Rev. 98, 724 (1955). 


detect the particles emitted during bombardment of 
the targets with approximately 500 microcoulombs of 
He* ions. It was possible to identify the type of 
particle by the length and density of the track produced 
in the emulsion when exposed at a given magnetic field. 
The reaction producing a given group of protons, 
deuterons, or alpha particles was determined from the 
shift in the energy of the emitted particles as a function 
of the energy of the incident He?’ ions. In some cases the 
target thickness furnished additional means of identify- 
ing the nucleus responsible for a given group of particles. 

The bombarding energies used in the various experi- 
ments were calculated from the energies of He® ions 
scattered elastically from heavy nuclei, or from the 
energy of particles produced in reactions having 
known Q values. The two reactions most frequently 
used for this purpose were the C!(He*,p)N™ and 
O'*(He®,p)F!® reactions, with the residual nuclei left 
in the ground state. 


B. Targets 


The ideal target for observation of narrow energy 
levels would be of a thickness such that the energy loss 
of the incident particles in passing through the target, 
plus the energy loss of the emitted particle in the target, 
would cause a shift in the diameter of the emitted 
particles’ path approximately equal to the width of the 
incident beam. Since both the energy and type of 
particle effect the energy loss while traversing the 
target, it is impossible to fabricate a target which is of 
ideal thickness for observation of more than one type 
of emitted particle at one energy. The targets used were 
prepared to be as near as possible to optimum thickness 
for the highest energy protons observed. They were 
thus somewhat greater than optimum thickness for 
all other observations. 

The B" targets were prepared by evaporating electro- 
lytic, natural boron onto thin carbon and nickel foils. 
Targets on nickel backings were utilized to examine 
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regions of the proton spectrum which were observed 
by proton groups produced by reactions in the carbon 
backings. The evaporated boron layers on the carbon 
and nickel backings were approximately 5 and 2 kev 
thick, respectively, to the incident He? ions. 

Carbon foils used for target backings and for C” 
and C™ targets were prepared by cracking methyl 
iodide so that the carbon was deposited on a hot 
tantalum sheet. When cool, the carbon and tantalum 
separated because of the difference in coefficients of 
thermal expansion. The foils used were approximately 
0.25 mg/cm?. Methyl iodide enriched to 65% in C# 
was used in preparing the foils employed for study of the 
C8 (He?,p)N'® and C*(He*,d)N" reactions. 

A N* target was prepared by heating a thin titanium 
foil to a bright cherry red in one-half atmosphere of 
NH;. Titanium foils were made by evaporating a 
layer of about 0.25 mg/cm? of titanium metal onto a 
microscope slide which had been coated by dipping it 
into a solution of ordinary table sugar and water, to 
which had been added a few drops of commercial 
detergent. The foil was then removed by emersing the 
slide in water. The target prepared in this manner had 
a TiN layer on each side and oxide throughout the foil. 

Two types of oxygen targets were employed during 
the course of the experiments to be discussed here. 
The first type was the foil described in the previous 
paragraph. The second type consisted of a thin foil of 
SiO. This foil was produced by evaporating SiO onto 
a collodion film. Under bombardment by the He’ 
beam the collodion evaporated, leaving only the SiO 
foil as the target. These foils were approximately 5 
kev thick to the incident He* beam. 


EXPERIMENTAL RESULTS AND DISCUSSION 

A summary of the energy level determinations to be 
discussed in this section is presented in Table I. The 
code numbers in column 1 refer to particular particle 
groups in the succeeding spectra. In Figs. 1 and 2 
certain groups appear which are not discussed in the 
text. Specifically, these are the ones which correspond 
to residual nuclei of masses less than 13. A discussion of 
the corresponding reactions will be included in a later 
paper. 

Approximate values for the energies of observed 
particles corresponding to the peaks in the various 
spectra can be obtained from the relationship: 


E=A(Bp)?X10-5; 


where A has the value 4.789 for protons, 2.396 for 
deuterons, 6.399 for He*® ions, and 4.822 for alpha 
particles. Bp is given as the abcissa of each spectrum. 
The bombarding energy, /, is given on each figure. 


A. Energy Levels in C'’ and N" 
The energy level structure of C' was studied by 
means of the B"(He*,p)C reaction for excitations in 
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TaBLE I. Compilation of experimental results discussed in 
the text. Estimated errors in Q values and energies of excitation 
are given in kev immediately following these energies in Mev. 
Level widths are given only for the cases in which the use of 
thin targets permitted a significant determination. 


Group 
and 
number 
of Energy of 
determin- excitation 
ations (Mev) 


1 (1) B"(He',p)C% ~3.7 
2'{3) ~3.9 
3 (2) 6.871 (12) 
4 (2) 7.500 (12) 
5 (2) 7.554 (12) 
6 (2) 7.694 (14) 
7 (2) 8.869 (36) 
8 (2) 9.509 (12) 
9 (2) 9.896 (12) 
10 (2) 0.000 (—) 
11 (1) 2.361 (18) 
12 (1) ~3.55 
0.000 (—) 


13 (1) 
14 (1) —().265 (15) 2.315 (22) 
0.000 (—) 


15 (4) 4.764 (7) 
16 (1) 2.451 (15) 2.313 (17) 
7 (2) 0.818 (15) 3.946 (17) 
(2) —().124 (16) 4.888 (18) 
(2) -0.314 (16) 5.078 (18) 
(2) 1.048 (16) 5.812 (18) 
(3) C8(He',p)N' 5.385 (7) 5.283 (12) 
(3) 4.335 (7) 6.333 (12) 
(2) 3.499 (7) 169 (12) 
(2) 3.358 (7) 310 (12) 
(2) 3.095 (8) 577 (13) 
3 (2) 2.350 (7) .318 (12) 
(1) 2.087 (10) 8.581 (14) 
25 (1) 1.607 (10) 9.061 (14) 
(1) 1.504 (10) 9.164 (14) 
(4) O'*(He,a)O'! 4.907 (7) 0.000 (—) 
(3) —().260 (12) 5.167 (15) 
(2) N'*(He§,d)O' 1.803 (10) 0.000 (—) 
(2) O'8(He3,p) F's 2.033 (5) 0.000 (—) 
(7) 1.090 (5) 0.943 (7) 
(8) 0.986 (5) 1.047 (7) 
- (3) 0.944 (5) 1.089 (7) 
(7) 0.905 (5) 1.128 (7) 
3 (3) 0.325 (5) 1.708 (7) 
(4) —0.069 (5) 2.102 (7) 
—().488 (8) 2.521 (10) 
— 1.025 (8) 3.058 (10) 
—1.097 (8) (10) 
1.322 (8) 5 (10) 
1.691 (8) (10) 

— 1.810 (8) 


Reaction 


Q 
(Mev) 


~9.5 

~9,3 
6.313 (7) 
5.684 (7) 
5.630 (7) 
5.490 (10) 
4.315 (35) 
3.675 (8) 
3.288 (8) 
10.015 (10) 
7.655 (15) 

~6.46 
2.050 (15) 
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the residual nucleus between 3.6 and 10 Mev. In Fig. 1 
a proton spectrum is shown which corresponds to excita- 
tions between 3.6 and 9.9 Mev in C'*. The section of 
the spectrum on the right was observed at an incident 
He® energy of approximately 3 Mev. The section on 
the left, observed at an incident energy of 4.9 Mev, 
corresponds to excitations of from 4.6 to 9.9 Mev. It 
was necessary to study the lower region of excitation 
in C® at the reduced bombarding energy, because, at 
the higher energy, protons leaving the nucleus excited 
to between 3.6 and 4.6 Mev were too energetic to be 
studied with, the spectrometer. 

Proton groups 1 through 9 have been assigned to 





YOUNG, PHILLT?S; SPENCER, AND RAO 





T T T T 


ALPHAS 
. 69 


te es 


81% B" + HES 
E, = 4.896 MEV 


i 








+ DEUTERONS ‘| 


5 
oO 


oy) 
O 


| 
56 | 


h L 








54 


8 


PROTONS 


NUMBER OF PARTICLES 
© 


(5.5) 


On 
Oo 


6 


2 


a oer ee 


et 











390 410 430 450 





Bp (KILOGAUSS-CM) 


1. Particle spectra from target of natural boron evaporated onto a carbon foil. Proton groups 1 through 9 correspond to states in 
C™ between 3.6 and 9.9 Mev. Bombarding energies, £;, are indicated by the values of £; shown on the figure. 


Fic 


energy levels in C'*. Groups 1, 2, 3, 4, 5, 7, and 9 
showed energy spreads which indicated that the 
corresponding states at 3.68, 3.86, 6.87, 7.50, 7.55, 
9.51, and 9.90 Mev, respectively, had widths of less 
than 10 kev. 
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Fic. 2. Partial spectra of protons produced by natural boron 
targets. The target backing material is indicated on each section 
of the figure. Proton groups 6 and 7 correspond to states at 7.69 
and 8.87 Mev, respectively. 


The proton groups corresponding to broad states at 
7.69 and 8.87 Mev are plotted on an expanded scale in 
Fig. 2. Group number 7, shown in the upper part of 
the figure, also has more particles plotted for a given 
increment of Bp. The region of the spectrum where this 
proton group occurs shows a background due to the 
protons from the C'(He’*,p)N™ ground-state reaction, 
and from C'#(He*,p)N'® reaction leaving N'® excited to 
6.33 Mev. The background is greatly reduced in the 
spectrum of the region of the 8.87-Mev state which was 
obtained by using boron evaporated onto a thin nickel 
foil. This partial spectrum is shown in the upper right 
section of Fig. 2. The states in C at 7.69 and 8.87 Mev 
have widths of approximately 75 and 175 kev, 
respectively. 

Magnetic field limitations prevented an independ- 
ent determination of the Q value of the B"(He*,p)C™ 
reaction with C" left in its ground state. The ground- 
state Q value used in the calculation of energies of 
excitation shown in Table I was calculated from atomic 
masses given by Wapstra.* The value of the ground-state 
QO was taken to be 13.184+0.009 Mev. 

Groups of alpha particles were observed from the 
N"(He*,a)N® reaction with N" left in its ground state. 
In addition, lower energy alpha-particle groups were 
observed which probably resulted from this reaction 
with N™ being left in the first three excited states, 
with the second and third giving a single broad group 
of particles. These alpha particles are plotted as 
groups 10, 11, and 12 in Fig. 3. Group 12 would indicate 
a broad state in N" with an excitation of approximately 


* A. H. Wapstra, Physica 21, 367 (1955). 
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3.55 Mev. When the uncertainty in the target thickness 
is considered, this energy is compatible with assignment 
of the particles to the known states at 3.51 and 3.56 
Mev. 

The region of excitation of N™ between 4.7 and 5.8 
Mev was investigated by the elastic scattering of 
protons from C”. The target for the experiment was 
prepared by deposition of carbon from an arc onto,a 
4-microinch thick nickel foil. The target was about 
2 kev thick to the incident protons, and data points 
were taken at 4-kev intervals using a scintillation 
counter at the position usually occupied by the photo- 
graphic plates. No indication of narrow states was 
observed in the region of excitation studied, but it is 
possible that states with a laboratory width of as 
much as 2 or 3 kilovolts could have escaped detection. 

A recent investigation‘ has given evidence, from the 
B"(He’,p)C® reaction, for states at 5.51+0.005 and 
6.10+0.05 Mev of excitation in C'*, These authors 
reported the observation of the two proton groups of 
5 to 10% of the intensity of the group which leaves 
C® in its ground state. The positions where groups of 
protons corresponding to these states would occur are 
indicated by arrows in Fig. 1. These states, and their 
mirror states, are expected to be narrow since they 
have not been observed by neutron or proton scattering 
from C™. For states less than 50 kev wide, the intensity 
of the proton groups, at a bombarding energy of 4.9 
Mev, must be less than 10% of the intensity of the 
group leaving C™ excited in the 6.87-Mev state, or 
they would have been observed in the present experi- 
ment. All states observed by means of the present 
experiment, at incident energies of 4.4 and 4.9 Mev, 
showed intensities not less than one half that of the 
6.87-Mev state. 

Proton groups 4 and 5, shown in Fig. 1, are due to 
narrow levels at 7.50 and 7.55 Mev of excitation. These 
levels have been reported at 7.47 and 7.53 Mev, from 
the C?(d,p)C™ reaction.’ A proton group corresponding 
to a state at 7.55 Mev, and probably due to the two 
levels observed here, has been observed from the 
B" (He, p)C8 reaction.t Two. more levels with widths of 
less than 10 kev were observed at excitations of 9.51 
and 9.90 Mev. These states have been previously 
reported from the present reaction, as well as from the 
N'®(d,a)C¥ and C"(d,p)C® reactions.** 

The broad (7515 kev) state indicated by proton 
group 6 in Fig. 1 and Fig. 2 has been observed previously 
by both charged particle and neutron scattering 
experiments.*’ The neutron scattering experiment 
indicated that this is a D; state. The other broad 
(175-50 kev) state observed by the present experiment 


4 Galonsky, Moak, Traughber, and Jones, Phys. Rev. 110, 1360 
(1958). 

5 McGruer, Warburton, and Bender, Phys. Rev. 100, 235 (1955). 

6 E. K. Warburton and J. N. McGruer, Phys. Rev. 105, 639 
(1957). 

7R. Budde and P. Huber, Helv. Phys. Acta 28, 49 (1955). 
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Fic. 3. Spectra of alpha particles and deuterons from bombard 
ment of TiN with He’ ions. Group 12 includes the second and 
third excited states of N™. 


has been reported previously from studies of the 
B" (He’,p)C® reaction,‘ and also probably corresponds 
to the level reported at 8.80 Mev from the N!°(dja)C™ 
reaction. Another broad (~1 Mev) state has been 
reported from the C"(d,p)C reaction® and from elastic 
scattering,’"* but was not observed in the present 
experiment. However, if this broad state gave approxi- 
mately the same yield of protons as the others observed 
it would have been masked, in the present experiment, 
by protons from sources other than the B" target. 
Figure 4 shows energy level diagrams of the mass 13 
nuclei. The diagram on the left gives the experimentally 
known levels in C'’, with the region of excitation 
examined by the present experiment indicated by the 
arrow at the right. The levels denoted by short lines at 
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Fic. 4. Level diagram of the mass 13 nuclei. Arrows at the right 
of the experimental diagrams indicate the regions of excitation 
examined in the present experiment. The letters at the left of 
the nuclear parentage model diagram indicate the following origins 
of states: A, C(gnd)+1d nucleon; B, C"(gnd)+2s, nucleon; 
C, C#*(4.43 Mev)+1d nucleon; D, C2" (4.43 Mev)+2s, nucleon; 
and E, C!(gnd) + 1d; nucleon. 


§ Freir, Tulk, Lampi, and Williams, Phys. Rev. 78, 508 (1950). 
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Fic. 5. Particle spectra from carbon foil target, prepared from methyl iodide enriched to 65% in C. Proton 
groups 18 through 26 correspond to states between 4.5 and 9.5 Mev in N'5. Groups 16 and 17 are from the first and 


second excited states in N*. 


the left of the main plot are those which have been 
reported, but were not observed in the present experi- 
ment. Spins and parties are shown for the levels for 
which determinations are available. On the right side 
of the figure is a similar plot for N"™. 

A simple model of the mass 13 nuclei may be con- 
structed by assuming that the energy levels are due to 
the addition of a single nucleon to the C” core, or the 
existence of a nucleon hole in a N" core. In this nuclear 
parentage model, the core may be either in its ground 
state or an excited state. The added nucleon, or hole, 
is described by the appropriate shell model quantum 
numbers. The center diagrams in Fig. 4 show the 
positive parity states which Lane and Thomas’ pre- 
dicted by assuming s- and d-wave nucleons about 
a C” core, and an s-wave hole in a N“ core. The negative 
parity states shown are taken from calculations by 
Kurath.” 

Two of the states in N" have been shown to have the 
character predicted by this model.'' These are the 3+ 
and $* levels at 6.90 and 6.38 Mev in N" and produced 


*A. M. Lane and R. G. Thomas (private communication) 
[ Revs. Modern Phys. (to be published) ]. 

TD. Kurath, Phys. Rev. 101, 216 (1956). 

" Reich, Phillips, and Russell, Phys. Rev. 104, 143 (1956). 


by 2s; protons about the C” core excited to the 4.43-Mev 
state. A comparable assignment for the C'* nucleus 
would be to associate the $+ level with the state at 
7.69 Mev, and the }* level with the 6.78-Mev state. 
This assignment leaves the five states due to a Idy 
nucleon about a C” core excited to 4.43 Mev still to be 
accounted for. 


B. The N" Nucleus 


The ground state and five excited states of N' have 
been observed by means of the C'(He*,p)N"™ reaction. 
The ground-state Q value for the C'(He*,d)N™ reaction 
has also been determined. The C"(He*,p)N™ ground- 
state group is shown in Fig. 5 as peak number 15, and 
the groups corresponding to the excited states appear 
as peaks numbered 16, 17, 41, 42, and 43 in Fig. 7. 
These latter groups were produced by the carbon 
contaminant which was deposited on the SiO foil 
during bombardment. The Q values obtained agree 
fairly well with those expected from the masses involved 
and the results of previous experiments” giving the 
excitations of levels in N'. Levels at about 5.69 and 


2 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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5.98 Mev were not observed. Further investigation of 
this nucleus is planned, and a thin carbon foil will be 
used for a target. 


C. Excited States in N'® 


Proton groups 18 through 26 in Fig. 5, represent 
states in N'® between 4.5 and 9.5 Mev of excitation. 
The energy loss in the target material caused a spread in 
the energy of the outgoing particles to an extent which 
prevented separate identification of proton groups 
corresponding to the 5.283-Mev state and the state 
reported at about 30 kev higher energy.'* Groups 25 
and 26, although not separated, were of sufficiently 
different energies to permit accurate determination of 
the Q values for states at 9.06 and 9.16 Mev in N'*. The 
lowest six states were observed at two different bom- 
barding energies, and therefore may be definitely 
assigned to the C'8(He*,p)N'® reaction. Proton groups 
24, 25, and 26 were observed at only one bombarding 
energy. These groups are of the proper width to be 
associated with either the C”(He*,p)N“ or the C® 
(He*,p)N'® reaction. Since assumption of the former 
reaction would indicate the existence of energy levels 
in the thoroughly investigated region between the 
2.31- and 3.95-Mev states it is possible to assign these 
groups to the C8(He*®,p)N' reaction. The energies of 
excitation shown in Table I were obtained using a 
ground-state Q value of 10.668+0.010 Mev, which was 
calculated from the masses.’ Energies obtained in this 
manner are in excellent agreement with the results of 
the N'(d,p)N'® reaction reported by Malm and 
Buechner." Accurate widths could not be determined 
from the results of the present experiment, but a 
maximum of about 25 kev is applicable for all the 
observed states. 

An energy level diagram of the region of excitation 
studied is shown in Fig. 6. The experimental spins and 
parities shown are those listed by Ajzenberg and 
Lauritsen,” except for the 7.58-Mev level.® The diagram 
on the left side of the figure gives the positive parity 
states predicted by the shell-model calculations of 
Halbert and French.‘ Lines drawn between the left 
and center diagrams indicate the assignments suggested 
when the calculations were made. The diagram on the 
right of Fig. 6 shows states which can be predicted by 
a very simple nuclear parentage model. To obtain this 
level structure, it was assumed that the amount of 
splitting of levels of different J depended on the values 
of j and n, the shell model quantum numbers of the 
individual nucleons added to a core. The multiplets of 
higher j are split more, as are the multiplets of higher n. 
The ground state is assigned to a 1; proton hole in the 
ground state of the O'® nucleus, and the negative 
parity state at 6.33 Mev to a 1); hole in O'* excited to 
the 6.06 Mev (0*) state. It appears that the proper 

'8R. Malm and W. W. Buechner, Phys. Rev. 80, 771 (1950). 

4 E, C. Halbert and J. B. French, Phys. Rev. 105, 1563 (1957). 
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Fic. 6. Level diagrams of N'%. The code numbers for the 
nuclear parentage states indicate the following structure: A, 
N'"+2s,; neutron; B, N'+-1d, neutron; C, N“+1d, neutron; 
D, O'** (6.06 Mev)—1s, proton; E, O'*—1p, proton; F, O'* 
(6.00 Mev) —1/; proton. The superscript @ refers to reference 14. 
The superscript b refers to the compilation in reference 12 and 
to the present determination. 


number of states of proper parity, in the region below 
10 Mev, can be accounted for by a nuclear parentage 
model. However, more detailed experimental and 
theoretical work is required before the worth of the 
concept can be established. 


D. The O' Nucleus 


Two particle groups have been observed from 
reactions which left O'' in its ground state. These were 
alpha particles from the O'*(He*,a)O™ reaction, which 
gave peak number 27 in Fig. 7(a), and deuterons from 
the N'*(He’,d)O'”, which gave peak number 28 in Fig. 3. 
Both of these reactions had Q values different from 
those expected from the published mass values,’ but 
agree with recent N'*(p,2)O' and beta decay experi- 
ments.!>:'6 If each of the recent independent determina- 
tions is given the same weight, the results show that the 
published mass value* for O" is too low by (60+5) 
X10~* amu. 

An investigation of the region of the first excited 
state of O'8 gave a Q value of —0.260 Mev for the 
O'6(He’,a)O" reaction, which corresponds to an excita- 
tion of 5.167 Mev. The partial spectrum of this region 
which had the best statististics failed to show a doublet 
structure for the state. Whether this was due to 
greatly different alpha particle yields from two states, 
the overlapping of two states, or the occurrance of only 
one state instead of the two expected by comparison 
with N!®, was not determined. 


E. Energy Levels in F'* 


The energy level structure of F'* has been studied 
for excitations from 0 to 3.9 Mev by means of the 


15Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 
(1955). 

16 Kistner, Schwarzschild, Rustad, and Alburger, Phys. Rev. 
105, 1339 (1957). 
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Fic. 7. Particle spectra from SiO foil target. Proton groups 29 through 40 represent states from 0 to 3.9 Mev of excitation in F!8. Groups 
16, 17, 41, 42, and 43 correspond to states in N", and 27 and 44 to the ground and first excited state of O'. 
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O'*(He®,p)F'® reaction. Proton groups 29 through 40, energy obtained by elastic scattering of He*® from the 
in Fig. 7, correspond to the observed states. In addition, various Ti isotopes and from Cu®. The incident energy 
the spectrum near 1 Mev of excitation has been studied _ for the spectrum shown in Fig. 7(a) was then determined 
in detail and is shown in Fig. 8 where four excited using this ground-state Q value. The bombarding energy 
states of F'® are observed. The ground-state Q value of for the spectra giving the region of excitation near 1 
2.033 Mev was determined using the bombarding Mev (Fig. 8) and from 2.0 to 3.9 Mev (Fig. 7) was 
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calculated from the Q value previously determined for 
the reaction to the 2.102-Mev state. 

Previous investigators have reported evidence for 
energy levels at 0.94, 1.05, 1.74, 2.09, 2.54, 3.07, and 
3.35 Mev in the region of excitation examined in the 
present experiment.!’-*? States unobserved in these 
studies have been found at 1.09, 1.12, 3.13, 3.72, and 
3.84 Mev. Peak number 38 in Fig. 7, which has been 
assigned to the previously reported state at 3.35 Mev in 
F'8, appears at a Bp value which corresponds to that 
expected for a proton group from the C!(He*,p)N™ 
reaction leaving N“ excited to approximately 5.7 Mev. 
Since considerable carbon contaminant built up on the 
target, as indicated by groups 41, 42, and 43, it was 
expected that this group should also appear. However, 
the shift of proton energy with bombarding energy 
indicated that the group was primarily due to the 
O'*(He®,p) F'® reaction. 

For excitations below 2 Mev, the shell-model calcula- 
tions’ for F'® have been found to give excellent agree- 
ment with the observed structure. No such agreement 
has been demonstrated yet for the low-lying levels in 
F383, 

17 FE. F. Bennett, Bull. Am. Phys. Soc. 3, 26 (1958). 

18 Kuehner, Almquist, and Bromley, Bull, Am. Phys. Soc. 3, 
27 (1958). 

 Almquist, Bromley, and Kuehner, Bull. Am. Phys. Soc. 3, 
27 (1958). 

2” R. Middleton and C. T. 
A65, 752 (1951). 

*1 Bromley, Kuehner, and Almquist, Bull. Am. Phys. Soc. 3, 
27 (1958). 

2 W.R. Phillips, Phys. Rev. 110, 1408 (1958). 

*% J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. (London) 
A229, 536 (1955). 


Tai, Proc. Phys. Soc. (London) 
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Fic. 8. Partial spectra at three different bombarding energies for 
the reaction O'*(He',p)F'* for the region of excitation near 1 Mev. 


It should be noted that the variations in intensity 
with bombarding energy for the states near 1-Mev 
excitation show that there is pronounced resonance 
structure in the excitation functions for these proton 
groups. This effect renders the identification of the F'* 
levels rather difficult. 
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Least-squares analyses have been performed on a set of atomic masses using standard and generalized 
semiempirical mass laws. Presumably because of errors in the assumed form of the standard mass law, its 
least-squares coefficients can be determined at best to an accuracy of about 10%, and masses are predicted 
with an uncertainty of several Mev/c*. The standard mass law has been generalized by addition of shell 
effect and deformation terms. While the least-squares fitting of the generalized mass law is better than 
for the standard mass law, it is still not possible to predict atomic masses to an accuracy better than a few 
Mev/c*. The nuclear deformations and the well depth of the nuclear interaction obtained from the additional 
mass-law terms are in reasonable agreement with more accurate determinations by other methods. A 
similar statement applies to the nuclear radius constant as obtained from the least-squares coefficient of 
the Coulomb energy term. A study has also been made of the effects of additional terms propertional to the 
absolute value of the isotopic spin, exchange and surface corrections to the Coulomb energy, and the surface 


correction to the normal isotopic term. 


I. INTRODUCTION 


HE Weizsicker semiempirical mass law'? was 

developed in an attempt to correlate observed 
atomic masses with theoretical estimates obtained by 
computing the average potential and kinetic energies 
of the A nucleons in a nucleus, taking into account the 
difference between the Z protons and NV neutrons. 
This computation resulted in the following mass law 
(hereafter referred to as the standard mass law). 


M(Z,A)=ZMy+NM,—aA 


fu Z(Z—1) 
+ +yAi+¢ 
A 


where M(Z,A)=atomic mass of the atom containing 
Z protons, N=A—Z neutrons, and Z electrons; 
My=atomic mass of hydrogen; M,=neutron mass; 


I=N-—Z; and 


0 for A odd 
positive for A even, Z and N odd 
negative for A even, Z and N even 


6 4= 


The coefficients a, 8, y, 64, and € are theoretically 
related to independently observable physical quantities. 
For a uniformly charged sphere of radius R= RpA}, 
the Coulomb energy term multiplying factor is 

0.864 


mMU=—— 
Ro(fermis) 


sc 0.928 


€ — Mev. (2) 


5 Ry Ro(fermis) 


Thus, a least-squares analysis of the standard mass 
law yields a value of the nuclear-radius constant as 
well as estimates of masses of unknown nuclei. Many 


* Supported in part by the joint program of the Office of Naval 
eins and the U. S. Atomic Energy Commission. 

1C. F. Von Weizsiicker, Z. Physik 96, 431 (1935). 

2H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 165 
(1936). 


recent analyses along these lines are reported in the 
literature.* The present paper will discuss one such 
investigation with the standard law and with generalized 
forms of the Weizsicker semiempirical mass law. 


II. ANALYSIS OF THE STANDARD SEMI- 
EMPIRICAL MASS LAW 


Least-squares analyses of the standard semiempirical 
mass law have been performed on an electronic computer 
using the experimental odd-A masses tabulated by 
Wapstra and Huizenga.‘ The results are listed in 
Table I. Figure 1 compares the absolute value of 
AM =[(_M (calculated)— M (experimental) ] with the ex- 
perimental uncertainties of the input masses for the 
standard mass-law analysis listed as the third case of 
Table I. Figure 2 gives a plot of this AM versus mass 
number for the stable isotopes. The other curves of 
Fig. 1 and Fig. 2 will be discussed below. From the 
local smoothness of the curve of Fig. 2 as well as the 
small uncertainty in experimental masses relative to 
least-squares computed masses in Fig. 1, it may be 
concluded that the largest source of uncertainty in 
such mass law calculations arises from fundamental 
errors in the assumed form of the mass law. This 
conclusion is emphasized by the variation in Table I 
of the least-squares determined coefficients as a function 
of input data and its weighting. While the 5 to 20% 
standard deviations from the mean of the least-squares 
coefficients listed in this table are at best a coarse 
measure of uncertainties arising from an incomplete 
or incorrect mass law, it seems reasonable that the 
least-squares coefficients and, hence, the nuclear radius 
constant cannot be determined to better than about 
10% from analyses of experimental masses by the 
standard semiempirical mass law. It follows from this 
conclusion that the standard mass law cannot be 


3A. E. S. Green, Revs. Modern Phys. 30, 569 (1958). 
4A. H. Wapstra, Physica 21, 367 (1955), and J. R. Huizenga, 
Physica 21, 410 (1955). 
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TABLE I. Analyses of the standard semiempirical mass law. 


Least-squares 


Input data analysis on 


300 odd-A nuclei with Z>28 


f=(M—A)/A 


93 stable odd-A nuclei with Z >28 f=(M-—A)/A 


300 odd-A nuclei with Z>28 M 


162 odd-A nuclei with NV >82 M 


applied to the prediction of unknown masses to an 
accuracy better than several Mev/c?. 


III. INCLUSION OF SHELL EFFECTS 
IN THE MASS LAW 


In Fig. 2 it is seen that the largest apparently 
uncorrected effect contributing to an uncertainty in 
the assumed form of the standard mass law is that due 
to nuclear shell structure. Shell effects contribute a 
relatively greater stability to the nuclear system both 
at closed shells, due to the shell closing, and between 
closed shells, due to nuclear deformation. Two terms 
have been added to the standard mass law in an 
attempt to account for these effects and thereby deduce 
more accurate least-squares coefficients and mass values. 
The resultant mass law will be referred to as the general- 
ized mass law. Its form is as follows 


M (general) = M (standard)+S(Z,A)+D(Z,A), (3) 


where M(standard) is given by Eq. (1), S(Z,A) is 
the shell function term, and D(Z,A) is the deformation 
energy term. 

The deformation energy term will be obtained by 
computing the maximum energy gain with quadrupole 
deformation from a spherical shape. This maximum 
results from the competition between the first order 
decrease in kinetic energy with deformation, and the 
second and higher order changes in the surface and 
Coulomb energies. 

The shell-function term will be computed from the 
sum over all nucleons of the difference of the nucleon 
separation energies S,, computed on a shell model, 
and S;, computed in terms of the maximum statistical 
Fermi kinetic energy, Ty max. Thus, the shell-function 
term is 


S(Z,A)=do4 (S;—S,), (4) 


where the sum is over all of the nucleons, 4 in number, 
in the nucleus. 

Weisskopf* has shown that, neglecting surface and 
isotopic effects, the equality of the average binding 


5V. F. Weisskopf, Nuclear Phys. 3, 423 (1957). 


€ 
(mMU) 
(Mev) 


(m MU) 
(Mev) 


B 
(mMU) 
(Mev) 


a 
(mMU) Ro 
(Mev) (10—3 em) 


0.75730 1.225 


0.70515 


19.259 
17.933 


24.667 
22.968 


16.839 
15.679 
0.75005 1.237 
0.69840 


19.236 
17.911 


24.936 
23.219 


16.809 
15.652 
0.82146 1.130 
0.76489 


22.253 
20.721 


27.266 
25.388 


17.798 
16.572 


0.67957 
0.63277 


22.738 1.365 


21.172 


12.448 
11.591 


15.173 
14.128 


energy, 


and the separation energy, 
S= V max ‘ (6) 


implies a velocity dependence of the nucleon interaction 
potential V. The quantity Vinsx is the interaction 
potential of the nucleon having the maximum kinetic 
energy Tynax. Assuming the same velocity dependence 
in the Fermi and shell models, the shell-function term 
becomes 


S(Z,A)=A(T,—T,). (7) 


The average Fermi kinetic energy 7) is related to the 
maximum Fermi kinetic energy 7) max by 


T,=2T, max+ (8) 
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Fic. 1. Least-squares deviations of masses. (A) Experimental 
uncertainties in measured masses. (B) |AM| =| M (calculated) 
—M (experimental)| for analysis using the standard mass law. 
(C) |4M)| for analysis using the generalized mass law with 
square-well nuclear interaction potential. 
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Fic. 2. Deviations between calculated and experimental masses 
for the stable nuclei with odd atomic mass. Dashed curve: 
masses calculated by least-squares methods, using the standard 
mass law. Solid curve: masses calculated by least-squares methods 
using the generalized mass law with square-well nuclear interaction 


potential. 


The shell-model kinetic energy for a nucleon in the 
ith level is given by 


T,=C(vl;)A—"*=C(v;)(R/ Ro)", (9) 


where n=1 for a harmonic oscillator potential and 

n=2 for a deep square well. The symbols »; and /, 

represent the quantum numbers associated with the 

ith level. The quantity C(»/;) is model dependent. It 

will be evaluated in an approximate manner below. 
Combining Eq. (7), (8), and (9) yields 


S(Z,A j=— 2AT; max tA is Je 4 C(yl;). (10) 


To evaluate C(v;) approximately, it is assumed that 
at some fraction through the kth shell at mass number 
A,, the Fermi and shell-model separation energies 
of the last nucleon are equal. Thus 


Ty max=C(vlj)A””, (11) 


where the subscript 7 denotes the highest level contain- 
containing a particle. Substituting the volume coefh- 
cient a for the separation energy S in Eq. (6) and 
combining Eqs. (6), (10), and (11) gives 

S(Z,A )= ( fe x —a){ —. 34 +>" 4 (A, 


A)"/3}. (12) 


The mass number A,, at which the Fermi and shell- 
model separation energies of the last nucleon are equal, 
is assumed to be given by the stable nucleus exactly 


TABLE IT. A, values for the mth nucleon. 


Ax (protons) Ax (neutrons) 


m<2 1 1 
2<m¢8 10 10 
8<m<20 29 27 

20<m < 28 53 44 
28<m< 50 89 70 
50<m< 82 161 116 
82<m<¢ 126 269 176 
126<m< 184 see 255 
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intermediate between two closed shells with respect to 
the nucleon type of interest. For example, for the proton 
shell with 50<Z< 82, the stable nucleus with Z=66 
is ¢sDy'*, hence 4,=161. In Table II, the A, values 
corresponding to the above definition are listed. 

In mass law analyses involving the shell-function 
term $(Z,A), the factor (Vmax—qa) has been left as an 
arbitrary coefficient determined by least-squares anal- 
ysis. Values of this coefficient will be discussed following 
the derivation of the nuclear deformation energy term 
that gives rise to increased stability and decreased 
atomic mass between closed shells. A detailed plot of 
the shell-function term for a particular least-squares 
analysis is given in Fig. 3. 

In terms of the deformation parameter A defined from 

r= R{1+ AP2(cos6) |, (13) 
where 


P»(cos0) = 3(3 cos*@—1), 
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3. Deformation and shell-function terms for the stable odd-A 
nuclei using a square-well nuclear interaction potential. 


and r is the radius vector to the point (r,0,6) on the 
surface of a nucleus, the nuclear deformation energy 
change AF may be written 

AE= —CA+Cd»—C34\?+-0(A4), 
where the coefficients C; will be defined and discussed 
below. The extremum of AE gives the deformation 
energy term D(Z,A) and equilibrium deformation 
Am as 


(14) 


(15) 


2C; 
D(Z,A)=—Crat 1 raf 
Cs 


C2 (C#—3CiC3)? 


An= —__———, (16) 
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where é is an arbitrarily inserted, least-squares deter- 
mined coefficient, whose value should be near one. 
The preceding equations assume both that the de- 
formation energy change is determined solely by 
quadrupole-type deformations and that this energy 
change is adequately described by neglecting higher 
than cubic terms in the expansion of Eq. (14). Since 
both of these assumptions are probably wrong,*? the 
coefficients Cy, C2, and C3 will have to be arbitrarily 
adjusted to give equilibrium deformations in agreement 
with nuclear quadrupole moments and Coulomb 
excitation cross sections. 

The coefficients C2 and C3 are assumed to arise from 
Coulomb and surface energy changes of a uniformly 
charged spheroid relative to a uniformly charged 
sphere. Hence,* 

C= 37'A'(1—x), 
C3= (2/21) FC2, 
x= (e'/2y')Z(Z—-1)/A, 


*=(1+2x)/(1—2), 


(17) 
(18) 
(19) 
(20) 


where ¢’ and 7’ would be the coefficients of the Coulomb 
and surface energy terms in the semiempirical mass law, 
except that they are adjusted somewhat to compensate 
for the poor assumptions discussed previously. 

The coefficient C; results from a determination of 
AT m, the change in average kinetic energy of the mth 
nucleon in the ith level due to deformation.’ From 
Eq. (9) 
=) . 


T mt AT m=C( rd)( a 
AR» 
= ra(1-n ), (21) 
R 


Ro 
where 7,,, is the kinetic energy in a spherical potential 
and AR,, is the average radial change in the position 
of the mth nucleon due to deformation. 
Assuming no change in the nucleon potential energy 
with deformation, the energy gain due to the single 
particle level shift following deformation is, from 


Eq. (21), 
ARKw 
AR\=— ¥ nT, 
A 


== 9 ina 


AR. A, nis 
a) ;e ( ) | (Zz) 
1 R A 


where use has been made of Eqs. (6), (9), and (11). 
From Eq. (13) it is seen that AR,,/R is proportional to 
\. Thus 


AR», / R= f nd, (23) 


6S. K. Moszkowski (private communication). 
7K. Kumar and M. A. Preston, Phys. Rev. 107, 1099 (1957). 
8 W. J. Swiatecki, Phys. Rev. 104, 993 (1956). 
® James Rainwater, Phys. Rev. 79, 432 (1950). 
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Fic. 4. Deformation function parameter /,,, 
between two magic numbers. 


where f» is the deformation parameter for the mth 
nucleon in a shell. It is discussed below. Hence 


C\=n(Vimax—a@) - 4 fm(A, ‘A i 7" (24) 


The coefficient fm is the sum of the contributions fm» 
and fmx, which arise from the deformed orbits of 
protons and neutrons, respectively. From the experi- 
mental fact that magic nuclei are spherical 


Liccetiitfan™ Lstesstectfnn=9. 


The plot of fmp or fmn versus the number of protons 
or neutrons in a shell should be independent of the shell 
under consideration. This requirement is inconsistent 
with Eq. (16) and the facts that nuclear deformations 
between closed shells are generally small for 7<50 
and large for Z>50. To circumvent this dilemma, it 
is assumed that fmp=fmn=0 for N<82. For V>82, 
the assumed form of the sum of f,,, over the protons 
in the sth shell is given in Fig. 4, in which Zes; and 
Zcs2 are the atomic numbers at the beginning and end 
of the sth proton shell. For consistency between 
computed X,, values and observed quadrupole moments, 
the coefficients a and 6b of Fig. 4, should be about 0.3 
and 0.7, respectively. The quality of least-squares 
analyses was relatively insensitive to +20% changes 
in a and b. The maximum ordinate of the curve of 
Fig. 4 was determined from the requirement that 
\m(67Ho'®) = 0.26. The above remarks apply equally to 
the deformation due to neutrons and to the quantity 
fmn. A detailed plot of the deformation energy term 
for a particular least-squares analysis is given in Fig. 3. 


(25) 


IV. RESULTS OF ANALYSES OF THE 
GENERALIZED MASS LAW 

The results of two typical least-squares analyses of 
the generalized mass law on the masses of 300 odd-A 
nuclei are given in Table III. In these analyses, it was 
assumed that a=0.3, b=0.7, &=0.775 mMU, and 
y’=25 mMU. A comparison of calculated and 
empirical’ deformation parameters is made in Fig. 5. 

1 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 
Phys. 18, 432 (1956); see Table V3 on p. 531. 
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Tas_e III. Analyses of the generalized mass law. 
(1 fermi=10~ cm). 


Va as ~a 
(mMU) Ro 
(Mev) (fermis) 


« 
(mMU) 
(Mev) 


a rel Y 
(mMU) (mMU) (mMU) 


Well type (Mev) (Mev) (Mev) 


0.74120 
0.69016 


9.1483 1.252 1. 


Square 
8.5183 


(n =2) 
Harmoni 

oscillator 

(n =1) 


16.412 24.438 
15.282 22.755 


18.752 
17.461 


24.592 1.245 


22.899 


0.74545 
0.69412 


19.310 


17.980 15.963 


Figures 1 and 2 illustrate the improved agreement 
between the general semiempirical mass law and 
experimental masses, as compared to the standard 
mass law analysis illustrated in the same figures. 
While this agreement is better for the generalized 
mass law, it is not sufficient for the quantitative 
determination of nuclear masses or mass law parameters. 
Because of the local smoothness of the curve of Fig. 2, 
as well as the small uncertainty in experimental masses 
relative to least-squares computed masses of Fig. 1, 
it may still be concluded that the largest source of 
uncertainty in the general mass law calculations arises 
from fundamental errors in the assumed form of the 
mass law. It is probable that no simple fundamental 
law will be applicable to a wide range of Z and A for 
quantitatively predicting nuclear masses. 

Nevertheless, it is still interesting to inquire into the 
qualitative validity of the generalized mass law in 
terms of the least-squares determined coefficients and 
the calculated deformations. From Fig. 5, it is seen that 
the computed deformations agree with measured values 
to within experimental errors. From Tables I and ITI, 
it is seen that the magnitudes of the least-squares 
coefficients are relatively unchanged by addition of the 
closed-shell and deformation terms. The fact that 
~1.25, indicates that deformation energy changes are 
in general agreement with the deformations that 
produce them. The well depth is 23.8 Mev for a square 
well, and 35.4 Mev for a harmonic oscillator, as deter- 
mined by the least-squares coefficient of the shell- 
function term. This result is in general agreement with 
other determinations and with the fact that one might 
expect the maximum harmonic oscillator well depth to 
be greater than that for a square well, since something 
like the average, not the maximum, well depths must 
be equal in the two models. 

In summary, the generalization of the standard 
semiempirical mass law by the inclusion of terms that 
account for shell closings and nuclear deformation, 
results in an improved agreement between experimental 
and least-squares determined masses. The least-squares 
coefficients are qualitatively reasonable and yield a 
nuclear radius constant in the neighborhood of 1.25 
Fermis, a well depth between 20 and 40 Mev, and 
qualitatively accurate nuclear deformations. However, 
neither the standard nor the generalized mass law is 
sufficiently accurate to allow for quantitative estimation 
of nuclear masses to within a few Mev, or quantitative 
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analyses of the least-squares coefficients to better than 
about 10%. 

An attempt was also made to calculate the deforma- 
tion energy term on an electronic computer using 
Nilsson’s model." This attempt was discontinued 
because the calculated deformations failed to agree 
with experiment (i.e., magic nuclei were badly de- 
formed) unless large changes were made in Nilsson’s 
parameters. 


IV. INCLUSION OF ADDITIONAL SURFACE AND 
EXCHANGE EFFECTS IN THE 
STANDARD MASS LAW 


The results of the previous sections indicate that the 
probability of a simply generalized mass law yielding 
quantitative estimates of nuclear masses is small. 
However, it is still interesting to determine the qualita- 
tive effects on the least-squares coefficients of the 
addition of further surface and exchange terms in the 
mass law. An isotopic exchange term" proportional to 

I|/A as well as isotopic surface correction terms 
proportional to |J|/A' and J?/A‘ have been studied. 
The least-squares coefficients of the terms involving 
the absolute value of the isotopic spin fluctuated 
widely in sign and magnitude with variations of input 
data and its weighting. Hence, further discussion of 
these terms will be omitted. The effect of an isotopic 
surface correction term, —n/?/A4, in the standard mass 
law of Eq. (1) will be discussed below. 

The surface and exchange effects on the Coulomb 
energy modify the Coulomb term of Eq. (1) into the 
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11 B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 (1955). 
2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), pp. 223 ff. 
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ATOMIC 


MASS LAW 


TABLE IV. Least-squares analyses of 300 odd-A nuclei with Z >28, including extra surface 


and exchange effects in the standard mass law. 


Predetermined values 


7 
(mMU) 
(Mev) 


€1 
(mMU) 
(Mev) 


Least-squares 
analyses on 


0 0 
Least squares 
0.777 
0.724 


0.7357 
0.6851 


f=(M—A)/A 0 


65.457 
60.951 


Least squares 


f=(M-—A)/A Least squares 
0.777 
0.724 
0.7357 
0.6851 


49.781 
46.354 


J=(M-—A)/A 
f=(M-—A)/A Least squares 


following form: 
Pr Tet yr 
Ec=e;——0./64——- ( = ) - to] (26) 
A} At 24NRo/J A 


Zz Zi z 


mg-—— 0.76 4e,— — 3,05ee—+----, 
Ak A} 4 


where the surface thickness / is chosen as 3X10~% 
centimeters and Rp» in the surface correction term is 
written in terms of ¢, using Eq. (2). The quantity « 
is an estimate of the Coulomb coefficient ¢ obtained by 
an iterative procedure. The results of several analyses 
of the standard mass law generalized by the additional 
Coulomb terms and the isotopic surface correction term 
are listed in Table IV. 

The deviations between experimental and _least- 
squares masses were essentially independent of any 
of the additions to the standard mass law listed in 
Table IV. This fact, as well as the near constancy of 
the conventional coefficients and larger variation of 
the isotopic surface term coefficient 7, indicates that 
masses are not particularly sensitive to the magnitude 
of 7. The ratio n/y can be determined® from the atomic 


13 W. A. Fowler (private communication). J. A. Wheeler (pri- 
vate communication to W. A. Fowler). 


a 
(mMU) 
(Mev) 


17.798 
16.572 


16.735 
15.583 


16.422 
15.292 


16.234 
15.116 


16.839 
15.679 


16.650 
15.504 


16.428 
15.297 
16.164 
15.051 





Least-squares coefficients 


n 
(mMU) Ro 
(Mev) (fermis) 


1.130 


€ 
(mMU) 
(Mev) 


0.82146 
0.76489 


0.73570 
0.68506 


0.74578 
0.69444 


0.72529 
0.67536 


0.75730 
0.70515 


0.72745 
0.67737 
0.74760 
0.69614 


0.71691 
0.66756 


(mM }) 
(Mev) 
22.253 
20.721 


19.416 
18.079 


B 
(mMU) 
(Mev) 
27.266 
25.388 


35.622 
33.170 


33.849 
31.519 
36.553 
34.037 


24.667 
22.968 


33.344 
31.049 


31.346 
29.188 


34.433 
32.063 


65.457 1.261 


60.951 

1.244 
: 1.279 
17.826 
19,259 
17.933 
19.095 
17.781 
19.698 
18.342 


18.814 
17.519 


1.225 


49.781 1.276 


46.354 
1.241 


68.419 1,294 


63.709 


weight of that isotope of-a heavy element which has 
the maximum spontaneous fission lifetime. One finds 
n/y = (1—42?/A*)—, where Z and A apply to the isotope 
with the maximum lifetime. Examples among the heavy 
elements are 99Th?*, 92076, 9,Pu”’, and 9sCm™4®, From 
these cases, n/y*2.6. It is particularly satisfying that 
this is just the value obtained when 7 is determined by 
least-squares analysis on the packing fraction f for 
the case with ¢,=0 in which uncertainties arising from 
the additional parameter in the Coulomb term are 
avoided. In the other cases tested, n/y reaches a value as 
high as 4.4, indicating, in general, that this ratio can 
be determined only to order of magnitude by analysis of 
observed masses. 

An arbitrary “best” choice of the solutions in Table 
IV is €=0.724, a=15.297, B=29.188, y=18.342, 
n= 46.354, «=0.69614, all in Mev. Note that Ro=1.24 
fermis for this case. Again, it must be emphasized that 
these parameters in the Weiszicker mass:law give atomic 
masses only to an accuracy of several Mev/c’. 
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The ratio of fission fragment-to-alpha particle ionization produced in total stopping has been measured in 
the gases helium, argon, and a helium plus 0.25% argon mixture. A parallel-plate gridded electron collection 
chamber was used. Gas purity and electron loss were checked by making absolute average energy per ion pair 
measurements for alpha particles. These agreed with the values reported for total ion collection. The differ- 
ence in ionization defects between helium and argon is ccnsistent with the value predicted by Knipp and 
Ling on the basis of the greater importance of elastic atomic collisions in argon. Because adding a small 
amount of argon to helium enables the metastable helium atoms to produce ionization, the difference in the 
fission fragment-to-alpha particle ionization ratios between helium and the helium plus argon mixture shows 
that the ionization-to-excitation ratio in helium is lower for fission fragments than for alpha particles. 
Arguments are given which indicate that very little ‘‘defect”’ is present for fission fragments in the helium 


plus argon mixture. 


I. INTRODUCTION 


ARLY measurements of the fission mass and energy 
distributions were made using ionization chambers 
under the assumption that the average energy lost in 
producing an ion pair in the inert gases is the same for 
fission fragments as for alpha particles. These measure- 
ments have been shown to be inconsistent with results 
obtained by radiochemical, calorimetric, and direct 
velocity measurements. The discrepancies are discussed 
in detail elsewhere.’* The results indicate that the 
ionization chamber values are in error, and specifically 
that an “ionization defect” for fission fragments is 
present due to a decreased ionizing efficiency for fission 
fragments relative to alpha particles. Because the 
average energy per ion pair for fast (v>e?/h) alpha 
particles, protons, and electrons has been shown** to 
be the same, it is of interest to explore this ‘“‘defect”’ for 
fission fragments. 
A theoretical treatment® was successful in predicting 
the order of magnitude of the defect, A, which was 
defined by 


E;=wl;+A, (1) 


where E, is the fission fragment energy, w* the differ- 
ential energy per ion pair for a fast fission fragment, 
and J, the ionization produced in completely stopping 
the fragment. This treatment assumed that we is the 
same for fast fission fragments as for fast alpha particles. 
The value for A in argon was then calculated on the 
basis of elastic atomic collisions, which become im- 
portant as the fragment slows down. Direct measure- 

* Contribution No. 767. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

t Based on a thesis submitted to Iowa State College in partial 
fulfillment of the requirements for the Ph. D. degree. 

t Now at the University of Denver, Denver, Colorado. 
' 1 R. B. Leachman, Phys. Rev. 87, 444 (1952). 

2 L. O. Herwig and G. H. Miller, Phys. Rev. 95, 413 (1954). 

8 Jesse, Forstat, and Sadauskis, Phys. Rev. 77, 782 (1950). 

4R. A. Lowry and G. H. Miller, Phys. Rev. 109, 826 (1958). 

5 W. P. Jesse, Phys. Rev. 109, 2002 (1958). 

6 J. K. Knipp and R. C. Ling, Phys. Rev. 82, 30 (1951). 


ment’ of the energy-ionization relation for fission 
fragments stopped in argon has indeed verified a 
linear relationship in the high-energy region. The slope 
w¢ was found to be close to that for alpha particles, and 
A is consistent with that calculated. 

This theoretical treatment® also suggested that the 
magnitude of A for helium should be much smaller than 
for argon and, therefore, that the difference in defects 
between helium and argon should be a good measure of 
the argon defect. However, an attempt? to experi- 
mentally show a difference in ionization defects between 
helium and argon gave negative results. It was sug- 
gested that this might be explained if there were an 
unexpected decrease in the ionization-to-excitation 
ratio for fission fragments relative to alpha particles in 
helium. Such a decrease could be shown by employing 
the metastable electronic states of helium. It has been 
shown® that the amount of ionization produced in 
stopping a fast particle in helium to which a few tenths 
percent argon have been added is 40% greater than 
the amount produced in pure helium. This is due to the 
discharge of the 21S and 2*S helium metastable atoms 
in ionizing collisions with argon atoms. If the ionization- 
to-excitation ratio in helium is lower for fission frag- 
ments than for alpha particles, the ratio of fission-to- 
alpha ionization, R, will be greater in a helium plus 
argon mixture than in pure helium, because propor- 
tionately more ionization will be added to the fragment 
ionization than to the alpha ionization by the discharge 
of the metastable atoms. The present experiment was 
undertaken to measure R in helium and a helium plus 
argon mixture and in pure argon to check the previous 
results.” 

II. EQUIPMENT AND PROCEDURE 

The basic quantity measured was the ratio of fission 
fragment ionization-to-alpha particle ionization pro- 
duced in completely stopping a particle (R=J,/Iq). 
The difference in ionization defects between two gases 

7H. W. Schmitt and R. B. Leachman, Phys. Rev. 102, 183 


(1956). 
5 W. P. Jesse and J. Sadauskis, Phys. Rev. 100, 1755 (1955). 
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Fic. 1. Alpha particle pulse-height spectrum. 








is simply the difference in R multiplied by the alpha 
energy E,, because E; is the same in each gas, and the 
differential energy per ion pair is very nearly equal to 
the average energy per ion pair in the case of alpha 
particles. The alpha-particle energy is known from 
independent measurements.’ 

The ratio R was measured in the gases helium, argon, 
and a helium plus 0.25% argon mixture. Standard 
grade helium and argon having 99.99% and 99.9% 
purity, respectively, were used. The gas fillings were 
continuously purified by a calcium (90%)-magnesium 
purifier maintained at 470°C. The best indication of 
purity is the value obtained for the absolute energy per 
ion pair in helium. It has been shown® that this value 
is exceedingly dependent on the purity of the helium, 
and the value obtained here indicates a purity better 
than three parts in 10°. The pressures employed were 
2260, 1000, and 2260 mm Hg for the He, A, and He+-A. 

The fission fragments were obtained by fissioning 
natural uranium by neutrons from the reaction 
D(d,n)He® (approximate energy 3.2 Mev) with the 
Iowa State University kevatron. The fission rate was 
about 1 per second. The source was uranium oxide 17 
micrograms uranium per cm? thick. No collimation of 
particles from the source was employed." It should be 
pointed out that energy loss due to source thickness 
may be neglected in the present experiment because 
the losses were small and the source was the same for 
all the gases. Alpha particles from the U** and U* in 
the source were used to determine the alpha ionization. 

A gridded parallel-plate electron collection chamber 
was used for these measurements. Except for minor 
electrode modifications made to improve the breakdown 
characteristics and field uniformity, the chamber was 
the same as previously described." The electronic 
circuits and pulse-sorting equipment are also discussed 
there. Equal integrating and differentiating time 
constants were employed in the amplifier to minimize 


9 F. Asaro and I. Perlman, Revs. Modern Phys. 29, 831 (1957). 

” G. H. Miller, Atomic Energy Commission Report ISC-419, 
lowa State College, Ames, Iowa, 1953 (unpublished). 

"Herwig, Miller, and Utterback, Rev. Sci. Instr. 26, 929 
(1955). 
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Fic. 2. Fission fragment pulse-height spectrum. 


risetime effects.” Pulse sorting was done as before 
with channel widths about 1%. Figures 1 and 2 show 
typical pulse-height distributions obtained. The fission 
distribution is very similar to that reported’ for U*, 
The relatively poor resolution of the alpha particles 
was caused by chamber grid microphonics and high 
input capacitance, both due to the large chamber 
dimensions, as well as grid-shielding inefficiency effects 
to be discussed later. These figures also show the 
calibration points used in reducing the arbitrary 
channels to voltage pulse heights. The calibration 
pulses were applied to the source electrode and appeared 
on the collector because of the interelectrode 
capacitance. In this way pulses similar to the particle 
pulses were produced, with the advantage that the 
amplifier level and time constants were not disturbed. 
Fission pulses were a factor of 20 greater than the alpha 
pulses, and therefore, it was necessary to carefully 
verify the linearity of the pulse generator. 

The maxima of the pulse-height distributions, corre- 
sponding to the most probable light and heavy frag- 
ments, were found by two methods. One consisted of 
drawing tangents to the peaks through the inflection 
points. A geometric median was then drawn and the 
maximum of the peak taken as the intersection of the 
median with the cap of the peak. This construction is 
shown in Fig. 2. The second method consisted of 
finding a mathematical median for each peak, using a 
consistent method for dividing the peaks. Results 
obtained by these two methods are equal to within the 
random statistical uncertainties, and the final results 
are an average of the two methods. The larger of the 
uncertainties in the two methods is retained. The first 
method was used to determine the alpha-particle 
ionization as shown in Fig. 1. 

Sometimes in ionization measurements it is not 
necessary to be concerned with errors of a few percent. 
In such cases with gridded electron-collection chambers 
it is permissible to ignore the effects of inefficiency of the 


27). H. Wilkinson, /Jonization Chambers and Counters (Cam 


bridge University Press, Cambridge, 1950 
8]. Wahl, Phys. Rev. 95, 126 (1954). 
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Fic. 3. Helium and helium plus argon saturation curves. 


grid shielding, pulse risetime, and multiplication near 
the grid wires. However, in the present experiment the 
values for R vary only a few percent between gases, 
and it is the difference in these values that are of 
interest. It is therefore necessary to be concerned with 
errors as small as 0.1%, and these effects must be 
considered. 
1. Grid Shielding 


It was calculated from the geometry of the electrodes 
that the grid-shielding inefficiency was 5.1%. Using 
this value and the assumptions that the field in the 
source region was uniform and that the electrons 
followed the lines of force, one calculates that the grid 
should have begun to collect electrons when the ratio 
of collector voltage-to-source voltage, z, dropped below 
(0.241 (grid at zero potential). Failure of either assump- 
tion would cause the experimental value to be higher. 
Figures 3 and 4 show the occurrence of this effect by 
the sudden drop in the curves. The primed points were 
taken at lower collector voltage. The point marked z,, 
is the point at which the pulse height had dropped 
0.2%. The average of z,, for many such curves is given 
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lic. 4. Argon alpha saturation curves. 
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in Table I. Values obtained in argon plus 3% carbon 
dioxide are also included. It may be seen that 2» is 
definitely dependent on the gas used, an effect pre- 
viously described" and attributed to electron diffusion. 
It is known that in A+COsz the electron diffusion is 
low, while in argon it is quite high. Table I shows that 
Zm in A+COs is only slightly higher than the calculated 
value, confirming that both assumptions are sufficiently 
valid. Measurements were always made with z>z», to 
ensure that grid collection was not a factor. 

The value of the shielding inefficiency was then 
used in computing the corrections to be applied because 
of the incomplete shielding of the positive ions from the 
collector. This correction involves the first power of 
the distance of the positive ions from the source 
electrode and the assumption of uniform field which 
was verified above. The corrections were found by 
averaging over all emission angles, and taking into 
consideration the nonuniformity of ionization along the 
fission and alpha tracks. Table IT gives these corrections. 
Averaging over all angles is not quite valid without 
including source energy losses sustained at large angles, 
but it was shown that this error in the correction may 
be neglected in the present case. It was also shown that 


TABLE I. Average values for 2m. 








Theoretical 0.241 


A+CO: 0.248+0.001 
He+A 0.252+0.001 
He 0.253+0.002 
A 0.297 +0.004 











the small positive-ion motion occurring during the 
electron collection time may be neglected. 


2. Pulse Risetime 


Pulse risetime effects were minimized by a method” 
which uses equal integrating and differentiating time 
constants in the amplifier system. The risetime depend- 
ence of the present amplifier was found with a variable 
risetime pulser which produced pulses similar to the 
particle pulses. It was found that the risetime depend- 
ence followed the theoretical curve for an RC 
integrating-differentiating circuit with RC correspond- 
ing to 28 microseconds. The pulser was checked by 
showing that an actual 28-microsecond RC integrating- 
differentiating circuit produced the same dependence. 
The risetime of the particle pulses was computed using 
track length and drift velocity considerations. The 
risetime correction for an amplifier with 28-microsecond 
time constants was then averaged over all emission 
angles. Table II shows these corrections. 

The risetime correction was checked by examining a 
pulse height vs source voltage curve as shown in Fig. 3. 
The upper curve was taken with an amplifier having 
48-microsecond time constants, and the lower with 28 
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microseconds. The ordinates for the right end of the 
curves were fixed from the above calculations for the 
corresponding risetimes and time constants. The 
risetime was a function of the source field, and by 
applying the computed corrections to the experimental 
curves, the hatched line representing no risetime effect 
was determined. This hatched line fits both the 48- and 
28-microsecond cases to within 0.1%. Because of the 
second power dependence in the risetime correction, it 
was possible to show that an error of 0.25% in fixing 
the right end ordinates would lead to an inconsistency 
in the left end. Furthermore, the congruence of the 
helium and helium plus argon curves indicates that the 
risetime was nearly equal for the two gases. This was 
confirmed by direct oscilloscope observation. Because 
the risetime in argon was much shorter, the difference 
between the 48- and 28-microsecond cases shown in 
Fig. 4 is not so marked. 


3. Gas Multiplication 


Some gas multiplication was present in the argon 
measurements. Although it is not expected that 
multiplication would occur at the average field-to- 


TABLE II. Corrections to the differences in A(%). 





Grid shielding Risetime 


AA—AHe (light) —0.4 —0.1 
AA—AHe (heavy) —0.4 —0.2 
AHe—AHe-+A (light) 0.0 0.0 
AHe—AHe+A (heavy) 0.0 0.0 








pressure ratios used here, it is not surprising in view of 
the strong fields existing around the grid wires. The 
pulse-height rose rapidly with increasing collector 
voltage after multiplication set in. Even for fixed 
collector voltage, the multiplication increased slightly 
with source. voltage as seen in Fig. 4. The top curve was 
taken at 2.8% multiplication and the bottom curve with 
almost none, and a definite tendency for the curves to 
flatten with decreasing multiplication can be seen. 

The R measurements in argon were made with a 
multiplication of 2.8% so that high source field-to- 
pressure ratios could be attained without grid collection. 
In view of the strict proportionality obtained in 
proportional counters using high multiplication factors, 
it is not likely that this very small multiplication of 
2.8% could be significantly different for fission frag- 
ments and alpha particles. 


4. Saturation 


As follows from the above discussion, the hatched 
line of Fig. 3 and the bottom curve of Fig. 4 show the 
saturation characteristics of the gases for alpha particles. 
Figures 5 and 6 show similar curves for fission fragments. 
These curves extend to field-to-pressure ratios about 
twice those previously used.? (A source voltage of 
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Fic. 5. Light fragment saturation curves, method II. 


2000 here corresponds to x/p of 0.14 volt/cm mm Hg 
for He and He+-A, and 0.31 for A.) The final results 
were determined from the averages indicated by the 
horizontal bars. ' 


III. ABSOLUTE ENERGY PER ION 
PAIR MEASUREMENT 


The assumption that the average energy per ion pair 
for fast particles is independent of the particle type is 
based for the most part on experiments done using total 
ion collection, while fission experiments have been done 
using electron collection chambers. Because of the 
possibility of a basic difference between the two 
methods, or simply a lack of complete electron collection 
in the second, the absolute average energy per ion pair 
for the alpha particles was measured for each gas used. 
This measurement entails basically the capacitance 
of the collector system and the voltage change produced 
by the collected electrons. In the present case the 
capacitance was found by a condenser substitution 
method where pulse heights were compared with and 
without a small shunt capacitance on the collector. 
The pulse-height ratio and the value of the added 
capacitance are sufficient to determine the capacitance. 
This method has the advantage that the capacitance is 
found under actual operating conditions since the 
pulses arise from the particles themselves. The effect 
of the added capacitance on the amplifier time constants 
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was considered. The potential change produced on the 
collector was found by comparison with known pulses 
from both the calibration pulser described before and 
an independent pulser used as a check. Care was taken 
to eliminate amplifier level changes and consider pulser 
coupling impedance effects. Table ITI shows estimates of 
the uncertainties (random plus systematic) as well as 
the magnitudes of the grid shielding, risetime, and 
multiplication corrections. The corrections and un- 
certainties for helium plus argon are essentially the 
same as for pure helium. 

Previous work'® indicated a difference between total 
ion collection and electron collection measurements but 
the present experiment shows satisfactory agreement 
(Table IV). 


IV. DISCUSSION AND CONCLUSIONS 


The agreement of the absolute average energy per 
ion pair for alpha particles in argon with that measured 
by total ion collection indicates that there is no basic 
difference in results obtained by electron collection as 
compared to total ion collection. The small difference 
in the values for helium is easily explained on the basis 
of the extreme sensitivity to gas purity in the helium 
case. 

The difference in ionization defects between helium 
and argon is consistent with the theory of Knipp and 
Ling (Table V). The reason for the previous negative 
results? probably lies in saturation problems. Early 
measurements in the present experiment indicated that 
at the field-to-pressure ratios previously used the fission 
fragment saturation in argon is more complete than 
in helium. 

The difference in ionization defects between helium 
and the helium plus argon mixture verifies that a small 


PaBe IIT. Corrections and uncertainties in the absolute 
energy per ion pair (%). 


Argon Helium 


—1.2+0.2 
—0.5+0.3 
0.0 
0.2+0.2 
+0.4 
+0.7 


—1.5+0.9 


—0.5+0.2 
—0.2+40.2 
0.54+0.2 
0.2+0.2 
+0.4 
+0.7 
0.0+0.9 


Grid shielding 
Risetime 
Multiplication 
Pulser coupling 
Capacitance 
Potential change 


Total 


TABLE IV. Average energy per ion pair (ev/ion pair). 





This experiment Jesse and Sadauskis*.> 


 26.740.3 26.440.1 
29.6 


29.5+0.3 
41.0+0.4 42.7+0.2 


* See reference 8. 
b W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 


~ 16, O, Herwig and G. H. Miller, Phys. Rev. 94, 1183 (1954). 
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TABLE V. Differences in ionization defects, Mev (corrected). 








Light fragment Heavy fragment 


2.5+0.6 3.9+0.5 
1.6+0.3 1.3+0.5 
AA (Knipp and Ling®) 2.5 








TABLE VI. Comparison of defects in argon, in Mev. 





Schmitt*® 
(4’A) 


5.1+0.8 
5.5+0.5 


This experiment 
(AA —AHe +A) 





Light fragment (Mev) 
Heavy fragment (Mev) 





® See reference 7. 


“defect” exists in helium due to an increase in the 
proportion of metastable states produced by fission 
fragments relative to alpha particles. This is equivalent 
to stating that the ionization-to-excitation ratio in 
helium is less for fission fragments than for alpha 
particles. 

It is possible that this difference in the ionization-to- 
excitation ratio occurs in the low-velocity region. So 
long as the effect is confined to this region, it leads to a 
defect as defined in the introduction. The possibility is 
open that the ionization-to-excitation ratio is less for 
fission fragments than alpha particles over the entire 
range since the present experiment does not specify in 
which region the effect occurs. 

It is not unlikely that part of the total defect in 
argon also is due to a decrease in the ionization-to- 
excitation ratio for fission fragments. This cannot be 
verified by the method discharging metastable states 
with added inert gases because their ionization po- 
tentials lie above the metastable states in argon. The 
close agreement of the difference in defects between 
helium and argon with that calculated on the basis of 
atomic collisions alone (Table V) suggests that a 
difference in the ionization-to-excitation ratio also 
exists in argon. The accuracy of the experiment and 
calculation do not justify such a conclusion however. 

Finally, it appears that if the early measurements on 
fission fragments were repeated using the helium plus 
argon mixture as the stopping gas, the discrepancies 
discussed in the introduction would be eliminated. This 
may be seen if one considers the difference in defects 
between argon and the helium plus argon mixture. If 
there is no defect present in the mixture, the difference 
between argon and the mixture represents the defect 
in argon. It is seen from Table VI that this difference 
is indeed close to the value reported’ for the defect 
in argon. 
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Alpha particles leading to the ground state and first excited 
state of K®* in the Ca“(d,a) reaction have been observed and the 
excitation energy of the first excited state of K** has been deter- 
mined as 123+8 kev. The relative intensities of the groups has 
been measured for incident deuteron energies between 3.2 and 4.1 
Mev. Over this range the average intensity of the ground-state 
group is about 10 times that of the group to the first excited 
state and it is concluded that the latter is the 0* T=1 analog 
of the A** ground state. 

Even in the absence of isotopic spin selection rules, the alpha 
transition to the 0* state is expected to be inhibited appreciably 
by selection rules on angular momentum and parity. A calculation 


INTRODUCTION 


NUMBER of measurements have now been 

reported! in which nuclear transitions violating 
isotopic spin selection rules‘:® are observed. Particu- 
larly simple examples of a selection rule and its violation 
are provided by the (d,a) reactions proceeding from 
the ground state of even-even self-conjugate nuclei to 
low-lying T=1 states in odd-odd nuclei with A =4n+2. 
Browne! has made a careful study of the O'*(da)N"™ 
reaction with incident deuterons in the energy range 
from 5.5 to 7.5 Mev. The forbidden group is observed 
with an average intensity of about 5% of that of the 
allowed group proceeding to the ground state of N™. 
The forbidden group has also been observed with low 
intensity in reactions leading to the first 7=1 state in 
Al?* ® and P®.’7 The observed violation of the selection 
rule is attributed to the effect of the Coulomb inter- 
action in mixing states of different 7, and it is to be 
expected that the breakdown of the rule would be more 
severe in heavier nuclei. The present measurements of 
the Ca(d,a)K** reaction were undertaken on the 
heaviest stable self-conjugate nucleus in an effort to 
obtain further information on the usefulness of the 
isotopic spin in characterizing states in heavier nuclei. 


EXPERIMENTAL 


The deuteron beam from the University of Rochester 
variable-energy cyclotron was used in these measure- 
ments. After analysis by a double-focusing wedge 


* This work was supported by the Research Corporation and 
the U. S. Atomic Energy Commission and is taken from a thesis 
submitted by Y. H. in partial fulfillment of the requirements 
for the Ph.D. degree. 

t Now at Department of Physics, University of Tokyo, Tokyo, 
Japan. 
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3C, P. Browne, Phys. Rev. Letters 2, 188 (1959). 

4R. K. Adair, Phys. Rev. 87, 1041 (1952). 

5L, A. Radicati, Proc. Phys. Soc. (London) A67, 39 (1953). 

6C, P. Browne, Bull. Am. Phys. Soc. Ser. II, 1, 212 (1956). 
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using the statistical model of the nucleus indicates that these 
decrease the cross section for the 0* — 0+ transition by a factor 
of about 5 relative to that for the ground-state transition. It 
thus appears that the isotopic spin selection rule inhibits the 
transition only by a factor of about two. This breakdown of the 
isotopic spin selection rule can probably be attributed to Coulomb 
effects in the compound state. The reduction of the cross section 
as a result of angular momentum selection rule is probably equally 
important in other (d,a) reactions that have so far been used to 
study isotopic spin selection rules. It appears that further experi- 
mental results are needed for an understanding of the “‘isotopic 
spin forbidden” (d,«) reactions on light nuclei. 


magnet, beam currents of 0.1ua with an energy 
resolution of 0.2% were available over the energy range 
from 3.3 to 4.1 Mev. Measurements of the (d,a) cross 
section were carried out in a 10-in. diameter scattering 
chamber, to which a spectrometer magnet could be 
attached at 15° intervals. The beam was collected in a 
lead-lined Faraday cup and could be monitored by a 
CsI crystal and photomultiplier which detected the 
deuterons elastically scattered at 90° to the beam 
direction. 

A magnetic spectrometer was used to observe the 
weak alpha groups of interest. This was a 16-in. radius 
double-focusing instrument similar to those described 
by Snyder ef al.§ or by Malm and Inglis. The magnetic 
field of the spectrometer was measured by a rotating 
coil system similar to that described by Hedgran." 
This system was stable to within 0.15% over periods 
of several hours. From day to day, however, mechanical 
instabilities, thermal effects, and brush noise gave rise 
to uncertainties of about 1% in the calibration of 
particle momentum vs field meter reading, and the 
calibration was regularly checked against that of the 
analyzer magnet by observing elastically scattered 
particles of known energy. 

Two types of particle detectors were used with the 
spectrometer. Initially a thin CsI crystal mounted on 
a well-shielded photomultiplier was used. With a beam 
spot on the target 0.22 in. wide, and a j-in. exit slit, 
the momentum resolution was Ap/p=0.43%. Later, 
the exit slit was removed and a small camera for 
1-in.X3-in. nuclear track plates mounted in place of 
the photomultiplier. This system had a momentum 
resolution Ap/p=0.3%. The range of momenta accepted 
on a single plate was about 2%, allowing simultaneous 
observation of both groups of interest in the present 
measurements. The relative transmission of the spec- 
trometer as a function of focus position along the plate 

§C, W. Snyder et al., Rev. Sci. Instr. 21, 852 (1950). 

9R. Malm and D. R. Inglis, Phys. Rev. 95, 993 (1954). 

10 A, Hedgran, Arkiv Fysik 5, No. 1, 1 (1952). 
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Fic. 1. Spectrum of deuterons elastically scattered from gold. 
Pulse-height spectra from the scintillation detector at field meter 
settings of 4080 and 4200 are shown in the insets. 


was determined by observing the apparent intensity of 
a group of elastically scattered particles focused to 
different positions on the plate. 

Because of the very low intensities of the alpha 
groups relative to that of the elastically scattered 
deuterons, it was necessary to minimize the scattering 
of particles from the walls of the spectrometer vacuum 
chamber. A series of baffles at the entrance to the 
spectrometer ensured that no particles were scattered 
from the top and bottom of the vacuum chamber. It 
was found, however, that particles could still be scat- 
tered from the walls in the vicinity of the exit slit. 
Figure 1 shows a spectrum as measured by the spec- 
trometer when 3.94-Mev deuterons were scattered from 
gold. The pulse-height spectra from the CsI crystal 
show that the small peak at a field meter reading of 
4200 arises from particles which have been scattered 
inside the spectrometer. After adding baffles in the exit 
tube of the spectrometer, this spurious peak no longer 
appears, as shown in Fig. 2. The measurements of Fig. 
2 actually were extended over a much wider range than 
is shown, and the background intensity was found to 
be never greater than 0.02% of that of the elastic peak. 
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Fic. 2. Spectrum of deuterons elastically scattered from gold 
after installing antiscattering baffles near the spectrometer exit 
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Targets were prepared by evaporating natural 
calcium metal onto a gold leaf backing. A spectrographic 
analysis" of the calcium used showed less than 0.5% 
Mg impurity, and no significant amounts of other 
metals. The thickness of the backing was determined 
by weighing to be about 0.2 mg/cm*. The thickness of 
the calcium was measured by comparing the elastic 
scattering in the forward direction from the Ca and the 
gold backing. Typical targets were about 0.1 mg/cm? 
in thickness. 


IDENTIFICATION OF THE GROUPS 


For these measurements a thin (0.001-in.) CsI crystal 
covered by a 0,0003-in. Al foil was used to detect the 
particles focused through the spectrometer. With this 
crystal, alpha particles in the energy range from 4 to 
8 Mev gave pulses two to three times as large as those 
from protons or deuterons of the same magnetic 
rigidity, and no trouble was experienced in distinguish- 
ing alphas from these other particles. With a calcium 
target, two prominent alpha groups were observed. 
The variation of alpha particle energy with angle 
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Fic. 3. Alpha-particle groups to the ground and first two states 
of K**. Elastic deuteron groups from Au and Ca are also shown. 


identified them as arising from the (d,a) reaction on 
Ca. Q values of the groups were 4.65 and 4.21 Mev, in 
satisfactory agreement with the values of 4.650 and 
4.20 Mev reported by Braams,” for this reaction. 
Strong alpha groups at lower energies were also observed 
coming from oxygen and carbon contamination on the 
target. In addition to the above, a weak group was 
observed at an energy slightly below that of the strong 
group of highest energy. A typical measurement is 
shown in Fig. 3 in which the weak group is observed 
with an intensity of about 10% of that of the strong 
group. The differences in Q values for this weak group 
are shown in Table I as a function of angle. From these 
measurements it is concluded that the weak group 
arises from a (d,a) reaction on a nucleus of A=40+1. 
The possibility that the group arises from one of the 
other stable Ca isotopes is definitely excluded. Possible 
potassium impurity in the target is much too small to 
give rise to the group, and it was concluded that it does 

11 We are indebted to Professor W. Walters of the University 


of Rochester Chemistry Department for this anslysis. 
2 C, M. Braams, thesis, Utrecht, 1956 (unpublished). 
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in fact come from the Ca‘*(d,v) K** reaction leading to 
the T=1 first excited state of K**. As a byproduct of 
these measurements the excitation energy of this state 
was determined to be 1238 kev. 


MEASUREMENTS AND RESULTS 


For measurements of the relative intensities of the 
groups leading to the ground state and first excited 
state of K**, the nuclear plate camera was used in place 
of the scintillation detector. 1-in.X3-in. Kodak NTA 
emulsions 50 microns in thickness were used in the 
camera. These plates were sensitive to protons, deu- 
terons, and alpha particles. Protons were easily dis- 
tinguished by their track densities. Deuterons and 
alpha particles could be distinguished from each other 
this way, by careful scanning, but usually alphas were 
identified on the basis of track length. Exposures were 
made at 15° intervals between 15° and 135° at incident 
deuteron energies of 3.30, 3.69, and 4.09 Mev. In 
addition, cross sections were measured every 0.1 Mev 
from 3.3 to 4.1 Mev at angles of 30° and 105°. After 
processing, the plates were scanned in strips of 260 u 


TABLE I. Q values for Ca“(d,a)K* reaction calculated 
from measured alpha groups. 


ISOTOPIC 


6 
30° 
45° 
60° 
90° 

105° 
120° 
135° 


Ground state 
group Qo (Mev) 


First exc. 
group Q: (Mev) 





4.662+0.017 
4.655+0.017 
4.634+0.017 
4.561+0.017 
4.656+0.017 
4.650+0.017 
4.668+0.017 


4.547+0.020 
4.528+0.020 
4.511+0.020 
4.528+0.040 
4.531+0.040 
4.530+0.024 
4.547+0.024 


Qo-Qi 
(kev) 
123418 
127+18 
123418 
123+40 
125+40 
120+22 
121+22 


width, over a distance of about 2 cm, in which both 
groups of interest were focused. A background of tracks 
arising from deuterons scattered inside the spectrometer 
was observable in the scanning. These could be dis- 
tinguished from alphas by the wide variation in track 
lengths, and by the fact that such tracks generally 
entered the emulsion at a different angle than those 
produced by particles focused through the spectrometer. 
Well away from the alpha peaks a small background 
of tracks which could not be distinguished from true 
alpha tracks was observed. This background amounted 
to about 3 track per scanning strip on each side of the 
alpha peaks, and it was assumed that the same back- 
ground contributed to the measured peaks. 

After subtraction of background and correction for 
spectrometer transmission, the results shown in Figs. 4, 
5, and 6 for the angular distributions and in Fig. 7 for 
the excitation functions of the two groups were ob- 
tained. At the two higher energies the alpha groups 
were focused to the same spot as the elastic deuterons 
at certain angles. Although the alpha tracks could still 
be seen, the heavy exposure made accurate counting 
impossible. From these results, total (d,v) reaction 
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Fic. 4. Angular distributions and relative intensity of alpha groups 
to the ground and first excited states of K**. Ez=3.30 Mev. 


groups at each energy. The ratio of the cross section 
for the group to the excited state relative to that to 
the ground state is shown in Table II at the three 
energies. The quoted error is an estimate of the uncer- 
tainty introduced by the statistical errors in the 
measured cross sections and by the interpolation and 
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Fic. 5. Angular distributions and relative intensity of alpha groups 
to the ground and first excited states of K**. E,=3.69 Mev. 
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Fic. 6. Angular distributions and relative intensity of alpha groups 
to the ground and first excited states of K**, Ez=4.09 Mev. 


extrapolation involved in the calculation. The mean of 
these three values, r=0.11+-0.01, is in agreement with 
the mean value of 0.12 for the ratio of the differential 
cross sections at 30° over this energy range. 


DISCUSSION 


In the j— coupling shell model, the states of the 
lowest configuration in K** have spins, parities, and 
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Fic. 7, Excitation functions for the alpha-particle groups to the 
ground and first excited states of K*8, 
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isotopic spin (0+,2+) T=1 and (1+,3+) T=0. From the 
B* decay of K*, it is concluded that the lowest two 
states are the 3+ T=0 and 0+ T=1 though the order 
of the levels is not completely certain." 

This measurement of the energy difference of 123 kev 
between these levels establishes the 3+ state as the 
ground state. If this were the higher level, it should 
show appreciable beta decay to the ground state of A** 
via the K* ground state, and this is not observed." 
The assignment of T=1 to the first excited state 
would also be reasonable in view of the low intensity of 
the alpha group going to that state. 

At first sight it would appear that the isotopic spin 
selection rule inhibits the forbidden transitions by a 
factor of about ten, but it is now necessary to consider 
the conservation of angular momentum and parity also. 
With a target nucleus of zero spin and even parity, 
deuterons of angular momentum will form compound 
states of spin j=/, /+1 and parity (—)'. Alpha emission 
to a 0* state is only possible, however, from states of 
spin J, parity (—1)/. Hence it appears that only about 
one-third of the states formed in the compound nucleus 
will be able to decay by alpha emission to the 0+ state 
in K*, To make a more quantitative estimate of this 
effect, a calculation of the ratio of the total cross 


TaBLE II. Measured ratio of (d,a) cross sections to first 
excited state and to ground state of K*. 
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sections for the two states of interest was made using 
the statistical theory of the nucleus in the form given 
by Hauser and Feshbach.'* The reaction cross section is 


aK 

a(i|1’)=— 
(2s-+-1)(2i-+1) 

ye! T(E) DL js ej? 2W+Y Uv env? T(E’) 

D eee’ Ty (E”) 








The transmission coefficients T; were calculated from 
the graphs given by Morrison.'* The use of these graphs 
implies a “black” nucleus or a sticking probability of 
unity for the deuterons and alphas. This assumption 
is probably well justified in this case because of the 
strong absorption of these particles in nuclear matter. 
It was necessary to consider partial waves up to /=4 
for the deuteron and /=7 for the alphas. The sum 
appearing in the denominator is to be taken over all 
open channels for each value of J. It was assumed that 


18 P, M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

4D), Green and J. R. Richardson, Phys. Rev. 101, 776 (1956). 

16 W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 

16 P. M. Morrison, Experimental Nuclear Physics, edited by E. 
Segré (John Wiley & Sons, Inc., New York, 1953). 
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this sum was independent of J because of the very 
large number of channels open, not only for (d,a) 
reactions but for (d,p) and (d,m) reactions also. The 
ratio of the (d,a) cross sections going to the 0+ and 3+ 
states is then easily evaluated with the result : 


o(0+|0+)/o(0+|3+)=0.17, Ea=3.3 Mev 
=0.19, Ey=4.1 Mev. 


Thus it appears that the transition to the 0+ T=1 state 
is inhibited by a factor of about 5 by angular momentum 
and parity selection rules and only by a factor of about 
two by the isotopic spin selection rule. 

Shell model calculations indicate that the admixture 
of T=1 states in the ground state of Ca‘ and K* should 
be about 5% in intensity.'” Hence, for a direct transition 
the isotopic spin selection rule would be expected to re- 
duce the cross section by a factor of about 20 rather than 
the observed factor of 2. It seems likely that this break- 
down of the isotopic spin selection rule comes about by 
the mixing of states of different isotopic spin in the com- 
pound nucleus. In the present measurements the com- 
pound states involved in Sc* are at an excitation energy 
of about 15 Mev. While nothing is known of the struc- 
ture of this nucleus, the level spacing for states of a 
given spin and parity may be estimated!* probably to 
within a factor of 3, to be 1.5 kev. It would be expected 
that the Coulomb matrix element between two such 
states would be considerably larger than this, implying 
that these states can no longer be characterized by a 
definite isotopic spin. 

It is interesting to note that all (dv) measurements 
which have so far been interpreted as indicating the 
validity of the isotopic spin selection rule have been 
0+ T=0— 0+ T=1 transitions in which conservation 
of angular momentum will be an important factor in 
diminishing the cross section. In the most carefully 
studied of these, O'8(dja)N"™, the ratio of the cross 
section to the first T=1 state to that to the ground 
state was r=o(0t|0+)/o(O+|1+)~0.05. This result is 
an average taken over a range of 2 Mev in incident 


17S. Iwao (private communication). 
18 T. D. Newton, Can. J. Phys. 34, 804 (1956). 
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deuteron energy, and hence represents an average over 
many compound states. A calculation similar to that 
for Ca using the statistical model predicts a ratio 
r=0.14, indicating that even in this light nucleus the 
isotopic spin selection rule inhibits the “forbidden” 
transition only by a factor of about 3. In addition to 
the isotopic spin impurity in the nuclear states involved, 
another factor which has been suggested as contributing 
to the violation of the selection rule is the polarization 
of the deuteron in the Coulomb field of the nucleus. 
The resulting space asymmetry in the deuteron wave 
function would imply a mixing of T=1 states in the 
deuteron ground state. A calculation suggested by 
French” was made to estimate an upper limit for this 
effect. Assuming the deuteron to be completely polar- 
ized (i.e., that the proton in the deuteron traverses a 
Coulomb trajectory), the relative intensity of T=1 
states was given by |¥(7=1)|?/|y(T=0)|?<0.1. An 
effect of this magnitude would be too small to account 
for the observed violation of the selection rule but 
might show up in a careful comparison of the inelastic 
scattering of deuterons and alpha particles. Such 
measurements have been made on N",79.2! and it is 
found that the group to the lowest 7=1 state is very 
weak in both cases. In fact, the isotopic spin selection 
rule appears to be even more effective than might be 
expected. It is not clear at present why the selection 
rule should have such a large effect in the inelastic 
deuteron and alpha scattering and such a small one in 
the (d,a) reactions. 
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Measurements of the differential elastic scattering cross sections of normal lead and radiolead (88% 
lead-206) for 4.2+0.1 Mev neutrons show a marked difference. Within experimental error this difference 
appears to be isotropic. It is concluded that the difference is due to compound-elastic scattering in lead-208. 


I. INTRODUCTION 


ECENT optical model analyses of the scattering 

of fast neutrons by complex nuclei,' are found to 
agree well with experimental data when a single set of 
energy-dependent parameters is used. These analyses, 
as well as previous measurements and calculations,? 
show that at neutron bombarding energies of a few 
Mev, and particularly at 4.1 Mev and 2.5 Mev, the 
agreement between the calculated curves for the shape- 
elastic differential cross sections and the measured 
elastic distributions is not as good as it is at higher 
energies. This discrepancy has been attributed? to the 
presence of compound-elastic scattering. The fact that 
the discrepancy is more pronounced at the lower 
energies was explained by the existence of fewer 
energetically possible modes of decay of the compound 
nucleus. 

The level structures of lead-208 and of lead-206 are 
very different. Only a few levels are known in lead-208 
with energies below 4 Mev, while, on the contrary, 
lead-206 has many levels below 4 Mev.* We should 
expect, therefore, an appreciable amount of compound- 
elastic scattering in lead-208 and very little in lead-206. 
Since the shape-elastic scattering calculated from the 
optical model is a slowly varying function of the mass 
number, we should expect the shape-elastic scattering 
from the two isotopes to be almost the same. Therefore, 
measurements of the differential elastic cross sections 
of lead-208 and of lead-206 provide a possible means of 
measuring the extent of compound-elastic scattering in 
lead-208. 

The only material now available in sufficient quantity 
and having a large abundance of lead-208 is natural 
lead (51.7%). Lead-206 is available in the form of 
radiogenic lead which is extracted from uranium ores; 
it contains about 88% lead-206. 

We have measured the differential elastic scattering 
cross sections of normal lead and radiolead using a time- 


* Suppurted by the Modern Physics Research Branch, Aero- 
nautical Research Laboratory, Wright Air Development Center. 
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§ Strominger, Hollander, and Seaborg, Revs. Modern Phys. 
30, 783, 791 (1958); R. B. Day, Phys. Rev. 102, 767 (1956); B. B. 
Kinsey, Handbuch der Physik, edited by S. Fliigge (Springer- 
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of-flight technique‘ to separate the elastically scattered 
neutrons and gamma rays resulting from inelastic 
scattering. 


II. EXPERIMENTAL PROCEDURE 


The measurements were made using the time-of- 
flight technique developed by Cranberg ef al. at Los 
Alamos.‘ 

The experimental arrangement is shown in Fig. 1. 
Briefly, the operation of the system is as follows: the 
1.5-Mev deuteron beam emerging from the 2-Mv Van 
de Graaff accelerator is swept across a slit in front of 
the target by means of an rf voltage applied to a pair of 
deflecting plates. Bursts of neutrons of two to three 
millimicroseconds (mysec) duration are produced at 
the target every 125 musec. The neutrons are scattered 
by a cylindrical sample, the axis of which is at a 
distance of 7.35-cm from the center of the target and 
perpendicular to the deuteron beam. After being 
scattered the neutrons are detected by a scintillator 
situated at a distance of one meter from the scatterer. 
The time of arrival of the neutrons at the detector is 
measured relative to the phase of the rf voltage that 
sweeps the deuteron beam. This time interval is con- 
verted to a pulse height, and the pulse height is analyzed 
by means of a twenty-channel analyzer. The neutron 
detector consists of a 3.8-cm by 5.1-cm diameter plastic 
scintillator viewed by an RCA-6342 photomultiplier. 
The detector is shielded from the direct beam, room 
scattered neutrons, gamma rays, and other background 
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‘L. Cranberg and J. S. Levin, Phys. Rev. 103, 343 (1956) ; 
L. Cranberg, Proceedings of the International Conference on the 
Peaceful Use of Atomic Energy, Geneva, 1955 (United Nations, 
New York, 1956), Vol. 4, p. 40. 
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SCATTERING OF 4.2- 
by means of an iron attenuator and a large shield. The 
latter consists of a lead cylindrical shell 5 cm thick 
surrounded by a mixture of paraffin and lithium 
carbonate. 

The procedure at each angle consisted of taking a 
run with a normal lead sample, one with a radiolead 
sample, and another one with no sample. A complete 
angular distribution was taken, and then repeated 
three times. 

Each sample was a cylinder, 5.08 cm long and 2.54 cm 
in diameter. The mass of the radiolead sample (281.0 g) 
differed slightly from the mass of the lead sample 
(289.9 g) due to contraction of the former in the casting 
process as well as to the difference in the average 
atomic weight. The differential cross sections obtained 
were corrected for this difference. The normal lead 
sample was machined from a “chemical lead” brick 
manufactured by the American Smelting and Refining 
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Fic. 2. Time-of-flight spectra of 4.2+0.1 Mev neutrons scattered 


at 90° from normal lead. The lower curve (open circles) is the 
background observed with the scatterer removed. 


Company (99.9% lead). The radiolead sample was 
obtained from Atomic Energy of Canada Limited and 
the spectrographic analysis given by them was: Pb™, 
0.08%; Pb?*, 88.25%; Pb’, 8.78%; Pb*8, 2.92%. 
(The natural abundance of the isotopes in normal lead 
is Pb™, 1.4%; Pb™, 25.2%; Pb™, 21.7%; Pbh™, 
51.7%.) 

A propane proportional counter was used to monitor 
the neutron flux, and a check on this monitor was 
obtained by integrating the beam current delivered to 
the target. 

The absolute value of the differential cross section 
was obtained at 40° by comparison with the n-p cross 
section using a polyethylene scatterer. 


III. RESULTS 


Figures 2 and 3 show complete time-of-flight spectra 
of the neutrons scattered at 90° from lead and radiolead, 
respectively. These data are consistent with what one 
would expect, on the basis of the available information 
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Fic. 3. Time-of-flight spectra of 4.2+0.1 Mev neutrons scattered 
at 90° from radiolead. The lower curve (open circles) is the back- 
ground observed with the scatterer removed. 


on the level structures of the isotopes of lead. The 
spectra show that there are more high-energy inelastic 
neutrons from radiolead than from lead. The neutron 
group resulting from excitation of the 2.62-Mev level 
in Pb? is clearly resolved in the lead spectrum but does 
not appear in the radiolead spectrum. A complete 
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Fic. 4. Time-of-flight spectra of 4.2+0.1 Mev neutrons scattered 
at 44°, 78°, 105°, and 137° from normal lead (solid circles) and 
radiolead (open circles). The background has been subtracted. 
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Fic. 5. Angular distribution of 4.2+-0.1 Mev neutrons elastically 
scattered from normal lead and radiolead. 


analysis of the inelastic scattering data will be given ina 
forthcoming publication. 

In obtaining the angular distribution, only the elastic 
peaks and the gamma-ray peaks were recorded. Data 
for the angular distributions were taken in intervals of 
5° or 10° at 18 angles over the range from 20° to 140°. 
Data for four different angles are shown in Fig. 4. The 
data shown are averages of data points differing by 5°. 
This averaging process improves the statistical accuracy 
but it does not affect the difference between the scatter- 
ing from lead and radiolead since the difference is 
essentially isotropic and the angular resolution is large 
(+9°). These spectra show that there is a large differ- 
ence between the elastic peaks, those due to normal 
lead being larger than those due to radiolead. It should 
be noted that the gamma-ray peaks from radiolead are 
always larger than those from lead. This does not 
imply that there are more gamma rays produced in the 
radiolead, since the detection efficiency of the plastic 
scintillator is different for different energy gamma rays. 

The number of counts due to elastic scattering from 
radiolead was obtained from the time-of-flight spectra 
by fitting the shape of the elastic peak due to normal 
lead (from which the estimated contribution of the 
0.803-Mev level in lead-206 had been subtracted) to 
the radiolead spectrum. 

The angular distributions for normal lead and radio- 
lead are shown in Fig. 5. The distributions in Fig. 5 
were corrected for the effect of angular resolution 
(+9°) by unfolding the raw data with the angular 
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resolution curve. This was done graphically by the 
trial and error method by assuming a corrected differ- 
ential cross-section curve and applying the angular 
resolution function to it. This process was repeated 
until the assumed curve, after being operated on by the 
resolution curve, yielded the experimental data. The 
effect of this correction on the angular distribution of 
the difference between the scattering from normal lead 
and radiolead (Fig. 6) was small compared with other 
experimental errors. No correction for multiple scatter- 
ing was applied to the data, but the effect of such a 
correction on the difference curve is estimated to be 
small since the difference is essentially isotropic. The 
present results on the angular distribution of the 
neutrons elastically scattered by normal lead at 4.2 Mev 
are in good agreement with previously published re- 
sults at 4.1 Mev.® 

The angular distribution of the difference between 
the elastic scattering from normal lead and radiolead is 
shown in Fig. 6. The errors were estimated from the 
deviations between different runs. There is the possi- 
bility that the observed difference could be due to 
impurities in the normal lead sample. Two possible 
impurities are silicon and copper. A calculation based 
on the known differential cross sections for aluminum® 
(or silicon) shows that a 1% (by mass) impurity of 
silicon would increase the cross section for normal 
lead by 3.0 mb/steradian at 140°, and by 20 mb/ 
steradian at 30°. A one percent impurity of copper (or 
zinc) would increase the normal lead cross section by 
only 1 mb/steradian at 140°, and by 6 mb/steradian 
at 30°. It would require 15% silicon by mass or about 
30% copper to account for the observed differences in 
the cross sections at the back angles. We conclude that 
the observed differences are not due to impurities in the 
normal lead sample. 

Theoretical calculations* were made for the shape- 
elastic scattering in lead-206, lead-207, and lead-208 
on the basis of the optical model using several different 
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Fic. 6. Angular distribution of the difference between the elastic 
scattering from normal lead and that from radiolead. 


5M. Walt and J. R. Beyster, Phys. Rev. 98, 677 (1955). 
®R. G. Moore (private communication). 





SCATTERING OF 
sets of parameters. The nuclear potential used was the 
same as that used by Bjorklund and Fernbach.! The 
shape-elastic curves, calculated with the same param- 
eters, but radii corresponding to the mass numbers 206, 
207, and 208 were in all cases essentially the same for 
each set of parameters. This indicates that the difference 
which has been experimentally observed is not ac- 
counted for by the theory as being due to shape-elastic 
scattering. 

Within experimental error, the angular distribution of 
the difference is isotropic, as one would expect’ pro- 
vided a compound nucleus is formed and the statistical 
assumption is satisfied. Since the compound-elastic 
scattering in lead-206 is probably much smaller than 


7™W. Hauser and H. Feshbach, Phys. Rev. 87, 366 (1952). 
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in lead-208, we conclude that the major portion of the 
observed difference is due to compound-elastic scatter- 
ing in lead-208. If one assumes that the observed 
difference is due entirely to compound-elastic scattering 
in lead-208, the total compound-elastic scattering cross 


section of lead-208 is computed to be 0.8-++0.3 barn. 
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Proton-Proton Scattering at 10 Mev* 


L. H. JouNsTon AND D. E. Younct 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received June 22, 1959) 


Differential cross sections have been measured for scattering of 9.69-Mev protons by hydrogen gas, 
covering the laboratory angular range from 45° to 5°. The angular resolution is +4° at small angles, and 
estimated absolute probable errors +0.7% except at the smallest angles. The interference minimum of 
51.4 millibarns occurs at 34° c.m. and the 90° cross section is 54.6 mb. The data can be fit with the following 
set of phase shifts: 1S9=54°, #Pp=+2.83°, §Py = —5.07°, *P2=+2.22°, 1D2=+0.2°. 


I. INTRODUCTION 


ROTON-PROTON scattering has been done by 
several authors'“ at energies close to 10 Mev 
Techniques now available permit improved accuracy 
and permit the measurements to be extended to the 
small-angle region where the cross section goes through 
a minimum due to interference of the nuclear phase 
shifts with the strong Coulomb phase shifts. These 
interference terms are very sensitive indicators of 
small amounts of P wave and higher phase shifts.® 
One interesting feature of p-p scattering at this energy 
(10 Mev) is that the S-wave phase shift seems to go 
through a maximum value here.® 
Protons for this experiment were provided by the 
first accelerating cavity of the Minnesota proton linear 


* Supported in part by the U. S. Atomic Energy Commission. 

t+ Now at Midwestern Universities Research Association, 
Madison, Wisconsin. 

1 James Rouvina, Phys. Rev. 81, 593 (1951) (7.51 Mev). 

2B. Cork and W. Hartsough, Phys. Rev. 94, 1300 (1954). 
(9.7 Mev). 

3 Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 
(1952). (9.7 Mev). 

‘F. E. Faris and B. T. Wright, Phys. Rev. 79, 577 (1950). 
(12.4 Mev). 

5 Pierre Noyes (private communication). 

6 L. H. Johnston and Y. S. Tsai, Phys. Rev. 115, 1293 (1959). 


accelerator. Excellent collimation was achieved by 
allowing the 10-Mev beam to “coast” 80 feet through 
the other two cavities, which were unexcited. 


Il. APPARATUS 
A. Scattering Chamber 


The scattering chamber and most of the techniques 
used in this experiment are only slightly modified from 
those used for 40-Mev p-p scattering’ so here only 
the modifications will be described. 

The general layout of the experiment is identical 
to Fig. 1, reference 7, and the scattering chamber is 
shown in Fig. 2, reference 7. Modifications to the 
scattering chamber were as follows: 


1. All collimators and telescope slits were reduced in 
thickness to 0.032 inch (Brass). 

2. The input collimator and entrance foil to the 
chamber were moved 20 inches downstream to give a 
shorter path through the scattering gas. This increased 
the minimum scattering angle from 4° to 5°. The 
input collimator is circular and has 0.8-cm diameter. 

3. The beam entrance foil was changed to }-mil 
Mylar and the exit foil to 3-mil aluminized Mylar. 


7L. H. Johnston and D. A. Swenson, Phys. Rev. 111, 212 (1958). 





JOHNSTON 


Fic. 1. Pressure- 
regulating escape 
valve. 








The entrance foil to the NaI detector on the 
10°-60° telescope was changed to 1-mil aluminized 
Mylar, while the small-angle telescope detector retained 
its 2-mil aluminum foil. 

The angle calibration of the 
re-established with reference to the new collimators and 
telescope slits. Beam pictures were taken at the position 
of the Faraday cup, to insure that the chamber was 
aligned with the beam direction, and that the beam 
was well contained by the cup. 


telescopes was 


B. Target Gas 


The hydrogen pressure used in this experiment was 
one-quarter atmosphere, which would have meant 
that a static gas filling would have been appreciably 
contaminated in two hours, for runs at small angles. 
Hence a dynamic gas system was devised. Pure hydro- 
gen was continually let into the chamber from a 
palladium filter, and the pressure was regulated by 
allowing the gas to escape from the chamber through 
the pre ~teni cP valve shown in Fig. 1. This valve 
was found to regulate the pressure to better than one 
millimeter of oil pressure, or less than 1/10 mm of 


mercury. The regulating pressure is made proportional 
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Fic. Angular distribution of p-p scattering cross sections. 
The Fle curve is for S-wave phase shift only, chosen to 
fit the data at 90°, 
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to the absolute temperature of the room by using a 
fixed-volume flask (F) of gas as the reference pressure. 
This maintains the hydrogen in the scattering chamber 
at constant density in spite of room temperature 
changes. Temperature and pressure were measured 
before and after each run as a precaution. The hydrogen 
pressure was measured by a mercury manometer whose 
supply line was independent of the gas escape tube 
leading to the pressure regulating valve. 


C. Measurement of Beam Charge 


The collector cup system used here was the same one 
used in the previous 40-Mev experiment.’ Whereas 
tests at 40 Mev indicated that the potential on the 
repeller ring located between the cup and the foil had 


TABLE I. Analysis of errors. 


Relative 
error (+) 


Absolute 

Source of error error (+) 
Beam current errors: 

Capacitance 

Voltage 

Electrometer drift 

Charge collection 
Counting errors: 

Nuclear reactions 

Slit scattering 

Counting statistics 

Counting losses 

Background 
Geometrical errors: 

Geometry measurements 

Angle calibration* 
Target errors: 

Gas temperature 

Gas pressure 

Gas impurities 
Beam energy errors: 

Mean energy 

Energy dependence 

On angle 


0.2% 
0.1% 
0.1% 
0.2% 


0.1% 
0.1% 
0.1% 
0.0% 


0.0 
0.1° 
0.3% 
0.1% 
0.1% 


0.0% 
0.1% 
0.3% 
0.1% 
0.1% 


0.1% 
0.1' 


0.2% 
0,2° 


0.1% 
0.1¢ 
0.1% 


0.1% 
0.1% 
0.1% 


0.3% 0.1% 


0.0% 0.1% 
Total probable errors 0.7% 0.5% 


® Errors due to ie calibration are as listed, except for the following 
smé nall angles. where they are relatively more important: 5°, 1.6%; 6°, 0.8%; 
, 0.4%; 8° and larger, 0.2% 


no measurable effect on the charge collection, at 10 
Mev it was found that a 4% error resulted if the repeller 
potential was zero, while the 400 gauss magnetic field 
was on. The sign of the error corresponds to electrons 
escaping from the cup. This error became negligible if 
minus six volts was applied to the ring. To be safe, the 
potential was made—1000 volts during runs. It was 
found that the magnetic field made no measurable 
difference if — 1000 volts was on the repeller. 


III. ERRORS AND CORRECTIONS 


A. Second-Order Geometry 


In calculating the cross sections to be attributed to 
to a given angle, the variation of cross section with 
angle is treated in terms of the local first and second 
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derivatives.’ The geometrical formula used for calculat- 
ing cross sections in the laboratory system of coordinates 
is 


v cot?6 


3Re? 2M? 


2v’202h 
C= BNyo———_ 
MR» sind 


y+ v2 b? 


4R,? sin’0 
3h? a’ cotdy hr? v eo ¥ 
SR? 2, 7 —{ -— + =a} 
8R? 2R? o 3 \2R? MR oa 3M? 
where o is the laboratory differential cross section and 
o’ and o”’ are its first and second derivatives with respect 
to laboratory angle 6. The terms in o’ and o”’ assume 
that v=v’. All other geometrical terminology is that 


used in reference 7, where the nominal values of the 


TABLE II. p-p differential cross sections and probable errors for 
proton laboratory energy =9.69+0.03 Mev. 





Relative 
probable 
error + 


Absolute 
probable 
error + 


(da/dQ)e.m. 
Oc.m (mb/sterad) 





854.9 
400.2 
219.2 
138.8 

95.8 
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49.9 


10.026° 
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26.064° 
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34.083° 
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38.091° 
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principal dimensions are also given. Conversion to 
center-of-mass angles and cross sections are performed 
relativistically, using formulas identical to those given 
by Chamberlain e¢ al.° 


B. Error Estimates 


Table I lists the sources of error considered to be 
significant with estimates of their magnitudes for 


8 We are grateful to Professor Richard Hughes for sending us 
the geometrical calculations of Mr. E. A. Silverstein containing 
these terms in a readily applicable form. These have now been 
published by E. A. Silverstein, in Nuclear Instr. 4, 53 (1959). 

® Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 105, 288 (1957). 
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affecting the absolute values of the cross section and the 
relative values. The nature of these errors is discussed 
in reference 7. 

Scattering from detector telescope slits was assumed 
negligible in this experiment due to the large-scale 
geometry of the scattering chamber. 

Contamination of the hydrogen was shown to be 
negligible by evacuating the scattering chamber and 
then allowing it to remain closed off for 12 hours. 
The scattering yield for the accumulated gases was 
measured at 5°, where the measured pressure and 
scattering yield was consistent with assuming the gas 
to be oxygen or carbon dioxide. 

No correction was made for detected protons causing 
nuclear reactions in the sodium iodide, since this 
effect amounts to less than 0.1% at 10 Mev. 

Small corrections are required by the fact that for 
different scattering angles the incident beam traverses 
differing thicknesses of Hy» gas before scattering, which 
causes small energy changes. This is done assuming a 
1/E dependence of cross section at angles larger than 
the interference minimum, and at smaller angles a 
successively higher power is assumed, ending with 
1/F? at 10° c.m. 


IV. RESULTS 


Calculated cross sections with estimated probable 
errors are given in Table IT. They are plotted in Fig. 2, 
along with a theoretical curve for pure S-wave scatter- 
ing, chosen to fit the data at 90°. 

A phase shift analysis of these data has been made by 
MacGregor,” whose principal results are as follows: 
The best least-squares fit assuming only S-wave 
scattering gives an S-wave phase shift of 56.15°, but 
the fit is not good, as indicated by the least-squares 
sum. Good fits can be obtained by including *P and 
'D» phase shifts. These fits are not unique, however. He 
is able to get a continuum of good fits, within limited 
regions of assumed variation for one of the phase 
shifts. For example, he can obtain fits for S-wave 
phase shifts anywhere from 52° to 56°. A typical set of 
phase shifts which fit the data is as follows: 'So= +54°, 
§Po=+2.83°, *Pi= —5.07°, *P2=+2.22°, 'D2= +0.2°. 

The S-wave phase shift as a function of energy seems 
to go through a maximum near this energy; its falling 
off at higher energies may be taken as evidence for the 
reality of a repulsive core in the proton-proton potential, 
which would have a continually greater influence on 
S-wave interactions as they happen at smaller radii. 


ACKNOWLEDGMENTS 


We gratefully acknowledge the help of Dr. Y. S. Tsai 
in taking the data for this experiment, and the persistent 
hard work of the linear accelerator crew. 


10M. H. MacGregor, Phys. Rev. 113, 1559 (1959). 





PHYSICAL REVIEW 


VOLUME 116, 


NUMBER 4 NOVEMBER 15, 


Beta Decay of Cd™!°"7 


O. E. JoHNson AnD W. G. Situ 
Physics Department, Purdue University, Lafayette, Indiana 
(Received June 22, 1959) 


The decay of Cd"*™ was studied by using NalI(T1) scintillation counters and a 47 beta scintillation 
spectrometer. The following gamma rays were observed: 0.485+0.007, 0.93540.014, 1.141+0.017, and 
1.29+0.019 Mev. The 0.485- and 0.935-Mev gammas were found to be in coincidence. There were no 
gammas in coincidence with the 1.29-Mev gamma. The end-point energy of the ground-state beta transition 
was determined to be 1.6314-0.016 Mev. The shapes and end-point energies of the beta groups in coin- 
cidence with the 0.935- and the 1.29-Mev gammas were measured. The former has a AJ =2, yes, character; 
and the latter appears to have an allowed or statistical shape; the end-point energies are 0.687-+-0.008 Mev 


and 0.335+0.010 Mev, respectively. 


INTRODUCTION 


ADMIUM-115M beta decays, with a half-life of 
43-44 days, to In"®. The ground-state spins of 
Cd'™ and Cd"* have been directly determined to be 4; 
from these measurements it is inferred that the spin 
of Cd" is also 3. According to the shell model the only 
spin } orbital available between the closed neutron 
shells at 50 and 82 is s;, therefore it is assumed that the 
parity of these ground states is even. There has been 
no observation of radiations which would indicate the 
presence of an isomeric transition from Cd'*™ to the 
Cd" ground state. The energy of this transition would 
be ~0.150 Mev according to the beta-decay energies 
of the two states.! The beta spectrum of Cd'!®™ has 
been measured by Hayward!'; and the following groups 
were observed : 1.61 Mev, ~98%; 0.65 Mev, ~2%; and 
0.33 Mev, weak. The fact that the 0.150-Mev isomeric 
transition does not compete with the 1.6-Mev beta 
group requires that the former be an E5 multipole.? 
Assuming that the ground-state configuration of Cd!® 
is 4+, the isomeric state must be 11/2—. The yi; 
orbitals of the shell model are filled after the closed shell 
at 50 neutrons and they could be expected to give low- 
lying excited states. Engelkemeir® made an absorption 
measurement of the beta particles in coincidence with 
a 0.94-Mev gamma ray ; a beta group with an end-point 
energy of 0.8 Mev and relative intensity of ~1.4% was 
observed. Gill, Mandeville, and Shapiro,‘ also with an 
absorption measurement, observed a 0.38-Mev beta 
group with a relative intensity of ~1% in coincidence 
with a 1.30-Mev gamma ray. The 1.61-Mev beta group 
is not in coincidence with any gamma rays.* Using the 
above relative intensities for the 1.61-, 0.65-, and 0.33- 
Mev beta groups, the following logfot values can be 
calculated: 8.8, 9.2, and 8.3, respectively. The most 
complete gamma study has been made by Varma and 
Mandeville.® They observed the following gamma rays: 
ft Work supported in part by the U. S. Atomic Energy 
Commission. 
1R. W. Hayward, Phys. Rev. 87, 202(A) (1952). 
2M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
*D. Engelkemeir, Argonne National Laboratory Report ANL- 
4526, 92 (unpublished). 
4 Gill, Mandeville, and Shapiro, Phys. Rev. 80, 284 (1950). 
5 J. Varma and C. E. Mandeville, Phys. Rev. 97, 977 (1955). 


0.485, 0.935, and 1.30 Mev; with relative intensities of 
1.0, 7.4, and 3.1, respectively. The 0.485- and 0.935-Mev 
gammas were shown to be in coincidence. The 0.485- 
Mev gamma is less intense than the 0.935-Mev radia- 
tion, therefore it is assumed that the former is the upper 
transition in the cascade. Varma and Mandeville also 
made a y—vy angular correlation measurement of the 
0.485-0.935 cascade and found the correlation to be 
essentially isotropic. The ground-state spin of In™® has 
been directly measured as 9/2. The only spin 9/2 shell 
model orbital available in the region of Z=49 is the 
go/2; therefore even parity is assumed for the In" 
ground state. The 0.485-0.935 Mev gamma correlation 
results of Varma and Mandeville can be fitted with a 
9/2(D)7/2(D)9/2 sequence. However, if the radiations 
are not pure multipoles, other spin possibilities exist 
for the two excited states. The decay scheme of Cd!®™ 
proposed by Varma and Mandeville is shown in Fig. 1. 
The spin and parity assignments of the 0.935 level, 
7/2+ ; the 1.30 level, 11/2+ ; and the 1.42 level, 9/2+ ; 
are compatible with the log fof values of the beta groups. 
This scheme incorporates all of the above listed results. 
The levels at 0.935, 1.30, and 1.42 Mev, and others, in 
In"5 have also been observed by (7,7’), (”,n’), (a,a’y), 
(p,p’), and (n,n’y) reactions. '¢ 

According to this scheme, and corroborated by the 
log fot of 9.2, the 2% beta group populating the 0.935- 
Mev level should be a once-forbidden, unique transition : 
AI=2, yes. The possibility of measuring the shape of 
this group in coincidence with the 0.935-Mev gamma 


6 Burkhardt, Winhold, and Dupree, Phys. Rev. 100, 199 (1955). 

7 Schillinger, Waldman, and Miller, Phys. Rev. 83, 320 (1951) ; 
81, 318(A) (1951). 
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Fic. 1. Decay scheme of Cd"5™ proposed by 
Varma and Mandeville.® 


ray prompted the present study. In addition, the some- 
what large logfof value, 8.3, of the beta transition to 
the 1.3-Mev level made a study of this group of interest. 


INSTRUMENTATION 


A schematic diagram of the 47 beta-ray scintillation 
spectrometer used in this study is shown in Fig. 2. The 
spectrometer system is basically the same as the one 
developed and described by Johnson, Johnson, and 
Langer" and extended in application by Robinson and 
Langer.'* The source, mounted on a thin Zapon film, is 
centered between two cylindrical Pilot-B plastic phos- 
phors each 1.5 inches in diameter X0.625 inches thick. 
The phosphors were optically coupled with Dow Corn- 
ing 200 silicone fluid to the 6292 photomultiplier tubes. 
The beta pulses from the gain of ten preamplifiers go to 
an addition circuit, gain one, and then into the A-61 
amplifier of an RCL 256-channel analyzer. The resolu- 
tion obtained for the 0.624-Mev internal conversion 
line of Cs'*7 was between 10.5 and 11% for all experi- 
mental runs. The linearity and stability a the spectrom- 
eter was checked by measuring 4 conversion electron 
lines with energies between 61 kev and 974 kev and by 
using a precision mercury relay pulser. It is necessary to 
make finite resolution corrections when using a scintilla- 
tion spectrometer to measure beta spectra. The method 
of Palmer and Laslett'® was used, whenever the correc- 
tion was not negligible, in all of the present work. The 
performance of the instrument was evaluated by 
measuring the beta spectra of W!* and Pm"’, The end- 
point energy of W!* is 430 kev and the Fermi plot was 
linear down to <90 kev. Pm’ has an end point of 225 
kev and the Fermi plot was linear down to <40 kev. 

In order to study beta spectra in coincidence with 
gamma rays a cylindrical 3X3-in. NaI(T1) crystal was 
placed adjacent to the beta phosphors with its axis 
perpendicular to the axis of the beta phosphors. The 
gamma pulses after amplification were analyzed in a 


17 Johnson, Johnson, and Langer, Phys. Rev. 102, 1142 (1956). 

18R, L. Robinson and L. M. Langer, Phys. Rev. 109, 1255 
(1958). 

19 J. P. Palmer and L. J. Laslett, Iowa State College Report 
ISC-174, December, 1950 (unpublished). 
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Fic. 2. Schematic diagram of 4 beta-ray 
scintillation spectrometer. 


single channel differential discriminator, fed into a 
variable, time delay, then into a pulse shaper, and 
finally into a delayed coincidence input gate of the 
256-channel analyzer. The resolving time of the latter 
is ~1.5 ysec. The response of this system to a beta 
spectrum in coincidence with a gamma ray was checked 
using Ce™!, This isotope has a 30% beta group, end- 
point energy of 440 kev, in colncibaats with a 142- 
kev gamma ray. The Fermi plot was linear down to 
175 kev where a beta group of an impurity of Ce™ 
contributed to the beta spectrum. The relative intensi- 
ties of the two beta groups of Cd'°" on which beta- 
gamma coincidence measurements were made are 1%. 
In order to increase the rate of data accumulation a 
second 3X3-in. NaI crystal was placed opposite the 
first and pulses from both ‘“gamma-channels” were fed 
into the pulse shaper. 

The gamma spectrum of Cd"5™" was measured with 
a 3X3-in. NaI(Tl) crystal with a 0.25-in. Lucite 
absorber adjacent to the crystal to prevent beta par- 
ticles from entering. The source to crystal distance 
was 10cm. The resolution with this apparatus was 
8.5% for Cs'8’, The gamma-gamma coincidence meas- 
urements were made using two 3X3-in. Nal(TI) 
crystals with their axes perpendicular. Lead shielding 
was placed between the crystals to reduce false coin- 
cidences arising from scattered gammas. The output of 
one Nal(TI) crystal was amplified and fed into a single 
channel differential discriminator. The single channel 
analyzer was set to accept a certain fraction of those 
pulses in one of the full energy peaks, the output pulses 
were shaped and fed to the delayed coincidence input 
of the 256-channel analyzer. The output of the second 
NalI(TI1) crystal was fed directly into the 256-channel 
analyzer. The coincident gamma-ray spectrum was 
measured in the latter analyzer. 
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EXPERIMENTAL RESULTS 


The Cd"*™ source material used in this study was 
obtained from Oak Ridge National Laboratory. It was 
produced by an (n,7) reaction on Cd", 

The gamma-ray spectrum of Cd"™§™ jis shown in 
Fig. 3. The prominent photopeaks are at 0.088+-0.002, 
0.485+0.007, 0.935+0.014, 1.14+0.017, and 1.29 
+0.019 Mev. The energy calibration was made using 
well-known gamma radiations. The resulting least- 
squares fitted calibration line gave internally consistent 
energies for the calibration gamma rays to better than 
+0.5%. The errors in the gamma energies are estimated 
from the uncertainties in calibration and in locating 
the peak positions which are superimposed on the 
continuous bremsstrahlung distribution. The relative 
intensities of the gamma rays did not change after a 
cadmium chemical separation was performed indicating 
that only cadmium activities were present. The 0.088- 
Mev gamma is attributed to Cd™, 470 day half-life, 
which would be produced by an (n,7) reaction on stable 
Cd", There is no 1.14-Mev gamma ray included in the 
level scheme shown in Fig. 1. The intensity of the 1.14- 
Mev gamma relative to the known Cd"®™ gammas did 
not appear to change over a period of 1.5 half-lives. 
Several levels between 1.0 and 1.2 Mev in In" have 
been observed by (y,7’), (n,n’), (a,a’y), (p,p’), and 
(n,n’y) reactions, and it is possible that a level at 1.14 
Mev in In"® is populated by a Cd"*™ beta transition. 
The energies agree well with those previously reported ; 
see Fig. 1. An upper limit of 2.5% can be set on the 
intensity of a 0.12-Mev gamma ray relative to the 
0.935-Mev gamma. 

Two y-y coincidence measurements were made; one 
gating on the 0.935-Mev photopeak and the other gating 
on the 1.29-Mev photopeak. Only the 0.485-Mev 
gamma was found to be in coincidence with the 0.935- 
Mev gamma. No gammas were observed in coincidence 
with the 1.29-Mev radiation. 

The gross beta spectrum with no coincidence require- 
ments was measured. The Fermi plot was found to have 
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Fic. 3. Gamma-ray spectrum of Cd!!5™, 
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an almost continuous concave-up curvature. The non- 
linearity in the Fermi plot is due to the superposition 
of inner beta groups, and sum pulses from the inner 
beta groups and Compton electrons from the prompt 
gamma transitions which follow. The high-energy end 
of the Fermi plot had only a very slight curvature and 
the 8 points with 3.492<W<3.912 were least squares 
fitted to a straight line to obtain the end-point energy. 
The latter was found to be 1.631+0.016 Mev. The 
error limits were determined from the deviations of the 
experimental points due to statistical counting fluctua- 
tions from the least-squares fitted line; and from the 
estimated uncertainty of the energy calibration, +1%. 
A conventional Fermi plot of the beta group in 
coincidence with the 0.935-Mev gamma is shown at the 
top of Fig. 4. The same experimental data when cor- 
rected with the once-forbidden unique shape factor, 
a,=@¢Lot+9L, is shown at the bottom of Fig. 4. The 
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Fic. 4. Conventional and corrected Fermi plots of the beta spec- 
trum in coincidence with the 0.935-Mev gamma ray. 


body correction for finite resolution was negligible, 
<1%. The 3 highest energy points were end-point 
corrected. The 8 points with 1.690<W<2.111 were 
least squares fitted to obtain the end-point energy, 
0.687+0.008 Mev. The error was determined as 
described above. The statistical counting errors are 
indicated by bars on a few points. The arrow indicates 
the position of the end point of the next lower energy 
beta group, 0.335 Mev. The latter group is in coinci- 
dence with the 1.29-Mev gamma ray. The a;-corrected 
Fermi plot of the 0.687-Mev group would be expected 
to deviate upward from linearity at energies less than 
0.335 Mev because the single-channel analyzer would 
accept some of the pulses in the Compton distribution 
of the 1.29-Mev gamma ray. It is clearly seen from the 
Fermi plots in Fig. 4 that 0.687-Mev beta transition 
is of the type AJ=2, yes. 

A conventional Fermi plot of the beta group in 
coincidence with the 1.29-Mev gamma is shown in 
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Fig. 5. No body corrections were made to this spectrum ; 
however, the last 3 points were end-point corrected. 
The end-point energy, 0.335+0.010 Mev, was obtained 
from the line least squares fitted to the 9 points with 
1.205<W<1.522. Statistical counting error bars are 
shown on a few points. An experimental shape factor, 
S,=N/nWF(W o—W)?, is shown in Fig. 6. The shape 
factor for this group is consistent with a statistical 
distribution. The arrow in Fig. 5 shows the position of 
the end point, ~0.21 Mev, of the beta group which 
populates the 1.42-Mev level. If a transition from the 
1.42-Mev level to the 1.29-Mev level did occur, the 
Fermi plot of the betas in coincidence with the 1.29-Mev 
gamma would deviate from linearity for energies lower 
than ~0.21 Mev. According to Gill, Mandeville, and 
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Fic. 5. Conventional Fermi plot of the beta spectrum in 
coincidence with the 1.29-Mev gamma ray. 


Shapiro‘ the relative intensity of the 0.335-Mev beta 
group is ~1%. Hypothetical Fermi plots with admix- 
tures of a 0.01 and 0.1% 0.21-Mev beta group and a 1% 
0.335-Mev beta group were constructed. Comparisons 
were made between the experimental and hypothetical 
Fermi plots. This comparison and the fact that no 
indication of a gamma ray of about 0.12 Mev was seen 
in the gamma spectrum makes an estimate of the 
upper limit of the relative intensity of a gamma transi- 
tion from the 1.42-Mev level to the 1.29-Mev level of 
0.05% seem reasonable. 


CONCLUSIONS 


The gamma-ray studies of the present work generally 
confirmed the results of Gill, Mandeville, and Shapiro.‘ 
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Fic. 6. Experimental shape factor for the beta spectrum in 
coincidence with the 1.29-Mev gamma ray. 





All of the observed gammas in Cd!®™ except the low 
intensity one at 1.14 Mev can be fitted into the level 
scheme reported by the latter group. The gamma 
measurements allow an upper limit of 2.5%, relative 
to the 0.935-Mev gamma ray, to be set on the intensity 
of a 0.12-Mev gamma. 

The spectral character of the 0.687-Mev beta group 
in coincidence with the 0.935-Mev gamma ray is 
consistent with a spin change of 2 and a change of 
parity. The spin and parity, 11/2—, of Cd"™ appear 
to be reasonably well established.2 Therefore, the 
assignment 7/2+, made on the basis of a y-y angular 
correlation experiment by Gill e¢ al.4 for the 0.935-Mev 
level in In", is probably the best choice. 

The experimental shape factor, essentially a constant 
with respect to momentum, obtained for the beta 
group in coincidence with the 1.29-Mev gamma ray, 
and the log fof value of 8.8, indicates only that the spin 
change is either 0 or J. This result does not confirm, 
but is consistent with the assignment of 11/2+ made 
by Gill ef al.4 for the 1.29-Mev level. Assuming that the 
relative intensity of the 0.687-Mev beta group is 2%, 
the 1.29-Mev gamma-beta coincidence results also 
allow an upper limit of ~0.05% to be set on the relative 
intensity of the transition from the 1.42-Mev level to 
the 1.29-Mev level. 
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Polarization of Protons in C!?(d,p)C“t 
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The polarization of protons from the ground-state C(d,p)C™ reaction has been measured over an 
angular range @;=15° to @,=60° at a deuteron bombarding energy of 10 Mev. The polarization was found 
to be positive at all angles studied, the axis of quantization being defined by n=k,Xkg. The observed 
polarizations were 18% at 15°(lab) ; 11% at 18°; 13.8% at 24°; 15.2% at 30°; 19.5% at 36°; 44.4% at 48°; 
30% at 54°; 45.8% at 60°. The results are compared with existing polarization measurements on C#(d,p)C®. 





INTRODUCTION 


| gp areggieo measurements in stripping re- 
actions provide a sensitive test of various 
interactions assumed in stripping theories. The Butler! 
stripping theory, as well as its more recent modi- 
fications,? neglects both the interactions of the deuteron 
before being stripped and the interactions of the 
stripped nucleon with the final nucleus, hence predicts 
no polarization for the outgoing nucleon. Newns’* 
assumed the nucleus to be totally absorbing to the 
outgoing protons, and thus predicted a polarization, 
which however turned out to be of the wrong sign. By 
considering the deuteron interaction with the nucleus, 
but neglecting the outgoing nucleon interaction, 


Tobocman‘ predicted a polarization of opposite sign 


to Newns. In any real nucleus both effects are present 
and give rise to a polarization of varying magnitude 
and sign.® All calculations neglecting spin-orbit inter- 
action terms predict a maximum polarization of 
4, whereas experiments often give much larger 
polarizations. 

Some general properties of the polarization can be 
seen from the following argument.®:* The scattering 
amplitude of the nucleon can be separated into two 
parts, corresponding to (a) simple stripping theory and 
(b) contributions from the extra interactions which 
occur but are neglected. Polarization calculations 
require summing over the different spin directions. 
The largest terms, the squares of simple stripping 
amplitudes, add up to zero. This leaves cross-products 
between simple stripping and extra interaction ampli- 
tudes, followed by squares and cross-products of the 
extra interaction amplitudes only. If the latter terms 
can be neglected, the polarization should have the 
following general properties: (a) the polarization 


t This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research and 
Development Command. 
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2 See for example P. B. Daitch and J. B. French, Phys. Rev. 87, 
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4W. Tobocman, Technical Report No. 29, Case Institute of 
Technology, 1956 (unpublished). 
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71, 627 (1958). 

6 Bokhari, Cookson, Hird, and Weesakul, Proc. Phys. Soc. 
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should change sign at the same angle as the (theoretical) 
stripping amplitude, and (b) since we are concerned 
with a product of the simple stripping amplitude with 
the sum of amplitudes of the extra interactions, the 
polarization for all the interactions is the simple sum 
of polarizations for each of the extra interactions. 


EXPERIMENTAL ARRANGEMENT 


The polarization of the protons from a (d,p) reaction 
is measured by letting them scatter in a polarization- 
dependent process. Knowing the polarization induced 
in the second or analyzing process one can calculate 
the original polarization from the well-known equation 


P,(0;,E;) P2(00,E2) = (R—L)/(R+L), (1) 


where P,(0,,£,) is the polarization from the (d,p) 
reaction at angle @, and deuteron energy Fi, and 
P:(62,E2) is the (known) polarization of the analyzing 
reaction. R is the number of protons scattered to the 
right in the second reaction looking at the oncoming 
proton beam, while Z is the number scattered in a 
symmetrical direction to the left. We define polarization 
to be positive along n=k,Xky. 

In our case the C"(d,p)C™ reaction was the source 
of the initial polarization P; and the (f,«) scattering 
served as an analyzer. Ps, the polarization of protons 
scattered by helium, is well known from a phase-shift 
analysis’ and has been checked experimentally at 
various energies and angles.*-4! 

The 10-Mev deuteron beam from the Washington 
University cyclotron was focused by a magnetic 
quadrupole lens pair on a carbon target. The spot size 
was limited by focusing and baffles to a circle of #5-inch 
diameter. The target was inclined with respect to the 
deuteron beam so as to give minimum spread in the 
outgoing proton energy. The construction of the 
scattering chamber permitted observation of protons 
at all angles greater than 6;= 15°. 

The carbon target was prepared by spraying a “‘Dag’ 
solution (colloidal graphite in alcohol) on a soaped 
glass surface. After evaporation of the alcohol the 
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7K. W. Brockman, Phys. Rev. 110, 163 (1958), see Fig. 2. 
8 M. Heusinkveld and G. Freier, Phys. Rev. 85, 80 (1952). 
9M. J. Scott and R. E. Segel, Phys. Rev. 100, 1244 (A) (1955). 
10 A. C. Juveland and W. Jentschke, Z. Physik 144, 521 (1956). 
1 L. Rosen and J. E. Brolley, Jr., Phys. Rev. 107, 1454 (1957). 
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POLARIZATION OF 
glass was soaked in water which dissolved the thin 
soap film and left a self-supporting carbon target of 
10.7 mg/cm’. A typical target was checked for uni- 
formity by weighing equal areas of the carbon. The 
uniformity is believed to be very good over the size of 
the beam-spot. The target produces an energy loss of 
about 400 kev for protons at 12 Mev and 800 kev for 
deuterons at 10 Mev. Thus the target introduced about 
a 600-kev spread in the proton beam. 

The stripped protons entered a second strong-focusing 
quadrupole lens pair and were brought to focus at the 
center of a helium polarimeter two meters from the 
target. The effect of the magnetic lens on polarization 
has been shown to be negligible.” It was found that the 
properly energized lens gave a proton flux about 50 
times larger than the unfocused flux. This lens pair 
has a pole gap of 4 cm and a focal length of about 0.5 
meter. It was constructed for the polarization experi- 
ments in order to maintain a large proton flux to the 
polarimeter while reducing the solid angle for neutrons 
from the target. 

The polarimeter was a high-pressure (300 psi) 
helium scattering chamber (see Fig. 1). The protons 
entered the polarimeter through a 2.7-mil stainless 
steel window of #-inch diameter. The scattering was 
observed at 62.=60° and detected in nuclear plates. The 
scattered protons had to pass through a system of 
parallel slits 3 inch high and 3; inch wide milled in 
§-inch thick brass. These limited the scattering angle 
to 60°+6° in the scattering plane and to +20° above 
and below the scattering plane. The slits had a tooth 
arrangement to prevent protons scattered inside the 
slit from reaching the nuclear plates. The proton 
energy upon entering the polarimeter varied from 
8.7+0.5 Mev at 0:=15° to 8.0+0.5 Mev at 0:=60°. 
The spread is due to the target thickness and the various 
windows through which the beam passes. The proton 
beam loses an additional 0.8 Mev while going past the 
slit openings (~4 cm). This amounts to a maximum 
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Fic. 1. The polarimeter. A high-pressure helium scattering 

chamber and nuclear plate holder, showing the slit system and 
the plates. Drawn to scale, but detail is omitted. 


2A. C. Juveland, Ph.D. thesis, University of Illinois, 1956 
(unpublished). 
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displaced proton nuclear plates 


Fic. 2. End view of 
polarimeter, showing plate 
arrangement and effects of 
a displaced proton beam. 


energy spread of 1.3 Mev over the scattering volume. 
This energy spread is not too serious since P» is fairly 
energy-independent at these energies. The angular 
spread of +6° in 42 is more serious, but is unavoidable 
if reasonable counting rates are to be expected. 

Ilford C-2(100 yu) nuclear plates were used as de- 
tectors. The plates were developed by standard 
procedure and scanned under an oil immersion micro- 
scope using a 90X objective and 5X eyepiece. Each 
plate was scanned in 0.2-mm swaths over the entire 
exposed area. Part of the unexposed area also was 
scanned as a check on background. Background was 
found to be less than a few percent under the most 
adverse conditions. Each track had to meet the follow- 
ing criteria before being accepted: (1) must enter at 
the surface, (2) make the proper dip angle (60° before 
emulsion shrinkage) with the surface, (3) have proper 
track length, and (4) not deviate from the scattering 
plane by more than 20° (as determined by slit system). 
The above requirements eliminated most neutron 
knock-on tracks. 

All scanning was done by the same person and 
several swaths were rechecked to establish that no 
tracks were missed. One of the 6;=24° plates was 
scanned twice and the total count differed by only 3 
in about 1500. 

In addition to the R and L plates, up and down 
plates were exposed simultaneously. These plates 
served to check any geometrical misalignment and 
asymmetries. If the proton beam was shifted to the 
left or right, this would show up as unequal numbers 
of counts on the right and left halves of both the up 
and down plates (see Fig. 2). In this way no difference 
in counts outside of statistics was found. However, in 


TABLE I. Present polarization measurements. Axis of quantization 
n=kiXk,. Ea=10 Mev. 


6: (lab) 


R L Pi(01,E 

15° 16.5° 2032 1613 
18° 19.7° 579 
24° 26.3° 1365 
30° 32.8° 715 

36° 39.3° 460 if 

je ag 165 (44.4+ 9, 

54° 58.6° 195 3: (30.0+ 8. 

64.9° 117 (45.8+11. 


4i(c.m.) 


(18.0+ : 
(11.04 4. 
(13.84 3. 
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Fic. 3. All known polarization measurements on C#(d,p)C, 
For more detailed results see Table IT. 





several cases a slight “up” shift of the beam was 
noticed, indicating that the optical and magnetic 
axes of our strong-focusing lens are slightly shifted 
with respect to each other. 


DATA AND CONCLUSIONS 


The data obtained and the polarizations measured 
are summarized in Table I and Fig. 3. We also include 
a table of all other known polarization measurements 
on the ground state of C"(d,p)C® (Table II). The 
6,=42° laboratory angle unfortunately resulted in an 
overexposure and the plates were too dark to be usable. 
Errors given are only statistical, as determined by 


2(RL)} 1 | 
AP, (6;,E,) =——— : (2) 
R+L P (00, F2) 


Geometrical misalignments are estimated to cause no 
more than 5% error under the worst conditions. 

As seen from Table I and II and Fig. 3, our results 
agree with previously published polarization measure- 
ments. Polarization seems to be only slightly dependent 
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Fic. 4. Angle at which (theoretical) stripping minimum 
occurs vs deuteron energy. 
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on the deuteron energy at small angles (to 6,=30°) 
and at moderate deuteron energies (Ea~6.9 Mev to 
~11.9 Mev). At larger angles (@,~60°) there seems 
to be a strong energy dependence. Our data at 0,~58° 
indicate an oscillation in polarization, but the statistical 
uncertainties are such that no definite conclusions can 
be drawn. At deuteron energies around 4 Mev and less 
the polarization rises considerably at small angles, 
which may have to do with resonances setting in at 
these energies. 

As pointed out previously, the polarization might 
be expected to change sign at the first theoretical 
stripping minimum, which occurs at 83° for 6.9-Mev 
deuterons and at 72° for 8.9 Mev deuterons.* The 


first minimum for 14.8-Mev deuterons is at ~57°.!4 


TaBLE II. Summary of all other polarization measurements on 
C®(d,p)C® ground state. 


Pi(6:,E1) 


(54.34% 9.5)% 
(29.4+12.5)% 
(58.0+13.0)% 
(14.8+ 6.4)% 
(43.5+10.2)% 
(18.04 3.0)% 
(41.04 5.0)% 
(15.74 7.8)% 
(17.9% 5.9)% 
(14.94 5.3)% 
(11.24 5.5)% 
(28.94 6.0)% 
(36.64 8.0)% 
293 164 (46.54 7.5)% 
425 307 (25.54 64)% 
133 285—(62.2+10.1)% 
1124 846 (20.04 3.2)% 
722 550 (165+ 4.0)% 
655 533 (128+ 3.8)% 
232 219 (45+ 6.4)% 
114 54 (49.0413.0)% 


Ea( Mev) Oc.m R References 


1.06 20.0°* 
140.0°* 
4.05 32.5° 157 44 
6.9 19.5° 464 372 
49.0° 292 199 
7.8 16.5° 
49.0° 
8.9 16.5° 317 257 
22.0° 539 433 
27.4° 735 622 
561 482 
503 343 
268 166 


* Presumably lab angle. , 

> M. K. Jurié and S. D., Cirilov, Phys. Rev. 112, 1224 (1958). 

¢ P, Hillman, Phys. Rev. 104, 176 (1956). 

4 Hird, Cookson, and Bokhari, Proc. Phys. Soc. (London) 72, 489 (1958). 
e J. C. Hensel and W. C. Parkinson, Phys. Rev. 110, 128 (1958). 

f See reference 6. 

«A. C. Juveland and W. Jentschke, Phys. Rev. 110, 456 (1958). 


Since the angle at which the stripping minimum occurs 
decreases with an energy increase (see Fig. 4), one 
expects the polarization to change sign at smaller 
angles for higher deuteron energies. As seen from 
Fig. 3, there is no indication of a decrease in polarization 
at these large angles for either the Juveland or the 
present data although a change of sign has been 
observed at about the expected position for E,=8.9 
Mev. From the data available at present it seems that 
the polarization maximum is shifted to larger angles 
with higher deuteron energies. Unfortunately the 
experiments have not been carried to sufficiently large 
angles to allow definite conclusions. 

18 Hird, Cookson, and Bokhari, Proc. Phys. Soc. (London) 72, 
489 (1958). 


4 McGruer, Warburton, and Bender, Phys. Rev. 100, 235 
(1955), Fig. 5. 
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Angular Correlation of Cd!‘ Gamma Rays in Single Crystals of Indium 
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The measured values of the angular correlation function at @=150° were consistent with the statistical 
deviation of the mean of +0.005 for six measurements with different azimuthal angles between the ¢ axis 
of an indium metal crystal and the direction of the fixed counter. The electric field gradient at the position 
of the decaying Cd" nucleus was calculated using a Fermi-Thomas type calculation with account being 
taken of the antishielding effect of the atomic core electrons. 


INTRODUCTION 


HE purpose of the investigation was to determine 
whether the electric-field gradient in metallic 
indium single crystals is great enough to disturb the 
gamma-gamma angular correlation in the decay of 
In"™4, The experimental work was carried out before a 
definite mean lifetime had been determined for the 
first excited state of Cd!‘ by Temmer and Heydenburg!' 
and by Stelson and McGowan.? 

Brazos and Steffen* reported that their results using 
different chemical forms of In"'* showed the existence 
of no attenuation effect. No investigation of In" 
metal crystals has been reported. However, In"! has 
been studied both in various chemical forms and as a 
single crystal of pure indium. It has been found that the 
angular correlation from In"! is attenuated to approxi- 
mately the same degree in the metal as the greatest 
gamma-gamma attenuation observed in a chemical 
compound.’ Since the same extranuclear fields are 
present at the nucleus of any isotope of indium, an 
angular correlation experiment based upon a single 
crystal source of In'* should be a sensitive way to 
detect a change in its angular correlation function. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The angular correlation measurements were per- 
formed using a fast-slow coincidence circuit having an 
effective resolving time of t= 2X 10~* sec. The scintilla- 
tion crystals were $-inch square cylinders of NaI(T1) 
set 2 inches from the source. The fronts of the crystals 
were shielded by 3 mm of lead absorber to eliminate 
artificial coincidences when the counters were 180° 
apart. Lateral shielding was used to eliminate the 
counting of scattered gamma rays. These Nal(TI) 
crystals were mounted on RCA-5819 photomultipliers 
using high viscosity silicone fluid for an optical coupling. 

A test calibration run was performed using Co® in 
different chemical forms. Corrections were made for the 
finite source size and the solid angle subtended by the 


* Present address: Missile Systems Division, Republic Aviation 
Corporation, Mineola, New York. 

1G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 
967 (1956). 

2 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 2, 
167 (1957). 

3 J. N. Brazos and R. M. Steffen, Phys. Rev. 102, 753 (1956). 


scintillation crystals. The results for the anisotropies 
are given in Table I, where the limits of error are 
standard deviations. 

A cylindrical indium single crystal 1 mm in diameter 
and 15 mm long containing In''* was mounted with the 
axis of the cylinder perpendicular to the plane of the 
counters. Six different azimuthal positions of the 
source were used for the angular correlation measure- 
ments. 

The ¢ axis was at an angle of 6° from the plane of the 
counters, as determined by an x-ray examination of the 
crystal. Angular correlation measurements were made 
with detector angles of 90° and 150°. Measurements 
were not taken at 180° so that there would be no 
possibility of counting the annihilation radiation due to 
the positron emission of In". 

The results of these measurements R(150°) (the 
intensity at 150° divided by the intensity at 90°) were 
not corrected for source size or detector size since the 
only effect of making these corrections would be to 
multiply all the values of R(150°) by the same correc- 
tion constant. Any variation of the angular correlation 
would be apparent from changes in the values of 
R(150°). 

The experimental results are within the statistical 
deviation from the mean, as shown in Table IT. 

DISCUSSION 

The electric field gradient at the Cd'* nucleus due to 
external sources was calculated by taking the second 
derivative of the potential at the position of the nucleus. 
The potential due to a pair of atoms of effective charge 
Zete at a distance a from the nucleus was considered 
to be of shielded Coulomb form, 

exp[ —8(r?+-a?+2 arcosé)* | 
V(r) =Zesce(y+1) 
(r?+-a?+ 2 arcos6)} 


exp[ —8(r?+-a?—2 arcos6)! ] 
aa 
(r?+a®— 2 arcos6)! 


where @ is the angle between the c axis and the line 
of centers of the atoms, @ is the shielding constant, 
and y is the antishielding factor.‘ 


4R. M. Sternheimer, Phys. Rev. 84, 244 (1951). 
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TABLE I. Anisotropies measured for Co™ sources 
during equipment tests. 


DUNEER, 


JR. 


TABLE II. Measured values of the uncorrected angular correlation 
function R(@) at @=150° for In"™* metal crystal. 











A =[1(180°)/1(90°)] —1 
0.166+-0.005 


Source 
CoCl: (solution) 


Co(OH): (solid) 0.1702-0.005 
CoC], (solid): 0.164+-0.004 








A modified Fermi-Thomas calculation was performed 
for 50 pairs of atoms in which, for the effect of each 
pair of atoms, all other positively charged cores were 
assumed to make up a continuum of positive charge. 
This resulted in a shielding constant B= (2mie/h) 
X(3N/m)"*, where N was taken as the number of 
valence electrons per unit volume. This result, 8= 1.90 
A-', can be compared with the result 6=2.18 A“, 
which is obtained from the method of Seitz and 
Koehler.® 

From an analysis of the results of the calculations of 
Das and Bersohn,® Sternheimer,‘ Sternheimer and 
Foley,’ and Wikner and Das,* the antishielding factor 
In" was estimated to be y=58+10. 

The calculated field gradient is 0E/dz=2.23X 10" 
statvolts/cm?. For comparison, the result of Leidenix® 
is 0E/dz= 1.95 X 10" statvolts/cm?. 

Daubin and Hamilton” considered the field 


5F. Seitz and J. S. Koehler, Solid State Physics edited by 
F. Seitz and D. Turnbull (Academic Press, New York, 1956), 
Vol. 2, p. 315. 

6 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 

7R. M. Sternheimer and H. M. Foley, Phys. Rev. 102, 731 
(1956). 

8 E. G. Wikner and T. P. Das, Phys. Rev. 109, 260 (1958). 

® Leidenix, quoted by Albers-Schonberg, Alder, Braun, Heer, 
and Novey, Phys. Rev. 91, 1287 (1953). 

S.C. Daubin and D. R. Hamilton, Phys. Rev. 99, 683 (1955). 


Deviation 
from mean 
0.005 
0.003 
0.000 
0.001 
0.005 
0.004 


Azimuthal angle 
of source R(150°) 


0° 1.101+0.005 
18° 1.093+0.005 
36° 1.096 +.0.004 
54° 1.095+0.005 
72° 1.101+0.005 
90° 7 1,092+0.005 
R(150°) 1.096-0.002 


gradient in indium chloride to be the same as that in 
free or covalently bonded iodine," 4.5 10'* statvolts/ 
cm’. Their assumption implies covalent bonding in 
indium chloride. However, if ionic bonding is of 
significance then their result would be too high. 

The upper bound on the quadrupole moment of the 
first excited state is 5.6X10-" cm?*, using the field 
gradient calculated here. 

The quadrupole moment was also calculated: on 
the basis of the transition probability and the energy 
of the first excited state. This gave Q=2X10-* cm’. 
On the basis of this calculated quadrupole moment the 
field gradient would have to be at least 6X10" stat- 
volts/cm? for a perturbation to have been observed. 
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Elastic r+— > scattering at 1.1 Bev and elastic p—) scattering at 582 Mev have been measured using a 
propane bubble chamber. On the basis of 661 identified *+—> elastic scatterings found in the scanning 
of 1.726 10° cm of pion track, the total elastic cross section is found to be 12.3+-1.2 mb. The differential 
cross section is rather isotropic at large angles and exhibits a strong peak for small forward scattering angles. 
If the forward peak is interpreted as diffraction scattering according to the optical model, the data are 
best fitted by a proton with a r+—> interaction radius, R= (0.99_0.1:*°-8)X10-% cm and an opacity, 


O =0.70_9.071?%, 


The total cross section for p-p elastic scattering at 582 Mev was found to be 24.2+1.6 mb on the basis 
of 2442 elastic scatterings observed in the scanning of 3.000 10° cm of proton track. Both differential and 
total p-p cross sections are in excellent agreement with the results of counter experiments in this energy 


region. 





I. INTRODUCTION 


LTHOUGH total and elastic r-—» cross sections 

are known fairly well for pion energies up to 

5 Bev,! x+—p cross sections are not so well known. 
The x+—p total cross section is known to 1.9 Bev? and 
the elastic r+— p cross section has been measured up to 
480 Mev.* To extend our knowledge of the m+—p 
interaction, we have measured the elastic scattering 
of 1.1-Bev 2+ mesons against free protons in a propane 
bubble chamber exposed to a 1.23-Bev/c beam of 
positive particles produced by the Brookhaven Cosmo- 
tron. The beam contained mainly positive pions and 
protons so that both r+—p and p—p scatterings were 
observed. These were identified and separated by our 
analysis procedure so that we also measured p-p 
elastic scattering at a proton kinetic energy of 582+21 
Mev. Since elastic and total p-p cross sections are 
known up to an energy of 9 Bev,*:® our p-p scattering 


. Pye in part by the U. S. Atomic Energy Commission; 


part of a thesis submitted by L. O. Roellig in partial fulfillment 
of the requirements for the Ph.D. degree at The University of 
Michigan. 

t Now at Wayne State University, Detroit, Michigan. 

1H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. II: W. D. Walker 
and J. Crussard, Phys. Rev. 98, 1416 (1955); Eisberg, Fowler, 
Lea, Shephard, Shutt, Thorndike, and Whittemore, Phys. Rev. 
97, 797 (1955); Maenchen, Fowler, Powell, and Wright, Phys. 
Rev. 108, 850 (1957); W. D. Walker, Phys. Rev. 108, 872 (1957); 
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Harth, Fowler, Garrison, and Morris, Phys. Rev. 103, 1489 
(1956); Cork, Wenzel, and Causey, Phys. Rev. 107, 859 (1957); 
Duke, Loch, March, Gibson, McKeague, Hughes, and Muirhead, 
Phil. Mag. 46, 877 (1955); Shapiro, Leavitt, and Chen, Phys. 
Rev. 95, 663 (1954); Chen, Leavitt, and Shapiro, Phys. Rev. 
103, 212 (1956); Marshall, Marshall, and Nedzel, Phys. Rev. 


results do not contribute much new information but 
serve mainly to check previous counter measurements 
done at 560 Mev and 590 Mev.‘ It is reassuring that the 
bubble chamber and the counter measurements agree 
excellently since the possible sources of bias and 
systematic error are likely to be different for the two 
techniques. 


Il. EXPERIMENTAL PROCEDURE 
A. The Bubble Chamber 


The Michigan propane bubble chamber,® which has a 
sensitive volume of 12X55 inches, was used with no 
magnetic field for this experiment. 


B. The 1.23 Bev/c Pion Proton Beam 


Experimental information on + scattering above 
1.0 Bev was very difficult to obtain until the recent 
development of an intense external proton beam at the 
Cosmotron. Pions of energies above 1.0 Bev are pro- 
duced strongly forward and if they originate in targets 
inside the Cosmotron, the positive ones are bent 
inward by the Cosmotron field and are inaccessible for 
observation. When the target is placed in a field-free 
straight section, too few of the pions are emitted at a 
large enough angle to get out of the machine. Positive 
beams of high-energy particles produced internally at 
30° or 40° contain mostly protons and too few pions 


98, 1513 (1955) ; Ypsilantis, Wiegand, Tripp, Segré, and Chamber- 
lain, Phys. Rev. 98, 840 (1955) ; Sutton, Fields, Fox, Kane, Mott, 
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Segré, Tripp, Wiegand and Ypsilantis, Phys. Rev. 93, 1430 
(1954); J. M. Dickson and D. C. Salter, Nature 173, 946 (1954) ; 
Marshall, Marshall, and Nedzel, Phys. Rev. 93, 927 (1953); 
Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 929 (1951); 
“Russian Experiments with 660-Mev Synchrocyclotron,” Argonne 
National Laboratory, 1955, translated by M. Hamermesh from 
Doklady Akad. Nauk U. S. S. R., 99, No. 6 (1954); O. Piccioni, 
1958 Annual Internationa] Conference on High-Energy Physics 
at CERN, edited by B. Ferritti (CERN Scientific Information 
Service, Geneva, 1958), p. 74. 

6 J. Brown, Ph.D. thesis, The University of Michigan, 1958 
(unpublished). 
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for scattering measurements using present techniques. 

When the pions are produced by the external proton 
beam striking a target outside the Cosmotron ring, a 
beam of resonable pion intensity can be obtained by 
selecting particles emerging from the target near the 
forward direction. The actual beam set-up was based 
on the results of an earlier experiment which showed 
that the p/m ratio decreases with decreasing atomic 
number of the target material, decreasing pion momen- 
tum, and decreasing production angle.’ Figure 1 is a 
floor plan of the arrangement. On striking a 1X 1X6 inch 
polyethylene target at 7, the 3-Bev external proton 
beam produces a spectrum of pions in all directions. 
Since energetic pions are produced mainly in the 
forward direction, strong focussing magnetic quadru- 
poles H and J were set up to accept a solid angle 
centered about a line making an angle of 7° with respect 
to the external proton beam direction. A 3X3-inch 
collimator at (a) limited the acceptance angle of the 
quadrupole to avoid pole-face scattering, and that 
part of the primary beam not absorbed in the target 
was dissipated in the lead walls of the collimator and 
in the iron of magnet H. These focussing magnets were 
adjusted to form an image of the target on the 1X 1-inch 
collimator at (c). Momentum analysis was provided by 
magnet B which deflected the beam through an angle 
of 23°. From the known quadrupole characteristics 
the target image at (c) was calculated to be 0.92 inch 
wide,* and a momentum resolution of +0.75% was 
predicted. Counter measurements of the beam width 
checked these calculations. Taking into account 
fluctuations in magnet currents observed during the 
experiment, the actual momentum of the beam used 
was 1.232 Bev/c+1.5%. Such good momentum 
resolution is important because events are identified 
mainly on the basis of kinematics. To reduce broadening 
of the target image due to multiple scattering in air a 
helium-filled plastic bag was inserted between magnet 
and the collimator at (c). Magnet £ was used to sweep 


Analyzing Magnet 
Sweeping Magnet 
Strong Focusing Magnets 
3 inch Collimotors 

1 inch Collimators 
Polyethylene Target 


East Straight Section 


Fic. 1. Experimental layout. 
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Fic. 2. Kinematics for **++p — r++) and 
p+p— ptp at 1.23 Bev/c. 


out of the beam the unwanted low momentum particles 
coming from the collimator. Finally the beam passed 
through the bubble chamber (B.C.), which was shielded 
from the general room background by a house of 
concrete blocks. 

The p/m ratio of the beam was measured by a time- 
of-flight technique similar to that used by Cool, 
Piccioni, and Clark? and found to be 1.75+0.09. 
Previous measurements of similar beams lead to the 
estimate that the muon contamination was less than 
(8+3)% and the electron contamination less than 1% 
of the pion intensity. 


III. DATA REDUCTION 


A total of 234000 tracks was scanned for elastic 
scatterings of positive pions and protons by free 
protons. Approximately 10000 two-prong stars were 
found which looked like elastic scatterings. These 
events were measured, and the geometry of each event 
computed by an IBM-650 computer. A geometrical 
error depending on the particular configuration of the 
event was also computed for all of the various track 
lengths and angles associated with the scattering. 

Elastic r+— p and p-p scatterings were identified by 
the following methods: angular correlations; coplanar- 
ity; range; bubble density, and 6 rays produced by 
the beam track. Figure 2 contains the kinematic curves 
for the reactions r+—p—nt+p and p+p— pt+p. 
Notice that for small angle scatterings it is not possible 
to distinguish a r+—> elastic scattering from a p-p 
elastic scattering. Because each event has its own 
peculiar geometrical error, it is not possible to state in 
general how small the angle of a scattering can be and 
still allow a r+—p event to be distinguished from a 
p-p event. The lower limit was usually about 17°. As 
seen in Fig. 3 the coplanarity of identified inelastic 
events is peaked around small angles due to the high 
energy of the incoming beam. For this reason the 
coplanarity criterion could be used only to reject two 
prong stars as elastic events rather than identify them 
as elastic scatterings. The range of the proton is plotted 
as a function of its angle in Fig. 4. Range measurements 
provides a sensitive criterion for distinguishing elastic 
events from inelastic events, but it loses its usefulness 
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for separating small angle elastic #+— p scatterings from 
small-angle elastic p-p scatterings, ie., when 6, is 
large. The bubble density of the scattered tracks had 
to be consistent with the bubble density one would 
expect from kinematic considerations before an apparent 
scattering was accepted as a true scattering. Bubble 
density observations are especially useful in rejecting 
apparent r+— p scatterings, for at all scattering angles 
(including directly backwards, i.e., 0,=180°) the pion 
track must be light. About 10% of the apparent r+— p 
scatterings were rejected because the pion track was 
not light. 6 rays produced by the beam particles were 
used to differentiate +—p elastic scatterings from 
p-p elastic scatterings when the above four criteria 
were unable to do this. For a few of the large-angle 
scatterings separation of m+—p and p-p events was 
difficult. This happened when the scattering had a 
peculiar geometry which could cause a large angular 
error, e.g., when the scattered particle scattered a 
second time close to the vertex of the first scattering. 
In these cases, the measureable track length of the 
scattered particle is short, and hence the error in the 
angular measurement could be large. The use of 6 rays 
to distinguish + beam tracks from p beam tracks is 
based upon the fact that for a given momentum a 7 
meson can impart more energy to a struck electron than 
a proton can. The maximum energy a 1.19-Bev/c 
proton (the momentum of the proton in the center of 
the bubble chamber) can give an electron is 1.66 Mev, 
whereas the maximum energy a 1.23-Bev/c pion can 
give an electron is 74.5 Mev. By means of an expression 
derived by Bhabha it was calculated that the cross 
section of a 1.23-Bev/c pion for producing a 6 ray with 
1.66 Mev<E<74.5 Mev in propane is 3.6210-* 
cm?.* This calculation was experimentally checked by 
counting 6 rays with an energy greater than 1.66 Mev 


8 
360} 
340} Coplanarity of 568 P-P 
320) Coplanarity of 568 two- 
3001 prong stors 


} 
280; 


260) 
240} 





NUMBER OF EVENTS 





Sees SUeeeeeee Ss Bol edt sara eee 
0 2 4 6 B 10 [2 14 [6 18 20 22 24 26 28 30 32 34 36 
COPLANARITY ANGLE 

Fic. 3. Coplanarity histogram. 


9H. J. Bhabha, Proc. Roy. Soc. (London) A164, 257 (1938). 
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Fic. 4. The range of the proton for r+— p and p—p scatterings at 
1.23 Bev/c as a function of the proton angle. 





along identified pion tracks. By scanning the beam 
tracks that terminated in an unidentified elastic 
scattering and counting those 6 rays of energy greater 
than 1.66 Mev produced along those tracks, it was 
possible to calculate the total length of pion track 
scanned by using the above cross section for high-energy 
-ray production. Since the mean free path for the beam 
protons and pions is long with respect to the length of 
the chamber, 
N,/N.=L,/Li, 


where V,=number of pions in the group of undecided 
elastic scatterings, N,=total number of undecided 
elastic scatterings, Ly=calculated length of pion track 
scanned based upon the number of 6 rays found, and 
L,=total length of beam track scanned which ter- 
minated in an undecided elastic scattering. 


IV. ERRORS, BIASES, AND CONTAMINATIONS 
A. Scanning and Measurement 


1. Absolute Scanning Efficiency 


Each picture was scanned by at least two different 
scanners in order to increase the total scanning efficiency 
for the experiment and to obtain the scanning efficiency 
of the individual scanners. Assuming that all events are 
equally difficult to find, the method used to obtain the 
scanning efficiency based upon the rescanning is as 


follows: Let 


N,=number of events scanner 1 finds, 

N.2=number of events scanner 2 finds, 

N ,2= number of events scanners 1 and 2 find in common, 
N=true number of events in the pictures scanned, 
e,= scanning efficiency of scanner 1, and 


eo= scanning efficiency of scanner 2. 
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Using this method the total scanning efficiency was 
found to exceed 99%. 


—p SCATTER - 


2. Relative Scanning Efficiency 


ANGULAR REGION 


} 


i In the analysis above we assumed that all events are 
equally difficult to find, but actually small-angle 
scatterings in which the plane of the scattering is 
parallel to the camera line of sight are more easily 
missed than large-angle scatterings whose plane is 
perpendicular to the line of sight. To test whether the 
scanning efficiency was uniformly lower for the “dif- 
ficult” configurations, all identified elastic scatterings 
were divided into eight groups according to their 
scattering angles. For each group of scatterings a 
histogram was made which correlated the azimuthal 
angles of the scattering to number of scatterings for 
each azimuthal increment. Two representative histo- 
grams are shown in Fig. 5. An azimuthal angle of ¢=0° 
corresponds to the scattering plane being parallel 
to the line of sight, and ¢=90° corresponds to the 
scattering plane being perpendicular to the line of 
75 90 sight. The columns in each histogram should be of 
Fic. 5. Representative histograms used for equal height because of the wml in which the 
the azimuthal corrections. azimuthal angle was computed, ii, 0°<¢@ <90° 
rather than 0° <@ < 360°. It can be seen that a differen- 
tial azimuthal scanning bias does exist, indicating 
‘ : there were classes of events in which the scanning 
Ni=e:N, efficiency was uniformly lower than for other classes. 

Ni2=e1e2N. On the basis of these graphs, a differential scanning 

Therefore efficiency was then computed. It was found that the 
e1=N12/N2, relative scanning efficiency depended upon the scatter- 

e2= N/M, ing angle as well as the aximuthal angle of scattering. 

a eee Ie ee” a en, ee The differential scanning efficiency varied from 88% 
Se ee ray ny ee ae for pions scattered in the backward direction to 98% 


total efficiency = 1— (1—e,)(1—e2). for wide-angle proton scatterings. 
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TABLE I. Corrections to the r*— ? cross sections. 


s+-p AND p-p SCATTERING 


we 12s BEV /s 








Muon 
contamination 


Azimuthal 
correction 


Interval 


Beam 
attenuation 


Carbon 
contamination 


Measuring 
efficiency 





0.92+43% 
0.9243% 
0.92+3% 
0.92+3% 
0.92+3% 
0.9243% 
0.92+3% 
0.923% 
0.9243% 
0.9243% 


0.98+0.5% 
0.97+0.5% 
0.97+0.5% 
0.88+4% 
0.88+4% 
0.88+4% 
0.88+4% 
0.88+4% 
0.89+44% 


—0.8 -—1.0 0.89-44% 


0.9141% 
0.91+1% 
0.9141% 
0.911% 
0.91+1% 
0.9141% 
0.911% 
0.9141%, 
0.9141% 
0.91-41% 


1.01+3% 
0.88+2% 
0.88+2% 
0.88+2% 
0.88+2% 
0.88+2% 
0.89+2% 
0.89+3% 
0.89+3% 
0.89+3% 


0.942% 
0.9442% 
0.9442% 
0.942% 
0.942% 
0.942% 
0.942% 
0.942% 
0.942% 
0.94+2% 


1.15+4% 
1.15+4% 
1.274+6% 
1.27+6% 
1.27+6% 
1.28+6% 
1.28+6% 
1.274+6% 
1.27+6% 








®C is the total correction that must be added to the raw-data cross section, where C =(carbon contamination) /[(measuring efficiency) (azimuthal 


correction) (beam attenuation) (muon contamination) ]. 


3. Measurement 


Approximately 4% of the scatterings measured were 
remeasured to determine error rate of the measuring 
process. Two measurements of an event were considered 
to agree when the corresponding computed quantities 
(, 61, 2, etc.) of each measurement differed by no more 
than the sum of their errors. By this method 944+2% 
of the events were found to have been measured 
correctly. 


B. Carbon Contamination 


Since approximately two-thirds of the total number 
of protons in the chamber are protons bound in carbon, 
the possibility that some of the accepted events might 
be grazing collisions in carbon, rather than collisions 
with free protons, must carefully be considered. To 
obtain an estimate of the number of such quasi-elastic 
events produced in carbon, 1748 two-prong stars, 
which satisfied the coplanarity criteria but which were 
not identified as elastic scattering, were studied. See 
Fig. 6. Since in most cases it is impossible to tell pion 
tracks from proton tracks, the larger angle has been 
plotted against the smaller. The upper parts of the 
a+—yp and p-p kinematic curves have been folded over 
about the line 0;= 42. 

The contamination of carbon events is determined by 
plotting all the coplanar carbon events on a graph of 
the r+—p and p-p elastic scattering angular kinematic 
curves and assuming that the density of the coplanar 
carbon events varies linearly in the region of the angular 
kinematic curves. Then if one has identified coplanar 
carbon events on or near the angular kinematic curve 
as “good” events, the density of the coplanar carbon 
events will be lower in this region than it is in adjacent 
regions. Tables I and II summarize the contamination 
estimates. 


C. Incident Beam Intensity 


By counting incoming beam tracks in every twentieth 
picture, the total number of tracks scanned is found to 
be 234 000+ 1.6%. There were 25 tracks per picture on 
the average. 


D. Beam Attenuation 


Because the beam particles are counted as they 
enter the bubble chamber to obtain the total length 
of beam scanned, a calculation has to be made to 
determine the attenuation of the beam in the chamber 
due to its interaction with the propane. 

The total p—C, p-p, *+—C, and r+— cross sections 
have been measured at the momentum of this experi- 
ment.?:40 They are 


Cr—py= 2943 mb, opp) = 25+2 mb, 


Otr—c) = 240 mb, Ft(p—c) = 340+ 10 mb. 


From these cross sections the attenuation of the proton 
is found to be 11%+1%, and that of the pion beam 
9%+1%. 

V. EXPERIMENTAL RESULTS 


A. x*-p Elastic Scattering 


The differential cross section for elastic scattering is 
computed by applying the product of the correction 
factors discussed in Sec. IV to the uncorrected data 


ds Cdn do 
“a -—=c(—) | (1) 
dQ NxdQ dQ uncorrected 


Here N =4.87X 10” cm-? is the number of protons per 
cubic centimeter of propane, x= 1.726X10° cm is the 
total length of pion track scanned, dn is the number of 


TABLE II. Corrections to the p-p cross sections. 


Carbon 
contam- 
ination 


Beam 
attenua- 
tion 


Interval 
Measuring 
efficiency 


Azimuthal 
correction 


O.89+1% 1.02 
0.89+1% 1.01 
0.89+1% 0.98 
0.89 +1% 0.98 
0.89+1% 0.964 
0.8941% 0.97 


0.99 +0.5% 0.944 
0.97 40.5% 
0.985 40.5% 
0.96 +0.5% 
0.98 +:0.5% 
0.98 +0.5% 


we tet KO me RO BO 
Ge <a to Oo noe 
HHH HE HE HE 
RNKWKKLK 
tn ininininin 


0.94 42% 
0.944+2% 


80-90 


*® C =(carbon contamination)/[(measuring efficiency) (azimuthal correc- 
tion) (beam attenuation) ]. 


10 V. I, Moskalev and B. V. Gavrilovskii, Doklady Akad Nauk 
U.S. S. R. 110, 972 (1956) [translation: Soviet Phys. Doklady 
1, 607 (1956) ]. 
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+— » differential cross section at 1.1 Bev. 


pions observed to scatter into the solid angle dQ, and 
C is the product of correction factors discussed in Sec. 
IV. In Table I are given the relevant factors as a 
function of the center-of-mass scattering angle of the r*. 

Figure 7 is a plot of the differential cross section 
versus angle of scattering of the x* in the center-of-mass 
and laboratory systems. 

Since the scattering cross section is large in the 
forward direction where measurements are difficult, 
the total elastic section cannot be obtained 
directly from our data with high accuracy. We therefore 
make use of the ‘‘optical theorem” which relates the 
imaginary part of the coherent forward scattering 
amplitude to the total (elastic and inelastic) interaction 


cross section: 


CcTOSsS 


Im f.(0°) = ko,/4r. (2) 


Cool, Piccioni, and Clark? find o,=28.8X10-? cm? 
+10% and k=3.25X10'* cm™ for 1.23-Bev/c pions. 
This gives [Im/,(0°) P= (5.544+1.1) 10-7 cm?. Since 
Sternheimer" has shown by the use of dispersion 
relations that R,f.(0°)=0, the coherent part of the 
forward elastic differential cross section is 


do, 
—(0°)=[R.f.(0°) + [Lm f,(0°) }? 


dQ 


=(5.5+1.1) mb/sterad. (3) 


Since the spin-flip cross section vanishes at 0°, this is 
just the total forward elastic cross section. 


B. p-p Elastic Scattering 


From the 3.000X 10° cm of proton track scanned the 
differential elastic p-p scattering cross section is found 
in the same way. The results are tabulated in Table II 
and plotted in Fig. 8 along with the results of two 
counter measurements at neighboring energies. The 


1 R. M. Sternheimer, Phys. Rev. 101, 384 (1956). 
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close agreement among the three experiments is most 
reassuring. 

To obtain the total p-p elastic cross section, the 
differential cross section was plotted versus cos@em and 
a linear extrapolation to forward angles carried out. 
The total elastic cross section for p-p scattering at 
582+ 21 Mev was found to be 24.2+1.6 mb, in excellent 
agreement with Smith’s‘ value of 25-2 mb at 590+15 
Mev. 


VI. INTERPRETATION OF THE DATA 


It can be seen in Fig. 7 that the angular distribution 
of m+—p elastic scattering has the same general 
features as are observed for *-—>p scattering in the 
same energy range.' The large forward peak can be 
interpreted as dominantly diffraction scattering which 
can be fitted quite well by the optical model.” At the 
backward angles the more or less isotropic angular 
distribution has been attributed by some authors to 
incoherent elastic scattering resulting from the forma- 
tion of a pion-proton compound system which decays 
isotropically and with random phase with respect to 
the incident pion beam.'* Attempts to explain the 
backward distribution by a phase-shift analysis or 
proton structure analysis have been inconclusive, 
although more accurate and extensive measurements 
may lead to useful results of this type. 

By subtracting from the observed differential cross 
section an isotropic incoherent cross section of 0.4 
mb/steradian, we find the total diffraction cross 
section to be 7.2+0.8 mb. Using the total cross section 
obtained by Cool ef al.,? we find the absorption cross 
section 


Ca=01—C4= 28.8 mb—7.2 mb= 21.6 mb. 
The inelastic cross section is 
0i:=01—0,-= 28.8 mb—12.3 mb=16.5 mb. 


In the simplest form of the optical model the absorp- 
tion and diffraction cross sections are calculated from 
the radius of the absorbing sphere, the mean free path 
absorption in the sphere, and the real part of the 


TABLE ILI. Experimental values for the interaction radius 
and opacity of the proton. 


Interaction 
radius 
in fermis 
(10-8 cm) 


Bom- 
barding 

Type energy 
interaction (Bev) Opacity Reference 


0.70_0.07*°* ‘This experiment 
0.61+0.10 a 
U9.s0°°" b 
0.6+0.2 c 


0.99 0.11 +013 
1.18+0.10 
0.85 0.03°° 
0.90.15 


® See reference 13. 

> R. C, Whitten and M. M. Block, Phys. Rev. 111, 1676 (1958). 

© Maenchen, Fowler, Powell, and Wright, Phys. Rev. 108, 850 (1957). 

2 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

18 Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 97, 797 (1955). 





ELASTIC rt-p AND 
index of refraction. This latter is defined as the ratio 
of the magnitude of the propagation vector inside the 
interacting sphere to that outside. If we assume that 
there is no potential scattering, so that the real part 
of the index of refraction is unity, we can use the 
curves of Bethe and Wilson"! to determine the radius 
of the pion-proton interaction from our measured values 
of a, and oq. In this way we find the radius of the proton 
to be (0.99_9.11*°-!8) X 10-!3 cm and its opacity o4/rR? 
=0.70_0.07*°-°*. Substituting this value of the proton 
radius in the angular distribution predicted by Fern- 
bach, Serber, and Taylor we find good agreement with 
our measured angular distribution. 

In Table III a comparison is made of the values of 
the proton radius and opacity obtained by our m+ 
scattering observations and others found by m-—p 
scattering near 1 Bev. 

To compare the “electromagnetic” proton radius 
found at Stanford by electron scattering with the 
““pionic” radius, we should express our result in terms 
of a root-mean-square radius for the optical model. 
The pionic value of the root-mean-square radius of the 
proton from this experiment is (0.77_o.09t°"”) X 1078 
cm, while for the electromagnetic radius Chambers 
and Hofstadter find ((r?),)!= (0.77+0.10) X 1073 cm."® 


VII. CONCLUSIONS 


A total of 1.726 10° cm of pion track and 3.000X 10° 
cm of proton track was scanned for elastic m+—p 
interactions at 1.1 Bev and elastic p-p interactions at 
582 Mev. This is the first r+— p elastic scattering in the 
Bev region to be reported, whereas the p-p elastic 
scattering has already been measured in this energy 
region, so the p-p data will serve mainly to show that 
there was no large systematic bias in the previously 
reported counter experiments or in this experiment, 
since the biases are not likely to be identical. 

On the basis of 661 identified r*+— p elastic scatterings 
the total elastic cross section and the angular distribu- 
tion of the differential cross section were measured. 
The total elastic cross section was found to be 12.3+1.2 

14H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 

16. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 
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Fic. 8. p-p differential cross section at about 600 Mev. 


mb. The angular distribution of the differential cross 
section was found to exhibit a peaking for small- 
angle scattering and a rather isotropic distribution for 
large-angle scattering. The optical model was then 
applied to the experimental data, and a proton interac- 
tion radius of R= (0.99_o,1;+°-!8) XK 107'8 cm was found 
to fit the data by two independent methods of calcula- 
tion. The opacity of the proton was found to be 
O=0.70_0,07+-, 

A total of 2442 elastic p-p scatterings was observed. 
From these data a total cross section of 24.2+1.6 mb 
was calculated. The angular distribution of the p-p 
elastic differential cross section was found to agree with 
that previously reported by counter experiments in 
this energy region. 
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Scattering of Negative Mesons by Hydrogen at 130 and 152 Mev* 
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The elastic scattering and total cross sections for negative x mesons on hydrogen have been measured at 
130 and 152 Mev. At both energies, the number of electrons arising from the charge exchange scattering 
have been determined with a Cerenkov counter. At 152 Mev, recoil protons were counted, and were dis- 
tinguished from x mesons by energy loss in a scintillator. The real part of the forward scattering amplitude 
has been determined to be 0.243+0.015 and 0.218+0.016, in units of the meson Compton wavelength, at 
130 and 152 Mev, respectively. These values agree within limits of statistical error with the predictions 


from dispersion relations. 


I. INTRODUCTION 
N the last few years there has been renewed interest 
in the results of pion scattering on hydrogen because 
of the possibility of comparison with dispersion 
relations. The dispersion relations as considered by 
Goldberger, Miyazawa, and Oehme! depend on a small 
set of assumptions of fundamental importance; a 
reliable test is therefore of great interest. After early 
tests of the relations showed reasonable agreement,’ 
Puppi and Stanghellini were the first to point out a 
possible discrepancy.’ Although the w+ data were in 
good agreement, these authors exhibited a disagreement 
between values for the real part of the forward scatter- 
ing amplitude for the process +p—2-+p. The 
value of the real part of this amplitude calculated with 
the dispersion relations disagreed with the value 
obtained experimentally. This disagreement appeared 
for scattering of negative mesons above 100 Mev and 
was statistically most significant for the Carnegie 
Institute of Technology experiments at 150 and 170 
Mev.‘ 

Since then the discrepancy has been examined by 
several authors® and it was shown that the discrepancy 
was reduced if more recent values for the total cross 
section were used in the calculations with the dispersion 
relations; also, further uncertainties in the data were 
examined. To complement this theoretical investigation 
more accurate experimental values of the total cross 
section and differential cross sections in this energy 
range were necessary. This experiment was undertaken 
to obtain new measurements of these cross sections at 
130 and 150 Mev. 

One of the principal experimental uncertainties in 
this energy range had been the number of electrons 

* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Present address: Department of Physics, University of Illinois, 
Urbana, Illinois. 

se Miyazawa, and Oehme, Phys. Rev. 99, 986 
2 Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 

*G. Puppi and A. Stanghellini, Nuovo cimento 5, 1256 (1957). 

* Ashkin, Blaser, Feiner, and Stern, Phys. Rev. 101, 1149 (1956). 

® See, e.g., H. J. Schnitzer and G. Salzman, Phys. Rev. 113, 
1153 (1959) and Phys. Rev. 112, 1802 (1959). These authors also 
refer to the previous literature. H. P. Noyes (private com- 
munication). 


which arise from the charge exchange process 
a +p— +n through the decay of the r°. The 7° 
may decay into two gamma rays, or alternatively into 
a gamma ray and an electron pair, or directly into two 
pairs. The gamma rays may generate electrons in the 
hydrogen target or its surroundings by Compton 
scattering or pair production. To obtain an accurate 
measure of the number of negative mesons coming 
from the target, the electron contribution must there- 
fore be subtracted from the total number of charged 
particles counted. 

In this experiment, as in the Liverpool experiment 
at 98 Mev,® Cerenkov counters were used to separate 
electrons from +~ mesons. The separation with this 
technique becomes increasingly more difficult at higher 
energies, since the velocity of the pions exceeds the 
Cerenkov threshold of most convenient media. At high 
energies an independent measurement of the a 
+p— 2+? cross section becomes possible by detect- 
ing the recoil protons. For backward-scattered high- 
energy mesons, the recoil protons will have sufficient 
energy to emerge from the target. In the experiment 
at 152 Mev it was possible to separate these protons 
from mesons by observing their larger light output in a 
scintillator. 

The experiments at 130 and 152 Mev will be discussed 
together in the following sections. Section II describes 
the experimental arrangement for total cross section 
and differential cross section measurements. Section 
III outlines the analysis applied to the data and gives 
estimates of the uncertainties. In Sec. IV the results of 
the experiment are summarized and the calculation of 
the scattering amplitudes is presented. Finally, in Sec. 
V, these results are compared with other experiments 
near this energy and the real parts of the forward 
scattering amplitudes are compared with calculations 
from the dispersion relations. 


Il. EXPERIMENTAL ARRANGEMENT 


A. Meson Beams 


The negative meson beams employed in this experi- 
ment were obtained by bombarding a beryllium target 


s Edwards, Frank, and Holt (private communication). 
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with the circulating proton beam of the Chicago 
cyclotron. The mesons produced emerged from the 
cyclotron and travelled to the experimental area inside 
a vacuum pipe which was directly connected to the 
cyclotron vacuum. They were focused on the way with 
a double quadrupole strong focus magnet. In the 
experimental area they were deflected by a bending 
magnet which gave further horizontal and vertical 
focusing. Beams of 130- and 152-Mev negative mesons 
were obtained in this way. The energy for each beam 
was determined by range curves in copper and alumi- 
num. For 130 Mev an additional range curve in graphite 
was obtained. The negative u-meson and electron 
fractions in the beam were estimated from the range 
curves. 


B. Target 


The measurements of all the cross sections were 
performed with a common liquid hydrogen target. The 
target consisted of a Mylar cylinder’ 9.44 cm in diameter 
surrounded by a 3$-mil aluminum thermal radiation 
shield, the whole being enclosed in a high vacuum 
container. The target cylinder could be filled with 
liquid hydrogen, or emptied by displacing the liquid 
into a reservoir located above the target. Small resistors 
near the top and bottom of the target cylinder gave 
reliable indication of the liquid level in the target. 

Two vacuum enclosures for the target were used in 
this experiment. For the total cross section measure- 
ment it is desirable to be able to move counters close 
to the target; a small box 9 in. square with Mylar 
entrance window and large aluminum exit window was 
employed for these measurements. For measurements 
of the differential scattering cross section it is desirable 
to have a minimum of material in the beam, and access 
at a wide range of scattering angles. A can of 20-in. 
diameter was constructed for these measurements. The 
beam entered through a 3-mil Mylar window. The 
scattered particles could be observed after leaving 
through a 12-mil aluminum window. The aluminum 
window extended all the way around the vacuum can 
with the exception of a small frame for the Mylar 
entrance window, and allowed observation of scattered 
particles at any angle back to 155°. 

The whole target assembly was mounted on a post 
at the center of a scattering table; by removing the 
Mylar entrance window and aluminum thermal radia- 
tion shield the target could be optically aligned in the 
meson beam path. 


C. Total Cross-Section Counter Arrangement 


A standard arrangement for transmission measure- 
ments was employed for the total cross sections. The 
incident beam was defined by two scintillation counters, 
each 2 in.X2 in. The transmission counters were 


7V. O. Nicolai, Rev. Sci. Instr. 26, 1203 (1955). 
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mounted behind the total cross-section vacuum box. 
The transmission defining counter was 44 in.X44 in. 
and its distance from the center of the target was varied 
to check the corrections for geometry. 


D. Differential Cross-Section 
Counter Arrangement 


1. Monitor 


The counters for the differential cross section were 
arranged to minimize the counting rate with the target 
empty. Only one 2 in.X2 in. counter was placed in the 
incident beam, approximately 32 in. from the center 
of the target. The beam was further defined by a set of 
anticoincidence counters immediately in front of the 
Mylar entrance window. The anticoincidence counters 
surrounded a 2 in.X2 in. aperture and greatly reduced 
all the rates taken with target empty. The elimination 
of a second defining counter with its associated scatter- 
ing made it possible to measure at small forward angles 
while maintaining good hydrogen-in to hydrogen-out 
counting ratios. 

The incident beam at both energies was roughly 
10‘ mesons per second. This flux was monitored by 
counting the number of particles traversing the incident 
beam counter which did not strike the anticoincidence 
counters. Because of dead times of roughly 10-7 second 
in the counting equipment, the high instantaneous 
flux during the beam bursts lead to counting losses of 
roughly 4%. During the 130-Mev experiment this loss 
rate was checked continuously by counting a small 
fraction of the incident beam scattered by the 2 in. x2 
in. beam defining counter. In the 152-Mev experiment 
the loss rate was checked at regular intervals. At all 
times the loss rate was a linear function of the beam 
intensity. 


2. Scattered Mesons 


The particles scattered by the hydrogen were detected 
by two scintillation counter telescopes mounted just 
outside the aluminum window of the scattering 
chamber. The telescopes consisted of two scintillation 
counters and a Cerenkov counter between them. The 
first scintillation counter was 4 in.X4 in., the Cerenkov 
cell was 4} in.X4} in. and 2 in. deep, and the last 
scintillation counter, which defined the solid angle, was 
3 in.X3 in. The counters in front of the defining counter 
were sufficiently large so that in- and out-scattering 
cancelled. A typical arrangement is shown in Fig. 1. 

The Cerenkov counter was used to determine the 
number of electrons coming through the scintillation 
counters. In the 130-Mev experiment the Cerenkov 
medium was water, which gave only small pulses for 
m mesons and larger pulses for the electrons. In the 
152-Mev experiment fluorochemical FC 75° was used. 


5 Manufactured by Minnesota Mining and Manufacturing 
Company with refractive index of nearly 1.28. 
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Fic. 1. Typical arrangement of apparatus for differential cross 
sections. Counter 1: beam-defining counter 2 in. X2 in. Counter 2: 
beam-defining anticoincidence counters: 2 in.X2 in. aperture. 
Counter 3: scattered particle defining counter 3 in. X3 in. Counter 
4: scattered particle counter 4 in.X4 in. Counter 5: Cerenkov 
counter 44 in. X44 in. X2 in. 


The Cerenkov counters were calibrated with electrons 
produced in a lead converter by gamma rays from the 
charge exchange process *+p—7°+n, and with 
cosmic rays. The pulses from the Cerenkov counter 
were passed through a gate opened whenever a charged 
particle traversed the beam defining counter and both 
scintillation counters in the telescope. Then they were 
pulse-height analyzed. In the 130-Mev experiment the 
analyzer developed by E. L. Garwin and A. Penfold 
of this laboratory was used. We are grateful to them for 
the loan of the equipment and instruction in its use. 


3. Scattered Protons 


In the 152-Mev experiment it was possible to count 
protons recoiling from backward scattered mesons. The 
protons were separated from the mesons by the differ- 
ence in energy loss in a scintillator. The proton telescope 
consisted of a defining counter 2 in.X3 in. followed by 
a second scintillator 4 in.X4 in. The coincidence 
between these and the beam defining counters opened 
a gate, which allowed slow pulses from the 2 in.X3 in. 
defining counter to be analyzed by the pulse-height 
analyzer. A clean separation of meson and proton 
pulse heights was achieved, as shown in Fig. 2. 


E. Beam Distributions 


The beam distribution at the target position was 
checked at various times during the run by small 
sampling counters. This permitted an accurate estimate 
of the effective number of scattering centers, taking 
into account the variation of the target thickness 
across the beam. The beam distribution was also 
measured behind the target during the transmission 
measurement to allow an estimate of the scattering 
losses outside the transmission counters. An automatic 
beam scanning device behind the target was used at 
various intervals during the experiments to check on 
the stability of the beam location. 
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Ill. DATA ANALYSIS 
A. Total Cross-Section Measurement 


The total cross section was determined in the usual 
manner from the transmission measurement. From an 
estimate of the number of u mesons and electrons in the 
beam and from the observed rates with the target 
empty the effective number of 7 mesons striking the 
target per unit monitor was determined. The additional 
attenuation observed with hydrogen in the target then 
yielded an effective total cross section for the x mesons. 


1. Corrections 


There are a number of corrections required to obtain 
the true nuclear cross section. The Coulomb scattering 
losses must be estimated. A preliminary approximation 
made use of the phase shifts of Anderson and 
Metropolis’ to obtain the Coulomb amplitudes, accord- 
ing to the prescription of Solmitz.° The resulting 
scattering distribution was folded into the observed 
distribution of mesons behind the empty target to 
obtain the number lost due to Coulomb scattering. The 
number of mesons and recoil protons which are scattered 
into the transmission counter must be calculated; this 
effect is not insignificant due to the close geometry used. 

Further small corrections were necessary to take into 
account the recoil neutrons and electrons produced by 
the charge exchange reaction. All of the above correc- 
tions depend on the spacing between the target and the 
transmission counter; this spacing was varied to obtain 
a check on the consistency of the above corrections. 
The cross sections were in agreement within statistical 
accuracy at each of the three spacings used. The final 
correction was a subtraction of the cross section for the 
reaction r+ p— y+n to get a total cross section due 
to purely nuclear interactions. 
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®H. L. Anderson and N. Metropolis, Proceedings of the Sixth 

Annual Rochester Conference on High-Energy Nuclear Physics, 

1956 (Interscience Publishers, Inc., New York, 1956), Sec. I, 
20 


p. 20. 
0 F, T. Solmitz, Phys. Rev. 94, 1799 (1954). 
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2. Uncertainties 


We have classified the uncertainties and errors of the 
total and differential cross sections into two groups; 
those which are common to all measurements, and 
hence affect both total and differential measurements, 
and those which are peculiar to each measurement and 
may be considered statistically independent for the 
purpose of this analysis. 

The common uncertainties in the total cross-section 
measurement arise from possible error in estimating 
the effective number of scatterers, V, in the target, and 
from the uncertainty in the number of mesons striking 
the target per monitor. The largest contribution in the 
latter uncertainty is from the uncertainty in the number 
of » mesons and electrons in the beam. 

The uncertainties peculiar to the total cross-section 
measurement are due to the possibility of error in the 
various corrections applied, and from the statistical 
errors in counting. In Table V the total cross sections 
are presented, with the common and _ independent 
errors associated with them. 


B. Differential Cross Sections : Measurement 
of Scattered Pions 


The differential cross sections were obtained from the 
measurements with the pion telescopes by subtracting 
the number of electrons observed from the total number 
of charged particles passing through the scintillator 
telescope. The scintillation counter efficiencies were 
checked periodically throughout the run and were 
established to be better than 99.5%. 


1. Correction for Accidentals 


Determination of the rate of accidental coincidences 
was complicated by the anticoincidence defining system 
used. The usual method of delaying the counter tele- 
scope relative to the monitoring counters was im- 
practical, since the anticoincidence system would then 
not shield the telescope from the direct beam, and the 
counting rate would have no simple relationship to the 
usual accidental rate. Hence, for this purpose, the rate 
dependence of the cross sections was checked at several 
scattering angles. The net hydrogen rate was found 


TABLE I. Typical experimental numbers for x~- 
scattering measurement at 152 Mev. 





Charged particles* Electrons> 
Target Target Target Target 
Lab angle full empty full empty 


Net + 
mesons 





928 420 84 16 429 
199 29 29 145 
140 18 21 104 
164 20.5 20 4 122 
203 31 34 142 








* Total charged particles for unit monitor. 
> Total electron number estimated from pulse-height analysis, for unit 
monitor. 
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TABLE IT. Common uncertainties (€) and independent un- 
certainties (A) in w~-scattering measurements. 








Uncertainty 


cause 130 Mev 


Nine 3% 

N 1.5% 

e~ subtraction 15% of e~ 
Light pipes 0 

m~ absorption 1% 











Uncertainty 
cause 75° 30° 90° 
N; 5% 5.9% ; 3% 8% 71% 
AQ (radius) 15% Lan % 1% 1% 
Angle mis-set % 1% 5% % 0 0.5% 
g Negligible 


120° 


Negligible 


to be independent of beam rate; so no corrections for 
accidentals were necessary. 


2. Corrections for Cerenkov Effect in Light Pipes 


Extra counts may be observed if a charged particle 
delivers enough Cerenkov radiation in the Lucite light 
pipe of the defining counter to trigger the coincidence 
circuits. This effect increases the active area of the 
defining counter beyond the dimensions of the scintil- 
lator. The magnitude was checked by substituting a 
matched light pipe without a scintillator for the usual 
defining scintillator and light pipe. The effect was 
negligible at 130 Mev; however, with slightly changed 
electronics, there was a small contribution at 152 Mev 
which was subtracted from that data. 


3. Electron Subtraction 


From the Cerenkov counter calibration mentioned 
in Sec. II-D, a cutoff channel was established for the 
pulse-height spectra at each scattering angle. Above 
this channel, the number of observed counts were 
taken to be electrons. A correction was made for the 
fraction lost below this channel. The required pulse 
was made large enough so that only a negligible number 
of pions were included. The net number of electrons was 
subtracted from the net number of charged particles to 
get the number of pions counted by the telescope. 


4. Nuclear Absorption of Pions 


The net scattered pion rate was corrected for the 
nuclear absorption taking place when the pions left 
the target_and traversed the first scintillation counter 
and the Cerenkov counter. These absorptions were 
determined separately by measuring the attenuation 
in the direct beam, and were in good agreement with 
expected nuclear cross sections. The number of pions 
counted by the telescope multiplied by the correction 
for absorption gives the number of pions NV, which are 
scattered toward the defining counter. 
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TABLE III. Center-of-mass cross sections 
at 130 Mev, in mb/sterad. 








C.m. angle 
(degrees) 


39.2 
55.4 
72.5 
88.7 
103.9 
118.2 
131.6 
144.4 
154.0 
157.7 


(do/dQ)4 


1.84 
1.28 
0.84 
0.59 
0.53 
0.61 
0.77 
0.96 
1.11 
1.15 


(da/dQ)* Ab 


1.94 0.115 
1.22 0.067 
0.850 0.045 
0.592 0.036 
0.604 0.085 
0.607 0.045 
0.698 0.059 
1.04 0.061 
1.02 0.083 
1.20 0.089 











* Differential cross sections, experimental. 

b A—independent uncertainties. 

* e—common uncertainties. 

4 Differential cross section from least-squares fit of Sec. IV, B. 


5. Solid Angle Determination; AQ 


The radius or distance of the defining counter from 
the center of the target support post was measured for 
each individual angular setting. 


6. Geometrical Corrections 


It was necessary to apply further corrections to the 
observed angular distribution to correct for the finite 
size of the target and counter. The analysis was the 
same as has been described previously"; corrections 
were included from the first and second derivatives of 
the cross section with respect to scattering angle. We use 


g=([1t+a+B(o'/o)+37(0"/c) | (1) 


to represent the geometrical correction factor. 


TABLE IV. Center-of-mass cross sections at 
152 Mev, in mb/sterad. 








C.m., angle 
(degrees) (do /dQ)* 


32 ; ‘ : 2.96 
2.66 
2.52 
2.18 
1.78 
1.42 
1.15 
0.84 
0.85 
0.88 
0.92 
1.01 
1.05 
1.20 
1.36 
1.42 
1.79 
1.95 
2.12 


(do /dQ)4 





124 
130° 
132 
145 
151 
158 
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0.149 








* Differential cross sections, experimental. 

b A—independent uncertainties. 

® e—common uncertainties. 

4 Differential cross section from least-squares fit of Sec. IV, B. 
® Recoil proton measurements. 


4 Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955). 
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7. Effective Number of Incident Pions; Nine 


Absolute cross sections were obtained by converting 
the monitor counts into mesons effectively incident 
on the target, by taking into account the monitor 
normalization and beam dependence, correcting for pu 
and e contamination of the beam, and for the attenua- 
tion of the pions in the hydrogen before reaching the 
center of the target. 


8. Calculation of Laboratory Cross Section 


After determining NV, the number of effective scatter- 
ing centers in the target, the laboratory cross section 
is given by: 

do Ne 
coeaonapeinn, (2) 
dQ AQN ine g 


Some typical values for the quantities described above 
are given in Table I. 


9. Uncertainties in Differential Cross Section 


The common and independent uncertainties are 
again grouped separately. The common uncertainties 


TABLE V. Total cross sections, in mb. 








Energy 
(Mev) 


Trwor* 





130 42.7 
152 60.0 








* Experimental value. 

b e—common uncertainties. 

¢ A—independent uncertainties. 
4 Least-squares fit of Sec. IV, B. 


include: the number of incident mesons Nine, the 
number of scatterers N, the possible error in the electron 
subtraction criterion, error in determining the Cerenkov 
effect in the light pipes, and in correcting for absorption 
of the pions in the counter telescope. 

The uncertainties which are independent at each 
angle include the statistical error in N,, the finite-size 
target corrections g, possible errors in AQ due to errors 
in radius measurement, and possible error in angle 
setting causing an apparent shift of cross section. Some 
typical values for these uncertainties are presented in 
Table II, illustrating the relative magnitudes of these 
errors. 


C. Differential Cross Sections; Recoil 
Proton Method (152 Mev) 


The number of protons intercepted by the proton- 
defining counter was determined by selecting a cutoff 
channel for the pulse-height analyzer, and counting 
all events above that channel as protons. The net 
hydrogen minus empty rate as determined by this 
method was quite independent of the choice of cutoff 
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channel, as can be seen from the spectrum shown in 
Fig. 2. 


1. Corrections 


In the proton analysis corrections corresponding to 
those described above for the x mesons were made. Two 
corrections, the electron subtraction and the Cerenkov 
effect in the light pipes, do not apply for protons. One 
additional uncertainty has been introduced, the possi- 
bility of losing some of the protons below the cutoff 
channel. The latter, however, appears very small, as 
indicated by Fig. 2. 


IV. RESULTS 
A. Center-of-Mass Cross Sections 


The results of the foregoing analyses are summarized 
in Table III for the 130-Mev data, and Table VI for 
the 152-Mev data. The common and independent 
uncertainties are given, as well as the cross sections 


TABLE VI. Results of least-squares computation at 130 Mev. 








Scattering amplitudes* 
A B C D E 


0.112 0.128 0.977 0.865 0.737 


Error matrix> for scattering amplitudes* = 104(G™) 4 
A B Cc D E 


9.914 —2.210 9.642 —0.432 — 3.238 
3.334 —3.811 —0.155 0.956 

16.844 1.191 —5.110 

3.392 —1.071 


6.792 
Goodness of fit 
Degrees of freedom=6 











x?=3.62° 





® The units of A, B, C, D, and E are (10727 cm?)!, so that do/dQ of formula 
(3) is in units of millibarns per steradian. 
reference 11. 
© See formula (6). 





obtained from the best fits to the data, as described 
below. 


B. Determination of the Scattering Parameters 


In order to determine the forward scattering ampli- 
tudes and other scattering parameters with the least 
dependence on other experiments, the following scheme 
was used to obtain values for the scattering amplitudes. 

If we include only s- and p-wave scattering, the cross 
sections may be written as: 


do/d2= | f(0)+A+iB+ (C+iD) cosb|?+E? sin’, (3) 


where f(@) is the Coulomb scattering amplitude 
and was evaluated following Solmitz,” using /(6) 
= (a+b cos0)/(1—cosé). 

The total nuclear cross section may be expressed with 
the aid of the optical theorem by 


Fror= (44/k)(B+D). (4) 
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TABLE VII. Results of least-squares computation at 152 Mev. 








Scattering amplitudes* 
A B Cc D E 


0.0230 0.146 0.953 0.377 0.903 











Error matrix® for scattering amplitudes* = 10*(G™) 4; 
A B Cc D E 


A 12.360 
B 





0.332 
0.320 


—7.010 10.466 —4.574 
5.176 —7.514 2.892 
Cc 15.560 —7.020 — 1.691 
D 8.081 — 1.133 
E 2.688 
Goodness of fit 


x?=18.1¢ Degrees of freedom=15 





® The units of A, B, C, D, and E are (10727 cm?)}, so that do/dQ of formula 
(3) is in units of millibarns per steradian. 

b See reference 11. 

¢ See formula (6). 





In the usual least-squares calculation, the quantity 
a] 9 


(5) 


is minimized," where O; is the observed experimental 
cross section and C; is the calculated cross section. The 
quantity A; represents the independent uncertainty 
at each observed point. 

This expression may be generalized by writing 


= > H;(0;—C;)(0;—C,), 
i,j 


T T 


dao/dQ mb/Sterad 











0 


Cos 4, 


Fic. 3. Center-of-mass differential cross section at 130 Mev. 
Only independent errors A are shown. Curve 4, least-squares fit 
to differential and total cross section. Curve b, least-squares fit 
with Coulomb contributions subtracted. 
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Cos 4p 
Fic. 4. Center-of-mass differential cross section at 152 Mev. 
Only independent errors A are shown. Curve a, least-squares fit to 
differential and total cross section. Curve b, least-squares fit with 
Coulomb contributions subtracted. Points p indicate data obtained 
by measuring recoil protons. 


where, in the above case, the off-diagonal elements of 
H were assumed to vanish, corresponding to the state- 
ment that there are no common errors. With the 
possibility of common errors, these off-diagonal terms 
will in general not vanish, and a proper generalization 
is found by setting!” 


€,€;/ A;A; 


1+). (€,°/A,”) ) 
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Fic. 5. Total cross section for negative mesons on hydrogen. 
1: Ashkin et al., reference 4. 2: Ashkin et al., reference 14. 3: 
Anderson et al., reference 15. 4: Edwards et al., reference 6. 5: 
Present data. 6: Anderson and Glicksman, reference 16. 7: 


Glicksman, reference 17. 8: Ignatenko et al., reference 18. 
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2 We are indebted to W. C. Davidon for suggesting this form. 
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independent errors ; 
0;=O0O,£A;+ €j. (8) 
In our analysis we have included the off-diagonal terms 
and thereby the effect of the common errors. 
Minimization of x? was accomplished by varying 4, 
B, C, D, and E.8 The resulting best values and the 
corresponding error matrices are given in Tables VI 
and VII. The best-fit cross sections have been compared 
with the experimental data in Tables III and IV. The 
cross sections together with least squares fits have been 
plotted in Figs. 3 and 4. 
V. CONCLUSIONS 
The total cross sections of the present experiment 
can be compared to the results of previous experi- 
ments.*:*.4—18 As can be seen from Fig. 5, our total cross 
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Fic. 6. Recent values for real part of forward scattering ampli- 
tude in center-of-mass system in units of Compton wavelength. 
1: Barnes et al., reference 19, 2: Edwards et al., reference 6. 3: 
Present experiment. 4: Ashkin et al., reference 4. Curve is calcu- 
lated from dispersion relations by Schnitzer and Saltzmann in 
reference 5. 


sections fit reasonably well with our measurements. 
In this connection it should be noted that the Carnegie 
measurements at 150 and 170 Mev‘ are somewhat below 
the general trend. The coefficients in the angular 
distribution do/dQ2=a_+b_ cos#+c_ cos’@ also agree 
reasonably well with other experiments. Our slightly 
low value for a_ at 152 Mev is probably associated with 
the electron subtraction, which is somewhat larger than 
that estimated previously at 150 Mev. 

Our results for the real part of the forward scattering 

13 The computer calculations were performed at the Argonne 
National Laboratory and we would like to thank W. C. Miller 


and K. Hillstrom for their assistance. 
4 Ashkin, Blaser, Feiner, Gorman and Stern, Phys. Rev. 96, 


1104 (1954). 
16 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 


. Anderson and M. Glicksman, Phys. Rev. 100, 268 
(1955). 
17M. Glicksman, Phys. Rev. 95, 1045 (1954). 
18 Tgnatenko, Mukhin, Ozerov, and Pontecorvo, 
Akad. Nauk. S.S.S.R. 103, 45 (1955). 


Doklady 
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amplitude may be compared with other recent €xperi- 
mental determinations.‘** A curve calculated from the 
dispersion relations by Salzman and Schnitzer® is 
chosen for comparison in Fig. 6. It can be seen that the 
values obtained in this experiment are in statistical 
agreement with the values calculated from the dis- 
persion relations. The change between the present 
experiment and the earlier results of the Carnegie 
group‘ is due primarily to the increase in total cross 
section. 


19 Barnes, Rose, 
communication). 


Giacomelli, Ring, and Miyake (private 
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The largest single uncertainty in this experiment is 
the fraction of w mesons and electrons in the incident 
beam. An improved technique for determining this 


fraction would clearly be desirable for future experi- 
ments in this energy region. 
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Scattering of y Mesons from Lead Nuclei* 


B. Curpiey, P. Gotpstern,t G. H1nMAN, R. SUMMERS, AND R. ADLER 
Department of Physics, Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received June 22, 1959) 


The angular distribution of 23-Mev u~ mesons scattered by lead nuclei has been measured by using a 
counter arrangement and also by using a propane bubble chamber. The results agree, to the accuracy of the 
experiments, with the distribution predicted by the ordinary Coulomb interaction of the ~ meson and 


the lead nucleus. 


INTRODUCTION 


OR many years the interactions of the » meson 
with matter have been the subject of experimental 
investigations. 

Measurements! on u-mesonic atoms, on the produc- 
tion of stars by energetic muons, and on the creation 
of muon pairs by gamma rays have revealed an inter- 
action between the muon and the electromagnetic field 
that is compatible with the assumption that the muon 
behaves in the same way as an electron except that it 
has a larger mass. More recent measurements have 
established that the magnetic dipole moment has the 
expected value? and that there is no evidence for a 
parity violating interaction of the electric dipole type.’ 
The strength of the nuclear interaction has been 
established by a study of the lifetimes of negative 
muons in numerous materials,! and the result is that 
this interaction is of the “weak” type. All of these 
results lead to the conclusion that the u meson has 
interactions that are well understood. 


* Research supported by the U. S. Atomic Energy Commission. 
t Now at Princeton University, Princeton, New Jersey. This 
work submitted in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy at Carnegie Institute of 
Technology. 

1 u-meson physics has been summarized recently by J. Rain- 
water, Annual Review of Nuclear Science (Annual Reviews, Inc., 
Palo Alto, 1957), Vol. 7, p. 1. 

* Coffin, Garwin, Lederman, Penman, and Sachs, Phys. Rev. 
106, 1108-1110 (1957). 

3 Berley, Garwin, Gidal, and Lederman, Bull. Am. Phys. Soc. 
4, 81 (1959). 


One series of experiments on the u meson, however, 
has not uniformly given results in accord with the 
interactions mentioned above. These are the experi- 
ments on the elastic scattering of muons from nuclei. 
Several experiments’ have confirmed the simple 
interpretation of the scattering in terms of the Coulomb 
interaction, but several other investigations’ have 
revealed an excess of large-angle scatterings over the 
number expected. 

All of these experiments have been carried out using 
cosmic-ray » mesons. The beams obtainable from this 
source are very weak and polychromatic. The experi- 
ment described in this paper® utilized a u-meson beam 
from an accelerator, the 450-Mev synchrocyclotron at 
Carnegie Institute of Technology. The beam was more 
intense and monoenergetic than cosmic rays can 
provide, but the energy was much lower, about 23 
Mev. At such a low energy the scattered » mesons 
detected in the experiment did not appreciably penetrate 
the nucleus. Although it would seem most probable 
that an anomaloy, if it does indeed exist, would arise 
from an interaction of a relatively short range, never- 


4 Amaldi, Fidecaro, and Mariani, Nuovo cimento 7, 553 (1950) ; 
Kirillov-Ugriumov, Dolgoshien, Moskvichov, and Morozova, 
J. Exptl. Theoret. Phys. U.S.S.R. 36, 415 (1959) [translation: 
Soviet Phys. JETP 36(9) 290 (1959)]; Fukui, Kitamura, and 
Watase, Phys. Rev. 113, 315 (1959). 

5 Lloyd, Réssle, and Wolfendale, Proc. Phys. Soc. (London) 
A70, 421 (1957); this article summarizes most of the early work. 


6 A preliminary report on this work was published [B. Chidley 
et al. Can. J. Phys. 36, 801 (1958) ]. 
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Fic. 1. (a) Experimental setup for counter experiment. (b) 
Experimental setup for bubble chamber experiment. 


theless the experiments described in paragraph two 
above give no more reason to exclude a longer range 
anomalous force than a shorter range one. Perhaps the 
situation would be better stated by saying that the 
experiments provide as much evidence against the 
presence of any anomalous short-range interaction as 
against the presence of a longer range one. The present 
study of u-meson scattering was carried out using 
two separate experimental techniques, one involving a 
bubble chamber and the other a counter setup. The 
systematic errors involved in the two should be quite 
different and a comparison of the results should help 
to reveal whether such errors have been eliminated. 


BEAM 


The yw-meson beam used in the experiment was 
obtained in the way shown in Fig. 1 and described 
below. The circulating proton beam in the C.LT. 
synchrocyclotron was allowed to strike an internal 
beryllium target producing x mesons. Many of these 
mesons decayed in the vicinity of the target providing a 
rather diffuse source of negative ~ mesons in the 
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target area. The magnetic field of the cyclotron provided 
separation of these muons into a fanshaped beam, each 
portion of which had a somewhat peaked momentum 
distribution. A portion of this beam was allowed to 
pass through a collimating hole in the shielding wall 
around the cyclotron and into a sector magnet. The 
magnet gave additional momentum selection and was 
adjusted so that 3742.2 Mev muons were deflected 
toward the scattering apparatus. The center of the 
momentum spectrum selected was 95 Mev/c. 

This beam was analyzed into its individual compo- 
nents by taking a differential range curve using counters 
and was found to consist of 4 mesons (25%), # mesons 
(5%), and electrons (70%). The beam intensity was 
3500 muons/min over a five-inch diameter circle at a 
distance of 115 inches from the magnet face. 


BUBBLE CHAMBER EXPERIMENT 


A propane bubble chamber was used to study the 
u-meson scattering. It was 2 in.X3 in.X6 in. in size 
and was oriented so that the meson beam entered it 
through a 3-in. stainless steel window in one of the 
2-in.X3-in. faces and traveled along the 6-in. length. 
A 0.22-in.X2-in.X3-in. lead foil, held by a Lucite 
frame, was placed in the chamber about 1 in. from the 
window and comprised the scattering target for the u 
mesons. Scattering events were photographed stereo- 
scopically through one of the herculite windows by the 
light from a high-voltage flash tube mounted opposite 
the other window, as shown in Fig. 2. Figure 2 also 
shows surrounding the chamber the oven that was 
used to maintain it at its operating temperature of 
138°F. 

The pictures taken by the cameras were projected 
and measurements made on the scattered uw mesons in 
the two stereoscopic views. Ninety percent of the 
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u-meson tracks were easy to distinguish from those of 
other particles because of, the decay electrons at the 
ends of them. From the measurements taken it was 
possible to compute (1) the space angle between the 
incident and scattered mu meson, (2) the range of the 
particle after scattering, and (3) the location of the 
scattering point and the end point of the track. For 
these calculations the number 1.25 was used for the 
index of refraction of the propane. 

"Using the methods described above, a differential 
range curve of the muon beam was obtained and is 
shown in Fig. 3. Only particles with ranges lying 
within the vertical dotted lines corresponding to energy 
limits of 21.5 Mev to 25.3 Mev were analyzed for the 
angular distribution. These energies are given for the 
u mesons when they have penetrated halfway through 
the lead plate. The energies of the mesons were cal- 
culated using the reports of Willis and Thompson’ for 
propane and lead. The propane was considered to have 
expanded adiabatically and to have a density® of 0.42 
g/cm. 

96 000° pictures with the lead plate and 5000 without 
the plate were obtained in 4.5 days running time. 
Most of the pictures obtained with the chamber were 
quite clear and easily scanned. Some typical events are 
shown in Fig. 4. Every 1000 pictures yielded about 150 
usable events. All u-meson events satisfied the following 
criteria : 

1. The particle entered the chamber through the 
front window. 

2. After scattering, the particle stopped in that part 
of the chamber visible to both cameras and a decay 
electron was seen in both views. 
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Fic. 3. Differential range curve of 4 mesons in bubble chamber. 


7 Beverly Hill Willis, University of California Radiation 
Laboratory Report UCRL-2426 (unpublished) ; T. J. Thompson, 
University of California Radiation Laboratory Report UCRL- 
1910 (unpublished). 

SF. Din, Thermodynamic Functions of Gases (Butterworths 
Scientific Publications, London, 1956). 

® Two views of an event are called one picture. 
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Fic. 4. Bubble chamber photographs of scattered » mesons. 


It was necessary to correct the angular distribution 
obtained directly from the pictures in order to take 
account of scattered muons that did not satisfy the 
criteria for track acceptance. A particle of range R and 
scattering angle @ might or might not have stopped in 
the chamber depending on the part of the lead plate it 
scattered from. Furthermore, a clamp that held the 
upper glass window in place obscured, for each camera 
view, a portion of the chamber. Because only those 
particles having the decay electron visible in both 
views were counted, it was necessary to multiply the 
observed distribution by a correction factor to obtain 
the actual number of particles that scattered into a 
particular angular range. Figure 5 gives the correction 
factor as a function of the scattering angle for the 
chamber used. 

The error in cross section that would have been 
introduced if the pions in the beam were mistaken for 
muons has been calculated’ and shown to be at most 
0.5%. An electron could be mistaken for a muon if it 
suffered a large-angle nuclear scattering in the propane 
(thus looking like a muon giving rise to a decay electron) 
in the appropriate region of the chamber, that is 
between 2.1 and 2.8 inches from the lead plate. This 
effect has also been calculated and found to be 
negligible. 

The possibility that a muon was scattered from a 
portion of the herculite glass obscured by the plastic 
holder and was counted as a lead scattering has been 
considered and found to be less than 0.06% and is 
therefore negligible. 

The procedure used in scanning the pictures was 

10 P. Goldstein, thesis, Carnegie Institute of Technology, 1958 
(unpublished). 
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Fic. 5. Correction factor for bubble chamber experiment. 


designed to eliminate the effects of scanner inefficiency. 
Inefficiency in this case is meant to denote the over- 
looking of a muon by a scanner or an inaccurate 
measurement on an event. All pictures were scanned 
independently by two persons at different times, and 
the results were compared. All events which, according 
to both measurements, fell into the same angular bin 
(the bins were 0°-10°, 10°-15°, 15°-20°, 20°-25°, 
25°-30°, 30°-35°) were accepted. )vents not in agree- 
ment and those seen by only one scanner were referred 
for a third scanning. The third scanning was done by a 
member of the experimental group. In any case of 
disagreement in the first two scannings, the result of 
the third scanning was accepted. 

Even with this scanning procedure there will be 
some modification of the angular distribution of the 
scattered muons because of mismeasurements and it is 
important to estimate this correction. The assumption 
was made for the analysis that the probability of measur- 
ing a scattering angle 6, when the actual angle is ©, 
has a Gaussian shape 


P(0,0) = (2x07)! exp[— (0@— 9)*/2o0?]. 


The standard deviation of this Gaussian, o, was 
determined for the scanners to be 2.6°. The probability, 
therefore, that a meson actually scattered at angle 0 


TABLE I. Comparison of bubble chamber experiment with theory. 


Angular 


interval Nexp Nu Ratio Nexp/Nth 





0-10° 
10-15° 
15-20° 
20-25° 
25-30° 
30-35° 


0.729 
0.191 
0.0572 
0.0128 


0.742 +0.011 
0.178 +0.006 
0.0538+0.0046 
0.0153+0.0015 
0.0067 +0.0011 0.00603 1.11 +0.17 
0.0041+0.0009 0.00304 1.35 +0.35 


1.018+0.015 
0.93 +0.040 
0.94 +0.07 
1.20 +0.11 
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will be placed in the ith angular bin is 


f P(@,9) a8. 
4e 


The total probability that a scattered mu will be 
placed in the ith bin is 


Nui= f d0 f {(@,1) P(@,6)0d®. 


“A8: 


The numbers V4‘, calculated using the {(6,t) obtained 
in the section on multiple scattering, are listed along 
with the corresponding experimental numbers in Table 
I, and all of these results are plotted in Fig. 6. In 
Fig. 6 Nn is plotted as a histogram whose height in a 
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Fic. 6. Angular distribution for ~ mesons 
scattered in bubble chamber. 


particular angular interval is the fractional portion of 
the beam scattered into that interval. The experimental 
results, corrected for the scattered muons not visible 
in both chamber views, are shown as points placed in 
the middle of each angular interval. 

The angular distribution of scattered » mesons 
expected on the basis of a purely Coulomb interaction 
with the lead atoms was calculated using the multiple 
scattering theory of Nigam, Sundaresan, and Wu." 
This treatment of multiple scattering is a modification 
of the work of Moliére” and Bethe'® and is known to 
give good agreement with experiment for electron 
scattering from nuclei. The angular distribution is 
expressed in terms of /(0,), where /(0,t)0d0 is the 
fraction of the beam scattered into the angular interval 


4 Nigam, Sundaresan, and Wu, Phys. Rev.115, 491 (1959). 
2G. Moliére, Z. Naturforsch. 3a, 78 (1948). 
13H. A. Bethe, Phys. Rev. 89, 1256 (1953). 
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from 6 to 0+d@ by a scatterer of thickness ¢. The 
function {(6,t) is given by 


f(0,t) = f vdpJo(V0) 
0 


Xexp| ~ wef o(x)xdx[1—Jo(px) } } 


for values 6 small compared to one radian. In this 
expression g(x) is the differential scattering cross 
section of a lead atom, NV is the number of scattering 
atoms per unit volume, and Jo(«) is the zero-order 
Bessel function. Bethe has shown that /(0,/) depends 
principally on the parameters x, and Xq. 4%, is essentially 
the nonangular dependent part of the single-scattering 


INTENSITY 


BEAM 








Fic. 7. u-meson differential range curve for counter experiment. 
Range of energies selected by final counter indicated by dashed 
lines. 


probability and is given by 
xe2=4rNie'Z(Z+1)/ (po), 


where p is the momentum of the muon, 1 is its velocity, 
and Z is the atomic number of the scatterer. 2, is called 
the characteristic screening angle and is given in terms 
of g(x), the ratio of the actual to the point charge cross 
section, by 


dx 
—Inx,= lim | f q(x) —+}—Ink }. 
*D 0 


x 


In the application of the multiple-scattering theory 
to the bubble chamber setup, it was necessary to take 
account of the scattering both by the lead plate and by 
a ;-in. layer of propane that was obscured from view 
by the Lucite plate holder. For the purpose of the 
calculation the lead and propane were assumed to be 
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Fic. 8. Block diagram of electronics used in 
the counter experiment. 














uniformly mixed, and furthermore, the propane was 
replaced by carbon with an effective Z of 6.2. With these 
assumptions it is easy to show that to a good approxima- 
tion the multiple scattering is described by the /(6,t) 
above, provided that the x, and x4 for the mixture are 
chosen according to 


Xe = Xe rH+ax 2”, 
and 
Xq= Xa Vixag! 2. 


with Uy=aer/x2 and Uz=xcs"/x2. Here the subscript 
1 refers to the carbon and 2 to the lead. 

The results of the multiple-scattering calculation 
for the bubble chamber are shown in Table I. The 
numbers in the third column represent the fractions of 
the beam that are scattered into the angular intervals 
listed in the first column. The energy spectrum assumed 
for this calculation is the one shown in the differential 
range curve of Fig. 3. 


COUNTER EXPERIMENT 


For the counter experiment the energy spectrum of 
muons in the beam was the one shown in Fig. 7. The 
detector system used selected those in the interval 
defined by the dotted lines. The energy shown on the 
abscissa of the curve in Fig. 7 is the u-meson energy 
halfway through the lead plate as determined by the 
range-energy calculations of Willis and Thompson.*® 

For this work a beam was used which was composed 
of 75% electrons, 24% u-, and 1% w-. The incident 
beam was defined by a pair of counters placed 2 ft 11 in. 
apart as shown in Fig. 1(a). A lead collimator was placed 
between these counters to insure that the beam was 
parallel. The scattering target was a lead foil 0.022 in. 
thick and 4 in. in diameter mounted in a styrofoam 
holder. The analyzing telescope consisted of two 
counters separated by a sufficient amount of carbon 
to stop the w’s under study in the final counter. Counters 
1, 2, 4 were 4-in. diam. by } in.; counter 3, 5-in. diam. 
by 3 in. All phototubes were 6810 A. 

The electronics were as shown in Fig. 8. The coin- 
cidence circuit used had a resolution for full width at 
half maximum of 16 mysec. A 4-fold coincidence 
started a delayed gate during which time additional 
counts in counter No. 4 were fed to the analyzing 
circuit. This circuit determined the time between 
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Fic. 9. Decay curve for « mesons in counter experiment. 


the 4fold coincidence and the following pulse by 
counting on a 10-Mc timing unit. 

Detection was accomplished by the observation of 
the decay electron from the muon stopping in counter 
4 after having traversed the telescope (1+2+3+4 
+delayed 4). Delayed electrons in the interval from 
0.2 to 17 wsec after the passage of a u meson were 
analyzed. The actual times recorded were the intervals 
between the decay electron and the end of the gate. 

The use of a single counter to detect an electron 
originated within it resulted in high efficiency but 
imposed a limitation on the intensity that could be 
used without introducing accidental counts into the 
relatively long 17-usec gate. This was not significant in 
the scattered position where the counters could be 
shielded against accidental particles, and the true 
counting rate was of the order of 5 counts per hour, 
but caution had to be exercised during incident beam 
determinations. 

The number of counts recorded per usec fell off 
exponentially to a constant background with a half- 
life of the order of 1.3 usec as shown for the incident 
beam in Fig. 9. A weighted least-squares fit was made 
for each run to fit the curve y= Ae~+B. Here the 
parameter \ is assumed known and A and B are to be 
evaluated. If no interval contains zero counts, A is 
given by 


(Ls) [D(1/y) a L(O"/y,)] 


A= 3 , 
Cos(1/y,) IL (e"*/ys) J— De"'/y,) P 
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with a standard deviation 
Nite, > :(1/y,) i 
UBS /) LE ™4/y) ]-Loer/y) BI 


If one or more of the y; are zero we make the following 
modification. Define p;=1/y; if y;0; pi:=1 if y;=0. 
Then 


__ EONS. 6.1-LEoe) EOP] 
(dos pe */p,) J— (Ls ef)? 
A=\{—— a : 
(ds POLL ep) J— DL se**p) F 


The incident beam was determined by counting 
with counters 3 and 4 together with the carbon degrader 
placed immediately behind the lead target. The beam 
intensity was reduced to the level where counting 
losses and accidental coincidences were unimportant. 
The normalized rate calculated as outlined previously 
was (4200+ 210) counts/100 000 doubles. 











TaB_e IT. Summary of results. 


Cross section 
(barns) 


Effect plus 
background Background 


14.14+3.64 
16.89+4.08 
15.52+2.73 


1.81+0.26 
1.59+0.23 


0.34+0.23 
0.36+0.21 


The scattered beam was measured at 28.25° right 
and 26.75° left with equal numbers of counts taken 
scattered to each side. The designation “left” or 
“right” is defined with respect to the direction of 
motion of the beam. In every case runs were also made 
with the target removed to determine the stray back- 
ground. The results are summarized in Table II. 

The solid angle subtended by the counters at the 
target is mro’/s*?, where s is the distance from the 
target to the counter. The effects due to the finite 
area of the target change this quantity by a factor of 
[1— (9/16) (r?/s?) ] which for the setup used amounted 
to 0.9989. The number of muons scattered to the 
counter No is given by 


9 ro 
No=N no (mr¢?/s*) ( 1—-— — ) ‘ 
16 s? 


where NV; is the number of muons incident on the 
target, m the number of scatterers per cm*, and o 
the cross section. 

In our case this reduces to 


scattered rate 
—_————— X 4.794 10 b. 


o = 
incident rate 
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RESULTS AND CONCLUSIONS 


The final results of the bubble chamber experiment 
and the counter experiment are shown in Fig. 10. The 
ordinates show the ratios of the experimental fractions 
of mesons in the several angular intervals to the 
fractions calculated according to the theory of Nigam, 
Sundaresan, and Wu.‘ In the case of the counter measure- 
ment the ratio is based on a calculation made at the 
counter angle. The errors on the points are statistical. 
In addition it is estimated that the experimental 
numbers for the bubble chamber data could contain a 
systematic error of as much as +10% at 22.5° and 
as much as +20% at 32.5°. The uncertainties are 
principally in the meson energies, determined by their 
ranges in propane and in the correction factors to take 
account of scattered mesons that leave the chamber. 
For the counter data there is again an uncertainty in 
the energy that introduces a possible systematic 
error of +10%. 


1.000}—— 
| 
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SCATTERING ANGLE 
Fic. 10. Comparison of experimental and theoretical angular 


distribution for y-meson experiment. Circles indicate bubble 
chamber data. Triangle indicates counter point. 


It should be pointed out that the calculations of 
Nigam, Sundaresan, and Wu are based on the single- 
scattering cross section of Dalitz,“ which differs 
considerably in this case from the Rutherford cross 


section. This expression has been compared with a 


4 R. H. Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
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Fic. 11. Ratio of scattering cross section for finite nucleus to 


Dalitz cross section. 


phase-shift calculation of Rawitscher'® for a finite lead 
nucleus, and the comparison is shown in Fig. 11. The 
two differ by less than 5% for angles less than 25° at 
which point the finite nuclear size introduces a fairly 
rapid reduction in cross section. This reduction will 
raise the bubble chamber point at 32.5° in Fig. 10. 
The change will not be as great as the ratio of single- 
particle cross sections, however, because multiple and 
plural scattering are still important. 

Considering the limitation on the accuracy in the 
experiment, the authors regard the agreement between 
theory and experiment to be satisfactory in spite of the 
slight experimental excess at larger angles. The momen- 
tum transfers investigated are not quite large enough 
to allow a distinction to be made between the point 
charge and the finite one, but within the range investi- 
gated there does not seem to be any evidence for an 
anomalous interaction between the u meson and the 
lead nucleus. 
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A measurement has been made of the direct pair production cross section for muon primaries between 
about 8 and 120 Bev. The muons were selected by a magnetic spectrometer and interactions were observed 
in a multiplate expansion cloud chamber. Results indicate that in the transferred-energy range above about 
200 Mev the direct pair cross section is somewhat less than that predicted by the Murota-Ueda-Tanaka 
theory. This result does not, however, necessarily indicate any breakdown of fundamental electromagnetic 
theory. Possible theoretical inadequacies are discussed in the text. 


INTRODUCTION 


IRECT pair production is the creation of an 

electron-positron pair by a charged particle as it 
passes through the electric field of a nucleus. Many 
measurements have been made of the direct pair cross 
section with electron primaries’ '*—the so-called trident 
process. Some of the results of these experiments are 
plotted in Fig. 1. The trident experiments usually have 
been performed with nuclear emulsions and are beset 
by two serious difficulties. 

Firstly, if cosmic-ray electrons are used, the energy 
of the primary electron, usually one of the members of 
a pair, must be determined from a measurement of 
relative scattering, a measurement of the opening angle 
of the pair, or from the dipole effect. All of these 
methods are subject to considerable error. Some investi- 
gators'- have overcome this problem in the energy 
range below 1 Bev by using electrons obtained from 
accelerators. 

Secondly, the problem of distinguishing real tridents 
from pseudo-tridents is a difficult one. Direct pair 
production is a second-order process, i.e., proportional 
to (1/137)*. Therefore, for electron primaries it is of 
the same order as the combined probability (in targets 
of thickness on the order of 0.2 radiation length) of 
producing a bremsstrahlung photon followed by con- 
version of the produced photon. If the conversion occurs 
close to the track of the primary, this pseudo-trident 
event cannot be distinguished from a real trident. The 
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proportion of pseudo-tridents increases with increasing 
primary energy. The evaluation of the exact pseudo- 
trident correction in emulsions is difficult since it in- 
volves exact knowledge of the resolution obtainable in 
examining the emulsions, the angular distribution of the 
bremsstrahlung photons, and the multiple scattering of 
the primary track. 

A comparison of the pseudo-trident correction for 
electron primaries and muon primaries with the same 
Lorentz factor indicates that the pseudo-trident correc- 
tion is smaller for muons by a factor of roughly (m,./m,)? 
for large E/mc?. Thus a considerable advantage is 
obtained by the use of muon primaries. A disadvantage 
is also incurred, in that one must go to much higher 
energies for muons than for electrons to measure the 
same direct pair cross section, since the cross section is 
essentially a function of E/mc’. 

Avan and Avan*:!® have exposed nuclear emulsions 
at several depths underground and have examined 
direct pair production by muons in the emulsions, 
Good agreement with theoretical predictions was ob- 
tained on the basis of 30 events at 300 meters of water 
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16 M. Avan and L. Avan, Nuovo cimento 6, 1590 (1957). 
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Fic. 2. Theoretical cross sections vs energy transfer for electro- 
magnetic processes of muons of 25 Bev. For the case of pair 
production, “Modified Bhabha” represents the calculations of 
Bhabha!®}9 as evaluated by Block, King, and Wada.* MUT refers 
to the calculations of Murota, Ueda, and Tanaka” for two values 
of each of the parameters a and a. 


equivalent (mwe) and 31 events at 580 mwe. The mean 
energies of the two groups of muons were 60 and 120 
Bev, respectively; the mean energy transfers in the 
measured processes were 20 and 50 Mev. The present 
experiment concerns similar meson energies but is 
restricted to higher values of the transferred energy, 
namely values above 200 Mev. 


THEORIES 


In the present experiment showers caused by three 
electromagnetic processes are observed (nuclear showers 
being rejected for the present purposes). These are the 
knock-on process, the bremsstrahlung process, and the 
direct pair process. The first two are believed to be well 
accounted for by theory, and the formulas describing 
them are summarized in Rossi’s book.!” 

The direct pair production cross section has been 
computed by several authors,'*~*? the most recent 
paper being by Murota, Ueda, and Tanaka”? (hereafter 
denoted by MUT). 

The various theories are now in fair agreement. The 

17B. Rossi, High-Energy Particles (Prentice-Hall, New York, 
1952). 

18H. J. Bhabha, Proc. Roy. Soc. (London) A152, 559 (1935). 

19H. J. Bhabha, Proc. Cambridge Phil. Soc. 31, 394 (1935). 

20 G. Racah, Nuovo cimento 14, 93 (1937). 

*1 Nishina, Tomonaga, and Kobayasi, Sci. Papers Inst. Phys. 
Chem. Research (Tokyo) 27, 137 (1935). 

* Murota, Ueda, and Tanaka, Progr. Theoret. Phys. (Kyoto) 
16, 482 (1956). 
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BY MUONS 1023 
original Bhabha theory was in considerable disagree- 
ment with all others; but Block, King, and Wada® 
(hereafter denoted by BKW) showed that this was due 
to the neglect of certain lower-order terms. BKW 
took these terms into account and obtained good agree- 
ment with the Racah theory.” The MUT theory gives 
a slightly higher cross section than the modified Bhabha 
theory for a given primary energy in some regions of 
transferred energy. All of these theories have been 
computed under Born approximation and neglect both 
nuclear recoil and the finite size of the nucleus. Also, 
most of the theories have two arbitrary parameters 
known to be equal to 1 only in order of magnitude 
(although arbitrarily set equal to 1 in some theories). 
One of these parameters arises from approximations 
about the amount of transverse momentum transfer, 
and the other from uncertainties in the lower energy 
limit of the produced electron and positron, since all 
of the theories are accurate only for highly relativistic 
produced particles. 

In regions of low transferred energy the direct pair 
process can be pictured in terms of the semiclassical 
Weizsiicker-Williams model. The incoming particle is 
surrounded by a cloud of virtual photons, one of which 
converts, forming an electron-positron pair. This pic- 
ture is valid only if the transferred energy «= e,+e€~ 
<(m./M)E, where M and E are the mass and energy, 
respectively, of the primary particle. Figures 2 and 3 
show electromagnetic cross sections of interest in the 
present experiment, plotted as functions of transferred 
energy for two values of the primary muon energy. 
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I'ic. 3. Theoretical cross sections vs energy transfer for electro- 
magnetic processes of muons of 200 Bev. Note that for transferred 
energies in the range 0.1 to 10 Bev, direct electron pair creation is 
expected to be the dominant process. 
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EXPERIMENTAL ARRANGEMENT 


The present experiment was performed with the aid 
of the Cornell magnetic spectrometer. This consists of 
a magnet producing a 13-kilogauss field within a gap 
of dimensions 8} in. X22 in. X45 in., and trays of Geiger 
counters and hodoscope counters. This is the same 
spectrometer described by Pine* and Pine, Davisson, 
and Greisen™ except that the fine momentum determi- 
nation is now accomplished by means of three trays of 
Conversi hodoscope neon tubes instead of three cloud 
chambers, in order to obtain better operating efficiency, 
and the distance between the Geiger counter trays has 
been changed. Therefore only a brief description will be 
given of most of the spectrometer. 

Geiger counter trays with axes parallel to the mag- 
netic field perform the rough momentum selection. 
Counters with axes perpendicular to the direction of 
the magnetic field are used to help guard against 
scattering in the gap. By insisting on a straight path 
through both sets of Geiger trays, muons above about 
8 Bev are selected. The median energy of this group of 
muons is about 25 Bev since the aperture is very small 
for energies of 8 to 15 Bev. 

The fine momentum selection is accomplished by 
means of Conversi hodoscope tube chambers. These 
chambers are photographed whenever the rough sagitta 
requirements are satisfied. A maximum measurable 
momentum of about 120 Bev/c can be obtained by use 
of these chambers. The chambers are filled with a total 
of about 3000 small sealed Pyrex tubes, 5 mm in outer 
diameter, which are viewed endwise.**-*’ The lengths of 
the tubes are about 8 in. in the top and bottom 
chambers and 6 in. in the center chamber. Each chamber 
contains six rows of tubes. 

These tubes have been baked out for several hours 
and then filled with neon plus 0.2% argon to 2.3 atmos- 
pheres pressure. 99.6% pure neon and argon were used. 

When a particle passes through one of these tubes, 
some ions are formed in the gas, and if a field of about 
7 kilovolts per centimeter is applied across the tubes, 
the tubes glow momentarily, as small neon lamps. The 
voltage must be applied within about 2 microseconds 
after the passage of the particle, or there is a severe loss 
in the efficiency of the tubes. However, if the tubes are 
lit once, many ions are formed and a second pulse 
arriving even some milliseconds later again lights the 
tubes with high efficiency. 

Therefore a fast coincidence is taken of the six trays 
of Geiger counters. This is fed into a Thyratron giving 

% J. Pine, Ph.D. thesis, Cornell University, 1959 (unpublished). 

* Pine, Davisson, and Greisen, Nuovo cimento (to be pub- 
lished). 

25 M. Conversi and A. Gozzini, Nuovo cimento 2, 189 (1955). 

26G. Barsanti et al., Proceedings of the CERN Symposium 
on High-Energy Accelerators and Pion Physics, Geneva, 1956 
(European Organization of Nuclear Research, Geneva, 1956), 
Vol. iI, p. 56. 
aesr Gardener ef al., Proc. Phys. Soc. (London) B70, 687 
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a high-voltage pulse at the hodoscope chambers 1.5 
microseconds after the time of passage of the particle. 
Meanwhile, the signals from the individual Geiger tubes 
are fed into an electronic circuit which computes the 
coarse sagitta of the muon track. If the requirement of 
zero deflection (within the limits of Geiger tube reso- 
lution) is satisfied, a solenoid is actuated to open the 
camera shutter, and a delayed sequence of pulses is 
applied to the neon tubes as soon as the shutter is open. 

The total light output of a tube is not proportional 
to the duration of the applied pulse. Instead the ion 
cascade causes a shielding action to occur which 
eventually extinguishes the tube. Therefore it is neces- 
sary to excite the tubes with a burst of pulses while 
the shutter is open. The burst used is a series of 22 
pulses 50 microseconds long and spaced at 3-milli- 
second intervals. The size of the pulses is reduced by 
about 20% after the first pulse in the burst in order to 
reduce the number of “‘flashers’”’ (tubes that light even 
though no particle has passed through them). 

Flashers can be caused by impurities in the tubes, 
but they can also be caused by light from one tube 
entering a second tube, since the photons from the 
neon can ionize the argon. Therefore it is necessary to 
cover the wall of each tube with black tape. 

It may be noted that although the above character- 
istics of the hodoscope tubes agree with the charac- 
teristics found by Conversi ef al.,**.?° they disagree 
with the properties observed by Gardener ei al.,?” who 
obtain very good performance from soda glass tubes 
which were not baked out but merely flamed. Gardener 
et al. claim to have far fewer flashers, and are able to 
obtain high efficiency even if the tubes are pulsed 
many microseconds after the passage of the particle. 
Their tubes are, however, of larger diameter than the 
tubes used here. 

For the present experiment a multiplate expansion 
cloud chamber with a sensitive volume of 12 in. X12 in. 
X22 in. was placed under the spectrometer. The 
chamber contained nine typemetal plates (essentially 
Pb) each 1.06 radiation lengths thick. The chamber was 
expanded whenever a single particle traversed the 
spectrometer with a momentum sufficiently high that 
it was not deflected by the magnetic field within the 
resolution of the Geiger counter trays in the spec- 
trometer. 

The experimental run lasted from September, 1957 
to August, 1958, except for some times of shutdown for 
servicing the equipment. 


RESULTS 


Six thousand and forty-six cloud chamber tracks 
were examined, of which 4492 were obtained with the 
spectrometer in a vertical position and 1554 with the 
spectrometer at 68° to the vertical. For 1125 of the 
tracks obtained with the spectrometer in vertical posi- 
tion, a 1.5-in. Pb block was placed directly over the 
chamber. 
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TABLE I. Predictions and observations of the numbers of 
electromagnetic showers produced by mesons. N is a measure of 
the energy of the shower as explained in the text. 








Median 
energy 
(Bev) 


Sagitta 


(mm) N =45 6-20 21-100 





No. observed showers 6 13 

83 No. K.O. +bremsstrahlung 
. showers predicted 5 3 
No. D.P. showers predicted 15 


No. observed showers 

No. K.O.+bremsstrahlung 
showers predicted 

No. D.P. showers predicted 


No. observed showers 

No. K.O. +bremsstrahlung 
showers predicted 

No. D.P. showers predicted 


No. observed showers 

No. K.O. +bremsstrahlung 
showers predicted 

No. D.P. showers predicted 


All sagitta 22 





The sagitta spectrum of the incoming mesons was 
determined on the basis of about 2000 hodoscope 
pictures. These results and their interpretation will be 
reported in a future work. Having obtained this distri- 
bution, it was considered necessary to scan further only 
the 451 hodoscope pictures for which the corresponding 
cloud chamber pictures contained showers. In approxi- 
mately 3 of these cases the hodoscope pictures were 
unusable because of malfunctions of that part of the 
apparatus. 

The numbers of showers obtained in various intervals 
of primary energy and transferred energy are shown in 
Table I. N is defined as the sum of the number of elec- 
trons in the gap between Pb plates at which the shower 
is at maximum development and the numbers of elec- 
trons in the gaps directly above and below this one. 
Showers with NS3 are neglected in this table because 
experimental biases and theoretical difficulties make 
these low-energy data very difficult to interpret. 

Define N, to be the number of electrons below the 
Pb plate in which the shower originates. The values 
of N; (where they could be clearly distinguished) are 
shown in Table II, for showers with 4$N<10. These 
observations are useful in distinguishing between the 
knock-on process and direct pair production, since the 
most probable value of N; is 1 for knock-on events and 
2 for direct pair events. 


MEASUREMENT OF THE ENERGY OF ELECTRON 
SHOWERS IN THE CLOUD CHAMBER 


Unfortunately the current shower theories are not 
adequate in the energy regions of interest here, from 
about 200 Mev to over 1 Bev in Pb. Therefore extrapo- 
lations were made from the results of Wilson’s Monte- 
Carlo calculations**.* using asymptotic theories as 
guides.” :*! Wilson’s calculations have a 6-Mev low- 


28 R. R. Wilson, Phys. Rev. 79, 204 (1950). 

2” R. R. Wilson (private communication, 1957). 

#S. Z. Belenky, C. R. Acad. Sci. U.S.S.R. 30, 608 (1941). 
317. Tamm and S. Z. Belenky, Phys. Rev. 70, 660 (1946). 
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TABLE IT. Observed numbers of showers, subdivided according 
to energy of primary muon, energy in shower (indicated by N), 
and value of N;, which is the number of secondary particles in the 
first compartment under the plate in which the shower originates 
This tabulation includes only those pictures in which it can clearly 
be distinguished whether N;, is one or more than one. 








Median 
energy range 
(Bev) (mm) 


Sagitta 


Unmeasured 
sagitta >1 


Results summed over all sagitta ranges 

> .> 

N =4 N =s5 N =6-10 
Observed Predicted Observed Predicted Observed Predicted 


so "« °s 10 18 18 
it 17 if 13 23 23 


Results summed over all N, 4 < N <10 
s =8-15 mm All sagitta 
Obs. Pred. Obs. Pred. 


s =2-8 mm 
Obs. Pred. 


z 19 16 5 9 53 44 
>1 16 19 5 45 54 


s=0-2 mm 
Obs. Pred. 


energy cutoff, which corresponds roughly to neglecting 
all tracks which travel at an angle of greater than 60° 
to the direction of the primary particle. Such tracks 
were therefore ignored in the determinations of the 
transferred energy parameter N. 

Numerical calculations made from the Wilson data 
indicated no serious difference between the values of N 
(or its variance) obtained for direct pair production and 
for knock-on processes involving the same total trans- 
ferred energy. However, Sm, the position of the shower 
maximum, was different for the two processes. The 
results obtained are 


N=0.043E/ (InE—2.03)!, 
o?(N) =4N=0.0215E/ (InE—2.03)}, 
Sm (direct pair) =InE—3.45, 

Sm (knock-on) =InE— 2.45, 


where £ is in Mev, S» in radiation lengths. 

Thom* is currently using a multiplate cloud chamber 
to examine showers produced by electrons from the 
Cornell synchrotron. Preliminary results with mean 
primary energy of 950 Mev indicate N=17+1 while 
the extrapolation used in our work predicts 18. The 
statistical accuracy of the values of N derived from 
Wilson’s Monte Carlo data at 300 Mev is also about 5%. 
Therefore our values of N are believed accurate to 10% 
within the energy range of present interest. The pre- 


® H. Thom (private communication, 1958). 
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liminary value obtained by Thom for o?(N) is, how- 
ever, almost. double that predicted by the above 
formula. 


DISCUSSION OF RESULTS 


Table I also gives theoretical predictions for the 
number of events expected in each interval of primary 
energy and transferred energy. These results were 
obtained from the theoretical cross sections by folding 
in the energy spectrum of the primary muons, the 
energy resolution of the apparatus, and the variance 
in N. The calculations also included a factor represent- 
ing the change of efficiency of the cloud chamber for 
showers of varying sizes. The criterion used was that 
the shower had to be visible in the cloud chamber for 
one gap beyond its maximum development unless the 
shower were very large, in which case the criterion used 
was that the shower had to be visible in at least five 
gaps. Assuming perfectly accurate electromagnetic 
theories, the above calculations are believed to be 
accurate within +25% except in the 0-2 mm sagitta 
range in which they are believed accurate within +30%. 
Most of this error is caused by the uncertainty in the 
relation between N and E. The experimental bias in 
observing tracks and events is believed less than +10%. 

Table II gives rough theoretical predictions for the 
distribution of N,; values, based on Wilson’s Monte 
Carlo charts.**.* The probabilities of various V,; values 


did not appear to be strong functions of energy and the 
average probabilities, used in calculating the theoretical 
entries in Table II, were as follows: 


N, Knock-on 
1 80% 15% 
>1 20% 85% 


Direct pair 


Previous experiments summarized in a recent article 
by Fowler and Wolfendale* have obtained good agree- 
ment with theory for the knock-on and bremsstrahlung 
cross sections with muon primaries. The present results 
also indicate good agreement with theoretical predic- 
tions in the 8-15 mm sagitta range in which direct pair 
production is not important. Therefore it can probably 
be assumed that the knock-on and bremsstrahlung 
cross sections are in agreement with theory throughout 
the energy range of the present experiment, and the 
experiment can be regarded as a test of direct pair 
production. 

The results in Tables I and II indicate that the direct 
pair cross section is somewhat smaller than expected 
theoretically. Define f to be the ratio, assumed con- 
stant, of the experimental to theoretical direct pair 
cross section. From application of the method of 
maximum likelihood to Table I, one obtains a value 
f=0.48+0.11, and from Table II one finds f=0.63 


8G. N. Fowler and A. W. Wolfendale, in Elementary Pariicle 
and Cosmic-Ray Physics, edited by J. G. Wilson and S. A. 
Wouthuysen (North Holland Publishing Company, Amsterdam, 
1958), Chap. 3. 
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A B Nucleus 


Fic. 4. Feynman diagrams of principal interactions leading 
to electron pair production. 


+0.17. The statistics are too poor to allow any state- 
ment to be made about the energy dependence of f, 
except that it seems as if f does not increase with in- 
creasing primary energy. Since the two determinations 
of f both use the same events, it is not permissible to 
combine them statistically and so reduce the total error. 
It is, however, of interest to note that the two determi- 
nations agree within their statistical errors. The de- 
termination of f by means of the .V; data does not 
have the large uncertainty caused by inaccuracies in 
the N vs E relation. If the tentative results of Thom’s 
shower experiment are considered perfectly accurate, 
the value of f obtained from Table I would be increased 
by 0.1 or 0.2 and would give even better agreement 
between the values obtained for f from Table I and 
Table II. 

The present results do not necessarily indicate any 
failure of basic electromagnetic theory. For one thing 
the MUT theory used here gives somewhat higher pre- 
dictions in the region of present interest than does the 
BKW modification of Bhabha’s theory. Furthermore, 
though the value of the arbitrary parameter entering 
from the low-energy cutoff causes only a small effect 
for the present experiment (see Fig. 1), the value of 
the other arbitrary parameter, & in the Bhabha theory 
and a/2 in the MUT theory, can make some difference. 
The predictions given in Tables I and II were calcu- 
lated assuming a/2=1. 

If the use of the Born approximation for direct pair 
production introduces the same inaccuracies as in 
ordinary pair production, then the present theories 
probably overestimate the direct pair cross section in 
Pb by about 10% and the correction to the theories 
should be proportional to Z?. 

From the above arguments it can also be seen that 
the present experiment is not in disagreement with that 
of Avan and Avan.*:'® The latter experiment utilized 
nuclear emulsions and the Born approximation cor- 
rection should not be important in emulsions. Further- 
more, very few direct pairs with energy above 200 Mev 
were found in the emulsions, while almost all of the 
events utilized in the present experiment had energy 
greater than 200 Mev. Thus most of the events of Avan 
and Avan fall into the region in which the Weizsiicker- 
Williams method is applicable, while most of the events 
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found in the present experiment fall into a region in 
which the Weizsicker-Williams picture is not valid. 
Furthermore, the present results are not necessarily 
in disagreement with those electron experiments in 
which the measured cross section has appeared to be 
larger than that predicted by the theory. The theory 
takes into account only the type of interaction repre- 
sented by the Feynman diagram of Fig. 4(A); the 
process portrayed by the diagram of Fig. 4(B) is 
neglected. Process B is certainly of negligible importance 
for incident particles as heavy as muons, but may 
make a considerable contribution to the probability of 
direct pair production by electrons. For completeness, 
it should also be noted that no direct pair theory has 
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yet included the effect of exchange on the electron 
cross section, which would probably reduce the theo- 
retical value. 
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In Part I of this paper certain well known results concerning the Schwarzschild interior solution are 
generalized to more general static fluid spheres in the form of inequalities comparing the boundary value of 
gaa With certain expressions involving only the mass concentration and the ratio of the central energy density 
to the central pressure. A minimal theorem appropriate to the relativistic domain is derived for the central 
pressure, corresponding to a well-known classical result. Inequalities involving the proper energy and the 
potential energy are also considered, as is the introduction of the physical radius in place of the coordinate 
radius. A singularity-free elementary algebraic solution of the field equations is presented and exact values 
obtained from it compared with the limits prescribed by some of the inequalities. In Part IT an answer is 
given to the question whether the total amount of radiation emitted during the symmetrical gravitational 
contraction of an amount of matter whose initial energy, at complete dispersion, is Wo can ever exceed Wo. 


PART I 


1. Introduction 


ARIOUS questions concerning fluid spheres in 

static (thermodynamic) equilibrium in the con- 
text of the general relativity theory are treated not 
infrequently on the basis of special models, i.e., of 
special explicit solutions of the field equations, the best 
known of these probably being the so-called Schwarz- 
schild interior solution.' In particular, it is known for 
this solution that—in terms of the usual coordinate 
system (see Appendix I)—the ratio of the total mass 
M to the (coordinate) radius R of the sphere cannot 
have a value greater than 4/9, or 5/18 if the trace of the 
energy-momentum tensor is postulated to be non- 
negative. In other words, although the quantity 


A=1-—2M/R (1.1) 


certainly must not be negative, this particular solution 
does not allow A to approach zero but prescribes the 
minimum value §. This limitation arises essentially 

* On leave from the Physics Department, University of Tas- 


mania, Hobart, Tasmania, Australia. 
1 R. C. Tolman, Phys. Rev. 55, 364 (1939). 


from the condition that gs; must not be negative 
anywhere. It should be noted that the result M<4R/9 
depends upon the coordinates used. However, one may 
replace R by the physical radius R* of the sphere, and 
then in this case one has M<0.3404R*, which repre- 
sents an invariant limitation upon the mass of the 
sphere (invariantly defined in terms of the motion of a 
test particle “at infinity’’) if its radius be prescribed. 
Again, one may calculate quantities such as g44 at the 
center of that Schwarzschild sphere whose central 
pressure is just one third of the central energy density, 
and this turns out to be }, which shows clearly the 
strongly non-Galilean character of the metric; and so on. 

Now, instead of having results of this kind available 
for a few special models it seems desirable to establish 
analogous general results for arbitrary static fluid 
spheres in the form of inequalities, the distributions 
being subject only to some limitations of a general kind. 
The present paper accordingly makes a simple attack 
on this problem. In Secs. 3 and 8 of Part I certain 
limitations on A are established, it being supposed 
alternatively that the density does not increase or does 
not decrease outwards; and the possibility is taken into 
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account of an a@ priori restriction upon the pressure to 
density ratio, such as that which arises from the 
postulate that the trace of the energy-momentum 
tensor be non-negative. Section 4 generalizes the result 
concerning the central value of gs, stated above for the 
Schwarzschild sphere to more general distributions. In 
Sec. 5, a minimal theorem is established for the central 
pressure, corresponding to a well-known classical result, 
while Sec. 6 deals with inequalities involving proper or 
potential energies. An explicit, entirely elementary 
algebraic, solution of the field equations, free from 
singularities, is dealt with in Sec. 7, and the exact 
numerical values computed from it compared with the 
limits given by some of the general inequalities, by way 
of example. 

Part II deals with a problem of a rather different 
kind. It answers the question whether in the sym- 
metrical gravitational contraction of matter which is 
originally in a state of complete dispersion—in which 
state its energy is Wo—the total amount of energy 
radiated can ever exceed Wo. 


2. Auxiliary Equations 


(a) It is convenient to introduce a number of aux- 
iliary quantities in terms of which various equations 
take on an easily surveyable form. Define 


(2.1) 


u(r) =ar f r’pdr, 
0 


p(r)=3u(r)/4er*. (2.2) 
These quantities correspond, respectively, to the mass 
and mean density interior to r as commonly used in 
astrophysics. It must, however, be understood that in 
the present context they are mere formal definitions 
which have no invariant significance. (The true mean 
density would be defined as Jo’ r°e2pdr/ So’ r°e*/2dr.) 
With this in mind their classical names will nevertheless 
be retained. To avoid the continual recurrence of certain 
symbols one may also introduce the quantities 


P= (4rk/c*)p, 
w= (4rk/3c*)p; 


(2.3) 
(2.4) 


and 


r=, (2.5) 
er? (2.6) 
(2.7) 


=f, 
y= (1—2r*w)!. 
Equation (1.3) of Appendix I now shows at once that 
if e* has no singularity at the origin then 
cay, (2.8) 
(1.2) then becomes 
P=2y%_2/f—w, 


(2.9) 


where the subscript following a comma denotes differ- 
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entiation with respect to x, while (I.4) becomes 
P = — (P+rw'+3w)f 2/f. (2.10) 


¢,2/€ may be eliminated between (2.9) and (2.10), 


giving 
P’ = —ry*(P+w)(P+rw’+3w). (2.11) 


Alternatively one may eliminate P, in which case one 
has 


(1—2aw)t 22— (xw stw)t 2—Fw,2e=0. (2.12) 


It will be seen that the last equation is linear in ¢ if w, 
that is p, be prescribed, and that it is also linear in w 
if ¢ be prescribed. It is therefore a very convenient 
starting point for finding solutions of the field equations 
in terms of known functions. For instance, it is not 
difficult to choose w in such a way that (2.12) becomes 
of the form of the hypergeometric equation of Gauss 
or one of its concomitants (see for example Sec. 7). If 
one introduces a new variable 


f= f dx/y, 
0 


(2.12) takes the form 
See—g(é)S=0, 


where g() stands for }w,, expressed as a function of £. 
(b) If one (invariantly) imposes the condition that 
p does not increase outwards, then it follows that 


w'<0. (2.15) 


If subscripts c and 6 refer to the center and the boundary 
of the sphere, respectively, then one has for the “mass 
concentration”’ 6, 


(2.13) 


(2.14) 


6=w,/w.<1. (2.16) 


Note that? 
(2.17) 


(2.18) 


w,=M/R', 
A= ye. 


(2.18) follows from the continuity of e* at r= R. Further, 
if it be known that the ratio pc?/3p is not less than a 
certain value 8", then 


rw’'+3w> 3B" P, 
and therefore, because of (2.15), 


P< Bw. (2.19) 


3. Limitations on A When w’<0 


(a) In this and the following three sections it will be 
supposed that the density does not increase outwards. 
This assumption is physically reasonable in the present 
context, for a physical realization of such a fluid sphere 
under highly felativistic conditions will essentially 
involve nuclear matter, and it is difficult to visualize 


? Where convenient the constants & and ¢ will hereafter be 
taken as unity. They are easily restored by inspection whenever 
necessary. 
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any circumstances under which this matter would 
undergo a modification (in the sense of phase change) 
such that the total energy density might increase with 
decreasing pressure. (Furthermore, a fluid sphere with 
p increasing outwards would presumably be highly 
unstable.) In view of (2.15), Eq. (2.14) now yields the 
inequality 

5,2¢S0, (3.1) 
whence 


(Felix (Fie)o- (3.2) 


(¢2)0=yofs' /2R= M/2R*= Fw, 


in view of the continuity of ¢ and ¢’ at r=R, keeping 
in mind that the Schwarzschild exterior solution gives 
¢=(1—2M/r)! for r>R. (3.2) may be integrated from 
r=0 to r=R, so that 


R 
Ai—f¢.> wf rdr/y. 


0 


Now 
(3.3) 


In view of (2.15), w>ws» and therefore 


y<S1—2wyx. (3.4) 
Hence 
}(1—A}). 


Ai—¢.>3(1—y.) = (3.5) 


Since one must have ¢.>0 it then follows that 


A>}. (3.6) 


Incidentally it is not difficult to see that equality holds 
only if p is constant and ¢,=0. The value § is therefore 
an absolute lower limit for all static fluid spheres whose 
density does not increase outwards. 

(b) An improved inequality may be obtained if it is 
assumed that the restriction (2.19) is valid for some 
value of 8. With (3.3) the outer members of (3.2) give 


(5 )2>2wWe, (37) 
while (3.5) yields 


$<} (34!—1). (3.8) 


Applying (2.9) and (2.19) at the center, together with 
(3.7) and (3.8), one obtains 


(8+ 1)w.> P.+w.= 2(964/F) <= 2(3A!— 1)"ws, 


and therefore 
%. 26 \? 
oo) 
~ 9 B+1 


In future the term “regular sphere’ will designate a 
sphere whose central density is finite, and whose density 
does not increase outwards. It is generally held that the 
trace T of the energy-momentum tensor cannot be 
negative.’ In the present notation this means that the 
value unity is to be assigned to 8. Then (3.10) shows in 


(3.9) 


(3.10) 


, L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addie Wesley Press, Cambridge, 1951), Chap. 4, p. 89. 
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particular that any regular sphere with non-negative T 
has 


A>#(1+8)?. (3.11) 


For 8 — 0 the inequality (3.10) is virtually empty for 
one is then dealing with a classical distribution for which 
A— 1 in any case. 

(c) A somewhat different inequality will appear 
later [see Sec. 6(b) ] as an incidental result. It is 


A> 7, (3.12) 
with 


j'= (1+8/3)/(1+8). (3.13) 


(3.12) is very weak when 6 is sufficiently small [see, 
however, Sec. 6(b) ]. On the other hand, it is stronger 
than (3.10) whenever 


1>6>3(6+1)’. (3.14) 


4. Impossibility of Certain Classical Distributions 


The basic equations of Newtonian gravitational 
theory arise from Einstein’s equations in first approxi- 
mation; and it is characteristic of this approximation 
that the pressure does not enter into Poisson’s equation 
for the gravitational potential. When contemplating 
distributions in which p becomes comparable with p 
at the center, one might nevertheless be tempted into 
believing that one could perhaps deal with the problem 
by means of some set of equations, similar to the 
classical equations (but supplemented by terms in- 
volving the pressure), for instance when the mass of 
the sphere is sufficiently small. In this section it will be 
shown that this is not possible. 

Equation (2.12) may be written 


(yf 2),2/ (9b ,2)= sw, xf / yt 2=w,2/(P+w), 


because of (2.9). For a regular sphere, since P>0O and 
W200, 


(4.1) 


,2/ ‘(P+w) ( )>w ,2/ ‘w, 


whence it follows that yf,./w is an increasing function 
of x. Hence, comparing its central with its boundary 
value, one has 

(¢ s)e<4w, (4.2) 


Now if it be given that p.=438p.c*, i.e., P-=Bw,, it 


follows from (2.9) and (4.2) that 


(B+1)w-=2(¢ 2)-<We, 
and therefore 


feS1/(B+1). 


If the conditions at the center of the sphere are such 
that B=1 (sufficiently nearly) they will be called 
“radiation-like.” Then one has the result that any 
regular sphere whose central condition is radiation-like 
has 


(g4s)e<}- (4.3) 


It follows that with any such sphere one must neces- 
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sarily operate with the field equations in the highly 
nonlinear domain, and the equation cannot resemble 
those of Newton’s theory. Incidentally the condition 
that w, be finite is not necessary for the validity of (4.3). 


5. Minimal Theorem for Pressure 


A well-known theorem‘ of classical astrophysics 
states that the central pressure of a regular sphere 
satisfies the inequality 


pc>3kM /8rR’. (5.1) 


Equation (3.9) shows that 


> (M/R*)[2/(34'—1)—1/6]. (5.2) 
When 6=1, (5.2) indeed goes over into (5.1) as 
M/R-— 0. However, for any given A there are values 
of 6 for which (5.2) becomes empty. It is clearly 
desirable to have an equality which does not exhibit 
this feature. For this purpose consider the quantity 


y=y2"(P+£)/(P+n). (5.3) 


Then, using (2.11), one has 


y’(P+£)(P+n)y’ n= _ (n—&)(P+w)(P+rw’+3w) 
+2n(rw’+2w)(P+é&) (P+). (5.4) 


The right-hand member of (5.4) will not be positive for 
any value of r if the factors multiplying the various 
powers of P are separately nonpositive. Taking into 
account that w’<0, and rw’+3w>0, this requires 


4nw.<(n—£&), n(n té)<(n—£), 4nén<3(n—E)wy. 


Adopting equality in each case 


(5.5) 


n=43(4—36)!, n=2w.(1+n), §=2w.(1—n). 
With these values of the parameters involved, y is then 
a nonincreasing function of r. Accordingly, comparison 
of its central and boundary values then gives the 


required result : 


P.>3w,(1—A")/2, (1+n)A"—(1—n)]. (5.6) 


This is an appropriate generalization of (5.1), and when 
M/R->0, (5.6) reduces to (5.1), i.e., 


P.>3M?/2R', (5.7) 


independently of the value of 6. (5.6), like (4.3), has 
invariant significance, for A= (g44),, and gas behaves 
as a scalar under transformations of the space co- 
ordinates alone. 

(5.6) incidentally implies yet another inequality 
governing the minimum value of A, but this does not 
seem to be of any further interest. 

4A. S. Eddington, The Internal Constitution of the Stars (Cam- 
bridge University Press, Cambridge, 1926), Chap. 4, p. 91. 
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6. Proper Energy and Potential Energy 


(a) M, that is to say the field-producing mass of the 
sphere as measured in terms of the motion of a test 
particle at infinity, is at the same time the total energy 
of the sphere including the gravitational field energy,® 
1.€., 


M= fi T—T)\}—T2—T;')(—g)'d x. (6.1) 


The proper energy Mo on the other hand is defined as 
the integral of the energy density p over the elements 
of proper volume. Thus 


R 
u-f du(r), M, -f 
0 ) 


The negative gravitational potential energy 2 is then 


R 


y 'du(r). (6.2) 


Q=Mo—M>O0. (6.3) 


A peculiar difficulty enters into any attempt at esti- 
mating maximum values of Mo on the basis of (6.2) 
which arises from the fact that, for some r, y may be 
an increasing function of r. In other words, although 
according to what has already been proved, y,> 3, it 
is by no means known that y(r)> 3 for all r. Indeed, if 
one considers for instance a sphere whose boundary 
density is zero, then, as one goes inward from the 
boundary, y(r) will decrease as long as p<4p. It is 
difficult to see whether regions in which y(r)<y, will 
profoundly affect the value of the integral for My when 
A is of the order of magnitude §. The following analysis 
yields the best limitation upon My I have been able to 
develop, despite a persistent effort to improve upon it. 
(See also Sec. 9.) 

(b) The constants € and 7 in (5.3) turned out to be 
proportional to w,, the constants of proportionality 
depending on 6. This suggests the replacement of & and 
n by the functions éw and nw, respectively, where £ and 
n are positive numerical factors, 7>&. Proceeding as 
before one soon finds that there do not exist any values 
of £, », and » such that one can conclude y’ to be 
certainly not positive for any 7, unless some a priori 
restrictions on the form of w are imposed. Consider 
therefore now the function 


y=w'y "(P+ éw)/(P+nw), (6.4) 


where &, 9, s, and » are all positive numbers, 7>&. By 
inspection of the factors multiplying the various powers 
of P in the derivative of y’, keeping in mind the regu- 
larity of the sphere, one then finds in the manner of 
Sec. 5 that ¥/<0 provided 
4n<n—-§ s2(n—£)/(n+8), 

nS (n—£)/(n+8), 

5 See reference 2, Chap. 11, p. 323. 


snin<n—é. 
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Again adopting equality in each case, there comes 


(6.5) 


s=n=}, é=1, n= 3. 


y is then a nonincreasing function of 7; thus 


P.+w, 1 w,? 


P+w wi 
u’ > 
P.+3w, 


(6.6) 


€ >- ~~ eS ~ 
P+3w y 3 A} 


The outer members of (6.6) immediately give the 
inequality (3.12). [The following remarks concerning 
the latter may be of some interest. In the case of certain 
distributions the weakness of (3.12) seems very sur- 
prising. Consider for example the sphere which has 


(r<n); 
(ri<r<R), 


w=const=a 
, (6.7) 
w=const=), 


where 7:<<R, and a>b. Then one would certainly 
expect the limiting value of A to be close to j, yet 6 can 
be made arbitrarily small. Now actually it follows from 
(6.6) that 

(all r). 


A> jwry’/w, (6.8) 


Hence in place of (3.12) one may write 


A> jwo(y?/w) max: (6.9) 


In certain cases y’/w will have a maximum at r>0 
rather than at r=0; and in the case (6.7), for instance, 
one can indeed show that this maximum will have a 
value arbitrarily close to 1/w, if a is sufficiently large 
compared with b and 7; sufficiently small. ] 

The first two members of (6.6) now yield, for all r, 


y/wd j/We, 
whence 
y> (1+ 7r?/R®)-4, (6.10) 
with 


?=2M/jaR, (6.11) 


so that a definite lower limit for y is thereby established. 

(c) As a next step the integral (6.2) for Mo will be 
given another form which will in any case be needed 
later on. One has 


R 
Mo= f (r5qv’ +3r°w)y—dr 


0 R 
= —air+ f (y+rw/y)dr, 
0 


on integrating by parts, and this may be written in the 
required form, 


R 
Mo=—air+4 f (y+y—)dr. 


0 


(6.12) 


The integrand of the integral on the right is a mono- 
tonically decreasing function of y when y<1. Therefore 


RELATIVISTIC FLUID 


SPHERES 


one may apply (6.10), v7z., 


MoS —AIR+(R/2r) f [(1+f)§+ (1+2)-* dt, 


or 


M./R< —A'+3[(1+7°)!+3 arsinhr/7]. (6.13) 


This, then, is the best upper limit for Mo which I have 
been able to devise. An upper limit for the potential 
energy is, of course, implied. It may be of interest to 
examine its classical limit. In that case one may put 
B=0, j=1, while M/R is very small compared with 
unity. Disregarding the case in which 6 is small enough 
to cause 7, nevertheless, not to be small compared with 
unity, (6.13) gives asymptotically 


Q<3(14+1/582)(M2/R)+0(M3/R2). (6.14) 


For the uniform sphere, in fact, Q2=3M?/5R, in con- 
formity with (6.14). If one considers Emden polytropes 
as examples of nonuniform distributions, (6.14) is 
somewhat weak®; a purely numerical crude approxi- 
mation of 2 of the form 


Qn=4(1+1/56,*) (M2/R) 


for a polytrope of index x will, in fact, have s only of 
the order of 3. 


7. Explicit Example 


It may be of interest to compare some of the general 
results obtained with exact data relating to an explicit 
solution of the field equations. As a matter of con- 
venience one may aim at a solution which is expressible 
entirely in terms of elementary algebraic functions and 
which is free from singularities at the origin. Now it is 
easily confirmed that with the choice 


2w=a/(1+cx), (a, c=const>0), (18) 


for example, Eq. (2.12) becomes 


equation: 


a hypergeometric 


((t—1)F ue +350—-4La/ (a—c) Jf =0, (7.2) 


with /=(a—c)(1+cx)/a. By considering its general 
solution one may then choose the ratio a/c to be such 
that one or other or both of the independent solutions 
of (7.2) become elementary functions. One such value 
is $, and this will now be adopted. Then it turns out 
that, with cr=é, 

C=A(1+¢)!+B(5+2¢)(2—£)). (7.3) 
If cR’= & it follows directly from (7.1) that 


6=1/(1+8,), A=(1—§,/2)/(14+£:)=4(36—-1). (7.4) 


One sees incidentally that certainly 6>11/27 for any 
such physically admissible solution. From (2.9) and 


6 See reference 3, Chap. 4, p. 89. 
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TABLE I. Comparison of parameters of special solution with general limits. 
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4 A* 


t) fe 





0.1574 0.1111 
0.2500 
0.4183 
0.6496 


0.5271 
~(8/9)B 


0.1736 
0.2888 


~1— (68/27)8 


0.4381 
0.5000 
0.6122 
0.7658 
~1—(8/9)8 


0 
0.1768 
0.4302 
0.7573 





(7.5), 
tP=(9c/4)(14+8)“[A (1—-€)(1+)! 
— B(1+2¢)(2—£)4]. 


The right-hand member of (7.5) must vanish at &= &,, 
and the ratio A/B is thus known in terms of £;. The 
requirement (2.19) then implies 


(3—p)A <+/2(58+3)B. 


(7.5) 


(7.6) 


Inserting here the known ratio 4/B, there comes 


88 (28+ 3)— (198?+ 68+ 27)£: 

— 6(38°+28+3)(€2—£,3)>0. (7.7) 
The largest and smallest numerical values respectively 
of & and A as computed from (7.4) and (7.7) are given 
in the second and third columns of Table I for a few 
selected values of 8. A* is the value of the right-hand 
member of (3.10), calculated with the values of 6 given 
in the fifth column of the table, which are those of the 
exact solutions. Actually, owing to the fact that w 
involves only a single parameter one may in this 
instance express in (3.10) 6 in terms of A [see Eq. 
(7.4) ], and so obtain an inequality which may be 
applied without any reference to the exact solution. 
The results are, of course, somewhat worse, e.g., when 
8=1, A* turns out to be 0.2500. Finally, in the last two 
columns of Table I, the actual value of £, is compared 
with 1/(8+1), (see Sec. 4). 


8. Positive Density Gradient 


(a) The spheres hitherto considered have all been 
subject to the condition w’<0. The question arises as 
to what effects the relaxation of this condition might 
have. As mentioned in Sec. 3(a), spheres which have 
w’ not restricted to be nonpositive are not likely to be 
of physical importance. Accordingly I shall content 


myself with a brief discussion—analogous to that of 
Sec. 3—of spheres which have w’>0 throughout. To 
begin with, one would expect the restriction A> to 
be no longer necessarily valid. Thus Wyman’ has given 
a detailed discussion of the Volkoff sphere, in which 
the density is constant but a singularity of e* is allowed 
at the origin. Such spheres can certainly have A<}. 
Now the solution of the problem in which one has a 
small core of constant density surrounded by a large 
mantle of sufficiently large constant density will 


7M. Wyman, Phys. Rev. 75, 1930 (1949). 





approximate Wyman’s solution closely within the 
mantle. Accordingly one may expect A to be less than 
§ in suitable cases, and this feature will not be the 
result of the existence of a singularity at the origin. 

It turns out, however, that one can still derive for 
spheres having w’>0 a result analogous to (3.6). 
Equation (1.5) gives at once 


/ U 
(¢/y)'20, 
which on taking boundary values into account gives 


(8.2) 


(8.1) 


SS). 
Equation (2.12) therefore gives rise to 


(yf 2), 2= 3w xf /y< hws. (8.3) 


Accordingly 


—4}w> (yf ,2),—3wW.=0, 


Me (8.4) 
by (3.3). Now, by hypothesis, w>w, everywhere, so 
that 
ys 1—2rw,, 
and therefore, in view of (8.4), 
[¢+3(1—2r'w,)#]/>0. 
Comparing central and boundary values, this gives 


Al+4(1—2R'w.)'>f.+4>} 


— 2) 


(8.5) 


which may be written 
Ai> 3{1—[1—(1—A)/6]}. 


Solving this inequality for A, one finally obtains a lower 
bound for A in the form 


A> (48-1). (8.6) 


(b) When 6=~< as a consequence of w, being zero, 
(8.6) gives only A>0, which is empty. This defect is 
the result of the weakness of the inequality which leads 
from (8.4) to (8.5). Returning to (8.4) therefore one has 


R 
a f rwy—dr, 
0 


and the integral on the right is certainly positive. 
However, it is scarcely worthwhile to pursue the some- 
what unphysical situations of this section any further, 
except for the remark that since ¢’>0 (if only P+w 
is not negative), A>O always unless {=0 throughout 
the sphere; but such a solution is _ physically 
meaningless. 


(8.7) 
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9. The Physical Radius 


(a) A result such as M<4R/9 [derived from (3.6) ] 
does not possess invariant character of any sort, as 
has already been pointed out. To give it invariant 
significance one may introduce in place of R the physical 


radius R*, 
R 
Rem f dr/y. 
0 


Under the conditions of Sec. 3, using (3.4), one easily 
finds 


(9.1) 


M <0.3404R*, (9.2) 


which indeed represents an invariant limitation upon 
the mass of any static fluid sphere with w’<0 of given 
(physical) radius. Now if one agrees to deal with R* 
in place of R, then various invariant results can be 
established in an almost trivial manner. Thus from 
0<e<1 it follows that 


M<4R<3R*, (9.3) 


giving an upper bound for M invariantly for any kind 
of fluid sphere (if only w>0). Again, upper bounds of 
M_ or 2 were considered in Sec. 6 under the assumption 
that w’ <0. Since only the crudest inequalities are now 
contemplated one may write, from (6.12), 


(9.4) 


R 
Mo<f dr/y, 
0 


since y+1/y<2/y when y<1. But the integral on the 
right of (9.4) is just R*. Consequently the proper energy 
and the (negative) potential energy of any static fluid 
sphere are finite and less than the physical radius. 


PART II 
10. Energy Radiated by Contracting Spheres 


This final section deals with a certain question which 
has sometimes been asked,*® although its character lies 
somewhat outside the framework of the rest of the 
paper. The problem may be stated in the following 
idealized form. An amount of gas consisting of NV 
particles each of mass m is initially completely dis- 
persed.® It subsequently contracts symmetrically to 
form a star, i.e., a fluid sphere, and in the course of the 
contraction radiation is emitted." W is the total amount 
of emitted radiation received by an observer O located 
outside B. Then the question is: can W ever exceed 


8 E. E. Salpeter (private discussion). 

® The particles may be taken as initially at rest. Furthermore 
the gas will be imagnined initially to be confined uniformly to a 
sufficiently large but finite spherical region B of radius 6: the term 
“complete dispersion” is therefore to be interpreted as meaning 
that the initial density is to be smaller than any preassigned 
positive limit. 

1 Any kind of radiation, electromagnetic, material, etc., is 
contemplated. Even energy transfer through gravitational waves 
is not excluded in principle. 
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Nm=Wo, say?" Though elementary, it nevertheless 
deserves a definitive answer since doubts evidently 
exist whether the latter might not perhaps turn out to 
be in the affirmative. 

One may first inquire as to the way in which O 
might, in principle, measure the amount of radiation 
received from S. For this purpose he would surround 
S by an opaque spherical shell A which would act as 
an absorber. (One may take A to be a perfect absorber, 
for to suppose otherwise would only introduce quite 
irrelevant complications, and a similar remark applies 
to the assumption which will now be made, namely, 
that the initial mass of A is zero. Also it is convenient 
to take the inner radius of A to be just ), while its 
outer radius will be denoted by a.) Then at any arbi- 
trary time, 4, O measures the energy Moa [see Eq. 
(6.2) | of A, and he will understand this to be the energy 
he has received from S up to time ¢. Now in virtue of 
Birkhoff’s theorem,” the total mass M (defined as usual 
in terms of the motion of a test particle ‘“‘at infinity”) 
of the whole system, consisting of S, A and any radi- 
ation between them, is constant in time. (There is no 
radiation outside A: all sources of the gravitational 
field were, by hypothesis, absorbed by A.) Therefore 
M=Wo, M/b having been supposed negligible. In 
terms of a metric of the usual type (see Appendix IT), 


M= inf ‘fr?dr. 
0 


Within A, again using (II.2), 


(10.1) 


1Se%=1 —8erf T,{redr>1—2M/b, 
0 
keeping (10.1) in mind. Since M/®6 is negligible it 
follows that e® is effectively unity within A. Therefore 


Moa = inf T frdr. 


Consequently 
b 


Moa == Wo- arf T fr'dr. 


0 


(10.2) 


Since the integral on the right cannot be negative, it 
follows that the total radiation received by the observer O 
from the star S can never exceed the total energy which its 
constituent matter possessed when in a state of complete 
dispersion. It will be seen that this result has been 
arrived at in an entirely elementary manner, and no 
use has had to be made of any differential conservation 
theorems. 

Finally it may be remarked that any expectation of 
an affirmative answer to the question treated above 


11 Units are so chosen that k=c=1. 
2R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Oxford University Press, Oxford, 1934), Chap. 7, p. 252. 
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presumably arises from the notion that energy could 
be radiated indefinitely as a consequence of the con- 
tinued contraction of S. This would, however, involve 
a continual increase of 2, so that to keep M positive— 
which it must be according to (10.1)—Mpo must also 
continue to increase. In Newtonian terms, the work 
done by the gravitational field to an ever growing 
extent is limited to merely increasing the “mechanical” 
energy of S. (Indeed, Birkhoff’s theorem here says just 
this: namely, that in a spherically symmetric process 
without radiation, all the gravitational work done goes 
towards increasing the mechanical energy of S.) It 
should also be kept in mind that any radiation emitted 
by S will suffer an ever-increasing “red-shift,” as seen 
by O, as the contraction proceeds. However, the simple 
argument presented above avoids any difficulties which 
might be encountered if one tried to answer the question 
by considering the details of the mechanism of 
contraction. 
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APPENDIX I 


Throughout this paper all formal developments are 
carried out in a particular coordinate system, viz., that 
in which the metric takes the form 

ds*= e'dt?— edr’—#? (d+ sin*6d¢’), (1.1) 


in which \ and » are functions of r only. The energy- 
momentum tensor is diagonal with 7;'=7=T;'= — p, 
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T4=pc?, where p is the hydrostatic pressure and pc? 
the energy density, which includes all forms of energy, 
with the exception, of course, of gravitational energy. 
p and p are scalar quantities and it is supposed that 
neither can be negative. The field equations are then 


Saker p =e (rv'+1)—1, (1.2) 
8rkcr2p=e(rd’—1) +1, (1.3) 
2p’= —(ptpc?)v’. (1.4) 


k is Newton’s constant, and primes indicate differ- 
entiation with respect to r. The cosmical constant has 
been taken as zero. If one adds (I.2) and (1.3) one has 


e(N'-+y') = 8aker(pc?+ p). (I.5) 


APPENDIX II 


The spherical symmetry of a metric (which may be 
nonstatic), i.e., its invariance under the group of spatial 
rotations, requires that it be of the form 


ds*= e’df?+ 2qdrdt—e*dr’— re" (dé?+-sin*6dg*), (II.1) 


where A, w, v, and g are functions of r and ¢. Since one 
has the freedom to replace r and ¢ by new variables 
which are functions of r and ¢ one can always arrange u 
and gq to be zero. Then of the resulting field equations 
(see reference 12, p. 251), the only one explicitly 
required here is that corresponding to (I.3), i.e., 


8arT b= e(rh’—1) +1, (1.2) 


from which Eq. (10.1) of the text follows at once if one 
takes into account that at r=a the metric must go over 
into the Schwarzschild exterior solution. 
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Upper Bounds on Scattering Lengths for Static Potentials* 
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It is shown that in the zero-energy scattering of a particle by a center of force, where no bound state 
exists, the Kohn variational principle provides an upper bound on the scattering length. A bound may also 
be obtained from Hulthén’s method, although with the same form of trial function the Kohn result will be 
lower (and therefore better) than the one obtained from the Hulthén principle. The Rubinow formulation 
need not provide a bound; for those calculations which have been performed in this form, the results may be 
converted without any further calculations so that they correspond to the Kohn form, and therefore, under 
the circumstances considered, do give a bound. Analogous results hold for states of nonzero orbital angular 
momentum. Direct generalizations of the above results are valid for scattering by a compound system. 


1. INTRODUCTION 
ARIATIONAL methods have proved to be of 
great value in the theoretical analysis of the 
problem of the scattering of a particle by a center of 


* The research reported in this article was done at the Institute 
of Mathematical Sciences, New York University, under the 
sponsorship of both the Geophysics Research Directorate of the 


force. However, the utility of variational techniques in 
the more complicated problem of scattering by a com- 
pound system is considerably impaired by the fact that 
it is more difficult, in the many-body problem, to 


Air Force Cambridge Research Center, Air Research and Develop- 
ment Command, and the Office of Ordnance Research, U.S. Army. 
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construct accurate trial functions, and a variational 
calculation, using a poor trial function, will generally 
lead to poor results. In fact, these calculations will only 
be meaningful when accompanied by an affirmation of 
validity, using some reliable criterion. It is our purpose 
to present one such rigorous validity criterion for the 
case of zero-energy scattering. The present discussion 
will, for the sake of clarity of presentation, be confined 
to the problem of scattering by a static potential; the 
generalization to the more interesting problem in which 
the scatterer is a compound system is given in a paper! 
which will be referred to in the following as IT. 

The problem of obtaining rigorous bounds on the 
error made in a variational calculation for the scattering 
by a center of force has been considered previously by 
a number of authors?*; perhaps the most satisfying 
solution is that due to Kato.’ As a special case of the 
Kato method, it has been shown‘ that if no bound state 
exists for the potential considered, then the Kohn 
variational principle® provides an upper bound on the 
scattering length. Since the scattering length is one of 
the two parameters which completely characterize the 
low-energy scattering in the shape independent approxi- 
mation, its determination is of great importance. The 
proof involves an application of a theorem proved by 
Levinson. In Sec. 2, an alternate proof, entirely 
independent of the Kato method, will be presented. 
The advantage of this alternate proof, in addition to its 
directness and simplicity, lies in the fact that its 
generalization to the case of scattering by a compound 
system is straightforward. On the other hand, using 
the Kato approach, one encounters the difficulty that 
a rigorous proof of the generalization of Levinson’s 
theorem to the many-body problem has not been given. 
Indeed, in the case where there are identical particles 
in the system, the statement of the theorem cannot be 
taken as a direct extension of the one given by Levinson, 
but rather requires some modification. (This problem 
has been considered by Swan’ who presents a proof of a 
theorem which takes into account the modification 
required by the Pauli principle. However, the basic 
equation studied by Swan is the one appropriate to the 
static approximation and the general proof has not 


1L. Spruch and L. Rosenberg, Phys. Rev. (to be published). 

2W. Kohn, Revs. Modern Phys. 26, 292 (1954); T. Kikuta, 
Progr. Theoret. Phys. (Kyoto) 12, 225 (1954); 12, 234 (1954); 
J. Keller, Nuovo cimento 5, 1122 (1957); I. C. Percival, Proc. 
Phys. Soc. (London) A70, 494 (1957). 

3 T. Kato, Progr. Theoret. Phys. (Kyoto) 6, 295 (1950) ; 6, 394 
(1951); Phys. Rev. 80, 475 (1950). For some extensions and refine- 
ments of the method, see L. Spruch and M. Kelly, Phys. Rev. 109, 
2144 (1958); and L. Spruch, Phys. Rev. 109, 2149 (1958). 

4L. Spruch and L. Rosenberg, submitted for publication in 
Phys. Rev. 

5 W. Kohn, Phys. Rev. 74, 1763 (1948). 

6 The theorem states that for the zero energy, zero orbital 
angular momentum scattering of a particle by a center of force, 
the phase shift is mr, where n is the number of bound states of 
zero orbital angular momentum. For the proof, see N. Levinson, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 25, No. 9 
(1949), «! 

7 P, Swan, Proc. Roy. Soc. (London) A228, 10 (1955). 
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been given.) Further, the generalization of the Kato 
formalism itself to include the effects of the Pauli 
principle has not been made; there are certain difficulties 
here which do not arise in the case of scattering by a 
compound system with no identical particles (though it 
appears that there exist some cases, at least, where these 
difficulties could be circumvented). 

Under the circumstances considered, namely zero- 
energy scattering with no bound states, it is found that 
the Hulthén variational principle,’ as well as the Kohn 
principle, gives an upper bound on the scattering length. 
The Born approximation also provides an upper bound, 
since it may be derived from the Kohn principle. While 
the Rubinow formulation’ need not give a bound, for 
those calculations that have been performed in the 
Rubinow form, it is a trivial matter to convert the 
results to the Kohn form, thereby obtaining a bound. 
A numerical example, using a square well potential 
with a repulsive core, is presented in Sec. 3 to illustrate 
some of these points. The extension to the case of 
higher angular momenta is presented in Sec. 4. 


2. THE STATIC PROBLEM 


The zero-energy scattering of a particle of mass m in 
a static central potential, V(r), is described by a func- 
tion, u;(r), the true partial wave of zero orbital angular 
momentum, which satisfies the differential equation 
a? 
Lu;(r) -| +W(9 hte) =0, 
dr* 


W (r)=— (2m/h?) V(r). 
The subscript 7 will be used to distinguish between the 
two standard types of assumed boundary conditions: 
i=1, 2, 


u(r) — A—r 


u,(0)=0, 


for ro, 


u(r) —1—1r/A for r7o, 


Here A is the scattering length, which is related to the 
zero-energy cross section, ¢(k=0), by 


o(k=0)=4rA?, 


The connection between the scattering length and the 
zero angular momentum phase shift, 9, at zero energy is 


—A= (k cotn); 0- 


We now introduce two trial functions, u;, (7=1, 2), 
satisfying the boundary conditions 


ui(0)=0, i=1, 2, 


u(r) > Air for ~ 


des ’ 


tn(r)—+1—7/A, for ro, 
8 L. Hulthén, Kgl. Fysiograf Sillskapet. Lund Férh. 14, No. 21 
(1944). 
9ST. Rubinow, Phys. Rev. 98, 183 (1955 
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where A,;, the trial scattering length, is an arbitrary 
constant which may in fact be chosen differently in 
My, and uy. It will always be assumed that u(r) is 
continuous and has a continuous first derivative. With 


w;(r) defined by 
wi(r)=uu(r)—u,(r), t=1, 2, 


the Kato identity for zero-energy scattering, taking the 
alternate forms 


A=Am f mutusdrt f wer, 


—A'=—A,; = f uausdr+ fw: Sidr, (2.2) 


(2.1) 


and 


may be shown to hold. (All integrals will be understood 
to have the limits zero and infinity.) 

The above results will be rederived in Sec. 4 in a 
form valid for partial waves of arbitrary angular mo- 
mentum. If, in Eqs. (2.1) and (2.2), the second order 
term, /w,Lw.dr, is dropped, two different forms of the 
variational principle for the scattering length are ob- 
tained. Kato goes further: his method, which is appli- 
cable to nonzero energies as well, is concerned with 
obtaining bounds on the second order term, thereby 
providing bounds on A (or k cotn for k#0). While we 
will use the Kato identity in its zero-energy form, 
Eqs. (2.1) and (2.2), it is noted that the Kato method 
for obtaining bounds on /w;Lw,dr will not be used at 
all in the present paper. 

Rather, as will now be shown, in the particular case 
where the potential cannot support a bound state, we 
have the simple result that 


[ easeeutr=— (myn) f rottinarso, (2.3) 


where H is the reduced Hamiltonian of the system. 
(The case i=2 will be considered later.) 

Before proceeding to the proof we wish to distinguish 
between the two separate reasons for which the present 
method is restricted to the case where no bound states 
exist. Firstly, if a bound state is possible the competing 
process of capture with the emission of a gamma ray is 
possible and the effect of the center of force on the 
incident beam of zero energy cannot be completely 
characterized by a single real scattering length. This is 
not the essential point, however, since the approxima- 
tion of ignoring the radiative capture process is often 
an extremely good one, and we have been able to 
develop methods which, to the extent that this approxi- 
mation is in fact valid, do provide rigorous upper 
bounds on the scattering length. (A report of this work 
has been submitted for publication.) However, Eq. (2.3) 
will not be generally valid in these cases simply because 
w, might contain a sufficient amount of the bound-state 
wave function to make /w,Lwy.dr positive. 
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To formally prove the inequality, Eq. (2.3), it is 
first noted that if no bound state exists, £ is a negative 
definite operator on the space of quadratically inte- 
grable functions (i.e., H is positive definite). Now w:(r) 
approaches a constant value for large r and is therefore 
not quadratically integrable. If, however, we define 


wi(r,rA)=wi(ne™, 
we have 
moy= f wi(r,A) Lwi(r,A)dr<O, A>. 
To show that M,(0) is not positive, it remains to show 


that M,(A) is continuous at \=0. This is immediately 
verified. Thus, we have 


Mx0)~Mi(0)= f wilr)le™—1]ew()dr 


$92 f wtQemar—2 f wir i (r)e~?"dr. 


Each of the three terms may be seen to be arbitrarily 
small, in absolute magnitude, for sufficiently small; 
explicit use is made of the fact that |w.(r)| is bounded 
from above for all r, and that w;’(r) 0 for large r. 
The desired inequality has thus been established. 

We therefore have the result that if no bound state 
exists, the scattering length satisfies the relation 


A <A- f UL, dr, (2.4) 


u11(0) =0, (2.5) 


u(r) — Ai—r for r>o, 


The right-hand side of Eq. (2.4) corresponds to the 
Kohn variational approximation to the scattering 
length and, as we now see, always gives a value which 
lies above the true scattering length under the specified 
condition. 

While any choice of the parameters in the trial func- 
tion will lead to a bound on A, we now consider the two 
particular alternative prescriptions which are widely 
used in scattering problems for evaluating the varia- 
tional parameters in a trial function. Assume that the 
trial function contains N-+1 variational parameters, 
one of them being the trial scattering length, A,. If one 
applies to Eq. (2.4) the method given by Kohn, the 
N-+1 equations are taken to be 


40/8A,=0, 


80/da,=0, ei 


n=1,2,---,N, 
where 


Q= A.-h, 
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n= f Uy,LU4,dr. 


In the method of Hulthén, we have 


I,=0, 


2.7 
01,/da,=0, ( ) 


n=1,2,---,N. 

While in general one cannot know which of these two 
methods will give better results, it is interesting to note 
that in the type of problem under consideration, namely, 
zero-energy scattering and no bound state, the Kohn 
method is definitely superior. This follows from the fact 
that since Q is bounded from below, for a given form of 
the trial function the variational parameters evaluated 
according to Eqs. (2.6) give the smallest value for Q, 
which therefore provides the closest approximation to 
the true scattering length. [If the variational param- 
eters do not appear linearly in the trial function, there 
will in general be more than one solution to Eqs. (2.6). 
That solution -which gives the smallest value for Q 
should be adopted; it provides the optimum set of 
values for the parameters. ] Further, if a second trial 
function is used which is more flexible than the first, in 
such a way that for certain values of the parameters 
the second form reduces to the first, then an improved 
result is guaranteed if the Kohn method is used; no 
such statement can be made in general for the Hulthén 
method. 

We have thus far been considering the results which 
follow from Eq. (2.1). Turning to Eq. (2.2), we find 
that an attempt to show, in a similar way, that 
JS wLwedr<0 fails; the proof that 


fee efun(ne mer 


is continuous at \=0 does not go through. The reason 
is that the asymptotic form of w2(r) is (Az7!—A™)r, 
which violates one of the conditions under which the 
continuity was established in the first case. Indeed, the 
class of functions to which we(r) belongs includes the 
function w2(r)=r, for which the integral /"w2Lwedr is 
equal to {'r’W (r)dr, which may be positive even though 
no bound state exists.” Of course, the variational prin- 
ciple is still valid. It may be written 


(2.8) 


A-1xA 4 f Ur, LUodr, 


10 In general, if the asymptotic form of the true wave function is 
d(A—r), and that of the trial function is d;(A:—r), then the 
difference function has the asymptotic form (d—d,)r+d:A:—dA; 
for d=d, the variational principle provides a bound on A if no 
bound state exists. This case is entirely equivalent to the one 
yr mee above, with i=1. The result does not hold in general for 

Fd. 


F 
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with 
u2,(0)=0, 


ux(r)—>1—r/A, for ro, 


(2.9) 


It may be mentioned that if no bound state exists 
and if A is positive, it is possible, on the basis of an 
application of the Kato method, to say more about 
Eq. (2.8), namely that it provides a lower bound 
on A~!; no bound need be obtained from Eq. (2.8) 
if A is negative.!! While this additional result can pre- 
sumably be derived using the present method as well, 
it is apparently much simpler to deduce it from the 
Kato formalism where direct use can be made of the 
Levinson theorem. 

Although Eq. (2.8) need not provide a bound, it is 
clear that the results of those calculations which have 
been performed with this variational principle can be 
converted into a form corresponding to the Kohn 
principle so that a bound can be obtained. Thus, if 


A; and 
T= [aku 


have been evaluated, we have, if we choose “4;= A tt», 


A?» f Uy ,LU4,dr, 


and we may write 


ASA,—Afl. (2.10) 


If A, is positive and if |A;J2| is small compared to 
unity, this conversion, in addition to providing a bound, 
will also provide an improved approximation to the 
true scattering length.’ In any case this conversion 
does not provide the best result obtainable from Eq. 
(2.4) for a given form of the trial function since the 
optimum method for determining the parameters in the 
trial function, which is given by Eqs. (2.6), has not 
been employed. We thus sacrifice some accuracy in 
order to be able to utilize, with a minimum of effort, cal- 

4 Kato has given a one-parameter family of variational prin 
ciples for arbitrary scattering energy. For zero orbital angular 
momentum it takes the form 


k cot (n—0) ~k cot (n.—8) ~ ff eamdr, 


ue (0) =0, 


ue:(r) > sin(kr+n.)/sin(n:—@) for r— «, 


(This notation differs slightly from that used in the papers of 
Kato, where a bar serves to distinguish between exact and trial 
values.) The normalization parameter, 0, satisfies the relation 
0<@<~7. For nonzero energies the Kohn form follows from the 
choice 6=2/2. At zero energy, it is obtained for any nonvanishing 
value of 0; Eq. (2.8) corresponds to the choice 6=0. According to 
the Kato formalism, in order that the variational] principle provide 
a bound (i.e., in order that the Kato eigenvalue, f, be infinite) it 
is necessary that 7 be less than 6. From Levinson’s theorem, n — 0 
as k 0 if no bound state exists. If 7 + 0 from above (i.e., if 
A <0), then normalization with @=0 must be excluded if a bound 
is to be obtained. 
12 See Sec. 3 of reference 4. 
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culations which have already been performed. Actually, 
as we shall shortly see, it will often be possible to 
choose the best value of one of the parameters, Aj, 
while readily utilizing other calculations. 

Since a number of variational calculations have 
appeared in which an inside wave function’: is em- 
ployed, it is useful to re-express the preceding results in 
a form which contains such a function explicitly. To do 
this, we write the function “1, as 


u(r) =—Aw(r)+Ai—r, (2.11) 


where 


y(0)=1, 
(2.12) 
y(r) 0 for rox 


; 


with y(r) independent of A;. Equation (2.4) now takes 
the form" 


(2.13) 


A<Ap—2BA,—CA?, 


A --f W (r)r?dr, 

B= f Wor(y—ndr, 
dy “ 

c= f |-( ) +11 |i, 
dr 


where 


Ax is the Born approximation to the scattering length. 
If A, is determined variationally, Eq. (2.13) becomes 


A<Apt B/C. (2.15) 
Since C must be negative [the right-hand side of 
Eq. (2.13) is bounded from below ], the bound obtained 
from Eq. (2.15) is an improvement over A z. This is an 
example of the special property, mentioned previously, 
which the Kohn principle assumes in the case of zero- 
energy scattering with no bound state, namely, that a 
more flexible trial function must lead to an improved 
result. 

If Eq. (2.8) is used, the trial function may be written 


u(r) = —y(r) +1—1/Ay. 


Here y(r) need not be identical to the y(r) which appears 
in Eq. (2.11) but is chosen to satisfy the same boundary 
conditions. The analog to Eq. (2.15) is then 


A-'= Ag 4(1+B)?+C, (2.16) 


‘SH. Feshbach and S. I. Rubinow, Phys. Rev. 88, 484 (1952). 

4 Note that if y(r) contains linear variational parameters, then 
by virtue of the appearance of A; as a factor in Eq. (2.11), 
Eq. (2.13) is not a quadratic form in the linear parameters. In 
this case the parameters cannot be determined by solving a set of 
linear equations. One could remedy this of course by redefining 
the linear parameters in Eq. (2.11) but one would not then obtain 
the form, Eq. (2.15), which we find useful to consider. 
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where Ag, B, and C are given by Eqs. (2.14). This is 
just the zero-energy form of the variational principle 
given by Rubinow.” For those calculations that have 
been performed using the Rubinow principle, the results 
may be reanalyzed by rearranging the known quantities 
Ax, B, and C according to Eq. (2.15). A consistency 
check on the calculation may be obtained by comparing 
the two variational approximations to A; if the trial 
function is an accurate one, the two results should 
differ by only a second order quantity. Further, if no 
bound state exists, Eq. (2.15) will provide a bound on A 
while Eq. (2.16) need not do so in general. An example 
in which this conversion provides, in addition, an 
improved approximation to the true scattering length, 
for the case of n-D quartet scattering, is given in IT. 

It should be pointed out that we have presented two 
methods for converting the results of calculations based 
on Eq. (2.8) to those corresponding to the Kohn form, 
Eq. (2.4). If the integrals Ag, B, and C are known, the 
conversion should be made with the aid of Eq. (2.15) 
rather than with Eq. (2.10), since the former employs a 
variationally determined value for the parameter A, 
which, as we have already seen, represents the optimum 
choice. Since the value of A; used in Eq. (2.10) is 
determined by nonoptimum considerations, the bound 
obtained in this case would not be as good. 

The question naturally arises as to how one would 
know that no bound state exists. For the case of the 
static potential, one can attack this problem theoreti- 
cally ; for example, it is known'® that no bound state of 
angular momentum L can exist if the condition 


(2m/te) f | V(r) | rdr<(2L+1) 


is satisfied. Unfortunately, no such general condition is 
known for the many-body problem. It is, however, 
perfectly permissible, for both the one-body and the 
many-body problem, to utilize the experimental infor- 
mation, where available, that no bound state exists. 


3. ILLUSTRATIVE EXAMPLE 


As an example we consider the problem of zero- 
energy neutron-proton scattering in the singlet state, 


15 Tn a similar way, the general form of the Rubinow principle, 
for k~0, may be derived from the Kato variational principle with 
6=0 (see footnote 11). In fact, as Kato has already pointed out 
(see the third paper mentioned in reference 3), many of the 
variational principles which have appeared in recent years, ¢.g., 
those of Hulthén, Kohn, and Schwinger, may be derived from the 
Kato variational principle with particular choices of the param- 
eter 6 and of the form of the trial function. Of course, each of these 
principles has its own particular properties which should be 
separately investigated. But the ability to display one variational 
principle containing other principles as special cases makes it 
easier to compare their relative merits. Further, it appears that 
if one wishes to generate new forms of the variational principle, 
the Kato form presents an ideal starting point. 

16 R. Jost and A. Pais, Phys. Rev. 82, 840 (1951); V. Bargmann, 
Proc. Natl. Acad. Sci. U. S. 38, 961 (1952). 
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TABLE I. Variational results for the neutron-proton singlet 
scattering length (expressed in units of 10- cm) calculated with 
the trial function given by Eq. (3.1). A square well potential 
with an infinitely repulsive core was assumed, for which the exact 
scattering length, A, is —23.75X10~ cm. The results in columns I 
and II were obtained from the variational principle given by 
Eq. (2.4); those in column III were obtained, with an appropri- 
ately altered trial function, from Eq. (2.8). In agreement with the 
discussion in the text, these results, for each row, satisfy the 
relations I>II>A ; III may lie above or below A. 


II 
Kohn 


“19,49 
~23.671 


I 
Hulthén 


— 19.46 
— 23.670 


Free parameters 


iS One (a3=0) 
Two 


assuming a schematic potential of the form 


V(r) = + oe ’ r<C, 
= —Vo, c<r<bt+e, 
= 0: b+c<r, 


with b=1.9 f and c=0.4 f (f=10~-" cm). The form of 
the potential and the values of 6 and ¢ are those chosen 
by Gomes, Walecka, and Weisskopf.'’ The potential 
strength, Vo, however, is not their value but is chosen 
to give the experimental singlet scattering length, 
A=—23.75 f; we obtain Wob?= (2u/h?) Vob?= 2.319. 
With this potential, which does not have a bound 
state, a calculation of the scattering length is performed 
using the Kohn variational principle, Eq. (2.4). The 
trial function is taken to be of the form 

=(), 


1,(r) ¥<c, 


= > a,(r—c)", cx<r<bte, 
n=l 


=A.—r, r>b+c. 

The free variational parameters in the trial function 
were evaluated according to both the Kohn and 
Hulthén methods, Eqs. (2.6) and (2.7), respectively; 
the results are presented in Table I. While the superi- 
ority of the Kohn method over that of Hulthén is 
barely discernible in this simple one-body problem, its 
recognition might very well provide a decided advantage 
in more complicated many body problems. In fact, an 
example in which the superiority of the Kohn form is 
significant is presented in II, where previous variational 
calculations for the n-D quartet scattering problem are 
considered. 

If we renormalize the trial function by multiplying 
through by A,! it may be used to obtain results corre- 
sponding to the variational principle given by Eq. (2.8). 
Results appear in Table I. We have previously observed 
(see Sec. 2) that the variational principle, Eq. (2.8), 
need not in general provide an upper bound on the 


17 Gomes, Walecka, and Weisskopf, Ann. Phys. 3, 241 (1958). 
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scattering length. This is illustrated in the present 
example where, with A;! set equal to zero, the varia- 
tional estimate lies below the true scattering length. 
While not a bound, it is actually better than the Kohn 
and Hulthén results obtained with one free variational 
parameter. If the scattering length is negative, it may 
be expected, with a sufficiently accurate trial function, 
that Eq. (2.8) will lead to lower estimates of A than 
those obtained from Eq. (2.4). Since these estimates are 
not bounds on A, no general statement can be made 
concerning the relative accuracy of the two variational 
principles, unlike the situation previously described for 
positive scattering lengths (see Sec. 2). 


4. HIGHER ANGULAR MOMENTA 


The discussion in Secs. 2 and 3 was confined to the 
case of zero orbital angular momentum, Similar results 
may be obtained for states of higher angular momenta. 
In particular, if no bound state exists in a state with 
orbital angular momentum quantum number L, then 
the Kohn variational principle gives a bound on the 
parameter which characterizes the asymptotic form of 
the zero-energy partial wave of angular momentum L, 
uz(r). The proof, given below, is a direct generalization 
of that presented in Sec. 2 for the case L=0. 

The differential equation satisfied by uz(r) at zero 


L(L+1) 
Jun 0: 


energy is 
ad? 
+W(r)- 


dr” 


Lu(r) 


the boundary conditions are taken to be 


u(Q)=Q, 
> — gla lt Apr I 


(4.1) 


u(r) - '(2L+1) for ro. 


The subscript L has been dropped, except on Az, A xz, 
and the phase shift, »,. The connection between Az, 
and 71 Is given by 


Ap=—[1X3X-++ x (2L4+1) (tang, /k? +"), Wo. 


Note that 4, has the dimensions of a length only for 
L=0. We now introduce a trial function, #,(r), which 
satisfies the boundary conditions 


u,(Q)=0, 
u(r) > —rt1+ 4, -4/(2L4+-1) 


(4.2) 


for r— %, 


where A 7; is an arbitrary parameter. The Kato identity 
for this system will now be derived. We define 


k= f (uLu,—u,Lu)dr, 


and evaluate it in two ways. Since Lu=0, we have 
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immediately 
= f uLu,dr. 


On the other hand, integration by parts gives 


du, du\ |* 
K=(w"-u-*)| =Ap—A1, 
dr dr 10 


where use has been made of Eqs. (4.1) and (4.2). If 
these two forms for K are equated, and the function 
w=wu,—u is introduced, the identity, 


A Aum f ucudrt f wLwdr, 


is obtained. With the assumed normalization, w has the 
asymptotic form 


w— (Ay—Axz)r-*/(2L4+1) for 


r— 0, 
and is therefore quadratically integrable for L>0O. It 
then follows, without the necessity of performing any 
limiting processes for L>0O, that since no bound state 
exists, fwwdr is negative; the inequality 


(4.3) 


A,SA u-f u,Ludr, 


therefore holds. Just as in the case for L=0, the validity 
of this result depends on the chosen asymptotic form 
for the wave function. If, for example, we replace 
Eqs. (4.1) by 


u(Q)=0, 
u(r) > —(224+-1)Apr'4+r-“ for 


y—> oO, 


with similar boundary conditions on u;(r), then the 
difference function, w, increases as r+! for large r. It is 
not true that £ is negative definite for functions of 
this type, as may be seen by considering the particular 
function w=r/*!, for all r. The variational principle 


Ax Ip Au + f u,Ludr, 


with 
u,(0)=0, 
u(r) 3 —(2L4+-1)Az oo rv'49r-£ for 


r—> x 


is valid nevertheless. 
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5. SUMMARY 


The results obtained apply to the problem of the 
zero-energy scattering of a particle from a center of 
force where no bound state exists. The following proper- 
ties may then be attributed to various forms of the 
variational principle. 


(1) Upper bounds on the scattering length are pro- 
vided by the Kohn principle, the Hulthén principle, 
and the Born approximation. 

(2) The prescription given by Kohn to evaluate the 
variational parameters [Eqs. (2.6) ] should be used 
rather than that of Hulthén [Eqs. (2.7) ] since in the 
former case the bound obtained lies closer to the true 
scattering length. It has the further advantage, not 
present in the Hulthén method, that the use of a more 
flexible trial function, which reduces to the original 
trial function for certain values of the parameters, 
guarantees an improved result. 

(3) While the Rubinow formulation does not gener- 
ally provide a bound under the circumstances con- 
sidered, the various integrals which enter into the 
variational expression for the scattering length may be 
rearranged in such a way that a result corresponding 
to the Kohn form is obtained. Consequently, calcula- 
tions based on the Rubinow form which have already 
been performed may be used to obtain a bound with 
only a trivial amount of additional labor required. 

(4) In the more special case where the scattering 
length is positive and the trial function is sufficiently 
accurate, such that third order terms can be neglected, 
the conversion from the Rubinow to the Kohn form, 
in addition to providing an upper bound, may be 
expected to give an improved approximation to the 
true scattering length. 


The extension of the present technique to the case of 
scattering by a compound system has been developed 
and has been applied to the problem of zero-energy n-D 
quartet scattering. In particular, the prescription given 
in Sec. 2 for converting from the Rubinow to the Kohn 
form of the variational principle enables one, by means 
of a reanalysis of the data of a previous calculation, to 
deduce, in addition to a bound, a significantly improved 
approximation to the true scattering length.’ 

The further extension to the cases where composite 
bound states exist has been performed.'* Applications 
to zero-energy singlet e~-H scattering and to doublet 
n-D scattering have been completed and will be reported 
on in the very near future. 

18 Rosenberg, Spruch, and O’Malley, submitted for publication 
to the Physical Review. 
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It is shown that, if the apparent directions of objects are plotted as points on a sphere surrounding the 
observer, the Lorentz transformation corresponds to a conformal transformation on the surface of this 
sphere. Thus, for sufficiently small subtended solid angle, an object will appear—optically—the same shape 
to all observers. A sphere will photograph with precisely the same circular outline whether stationary or in 
motion with respect to the camera. An object of less symmetry than a sphere, such as a meter stick, will 
appear, when in rapid motion with respect to an observer, to have undergone rotation, not contraction. 
The extent of this rotation is given by the aberration angle (@—6’), in which @ is the angle at which the 
object is seen by the observer and 6’ is the angle at which the object would be seen by another observer at 
the same point stationary with respect to the object. Observers photographing the meter stick simul- 
taneously from the same position will obtain precisely the same picture, except for a change in scale given 
by the Doppler shift ratio, irrespective of their velocity relative to the meter stick. Even if methods of 
measuring distance, such as stereoscopic photography, are used, the Lorentz contraction will not be visible, 
although correction for the finite velocity of light will reveal it to be present. 


INTRODUCTION 


VER since Einstein presented his special theory of 

relativity! in 1905 there seems to have been a 
general belief that the Lorentz contraction should be 
visible to the eye. Indeed, Lorentz stated? in 1922 that 
the contraction could be photographed. Similar state- 
ments appear in other references too numerous to be 
mentioned, and even Einstein’s first paper leaves the 
impression,® perhaps unintentionally, that the contrac- 
tion due to relativistic motion should be visible. The 
usual statement is that moving objects “appear con- 
tracted,” which is somewhat ambiguous. The special 
theory predicts that the contraction can be observed 
by a suitable experiment, and the words “observe” 
and “see” seem to be used interchangeably in this 
connection. 

There is, however, a clear distinction between ob- 
serving and seeing. An observation of the shape of a fast- 
moving object involves simultaneous measurement of 
the position of a number of points on the object. If done 
by means of light, all the quanta should leave the 
surface simultaneously, as determined in the observer’s 
system, but will arrive at the observer’s position at 
different times. Similar restrictions would apply to the 

*This work was supported by the U. S. Atomic Energy 
Commission. 

1A. Einstein, Ann. Physik 17, 891 (1905). 

2H. A. Lorentz, Lectures on Theoretical Physics (Macmillan 


and Company, Ltd., London, 1931; translated from Dutch edition 
of 1922), Vol. 3, p. 203. 


3In reference 1 [English translation from The Principle of 


Relativity (Dover Publications, Inc., New York, reprinted from 
1923 Methuen edition) ] Einstein stated: “A rigid body which, 
measured in a state of rest, has the form of a sphere, there- 
fore has in a state of motion—viewed [betrachtet ] from the 
stationary system—the form of an ellipsoid of revolution with 
the axes R(1—v?/c?)#, R,R. Thus, whereas the Y and Z dimensions 
of the sphere (and therefore of every rigid body of no matter 
what form) do not appear [nicht erscheinen] modified by the 
motion, the X dimension appears [erscheint] shortened in the 
ratio 1:(1—v*/c?)!, ie., the greater the value of v, the greater 
the shortening. For »=c all moving objects—viewed [betrachtet ] 
from the “stationary” system—shrivel up into plane figures.” 


use of radar as an observational method. In such ob- 
servations the data received must be corrected for the 
finite velocity of light, using measured distances to 
various points of the moving object. In seeing the object, 
on the other hand, or photographing it, all the light 
quanta arrive simultaneously at the eye (or shutter), 
having departed from the object at various earlier 
times. Clearly this should make a difference between 
the contracted shape which is in principle observable 
and the actual visual appearance of a fast-moving 
object. 


CONFORMALITY OF ABERRATION 


The basic question of the visibility of the Lorentz 
contraction may be stated as that of the appearance of 
a rapidly moving object in an instantaneous photo- 
graph. The object, of known shape when at rest, is 
assumed to have a high uniform speed relative to the 
camera. The camera is assumed to be at rest in a 
Galilean (unaccelerated) frame of reference. Of course 
it would make no difference if the camera were, instead, 
considered to move at high speed past the stationary 
object, but the photograph produced must be examined 
at rest, so it is simpler to consider the camera as 
stationary. The mechanism of the camera must be such 
as to give it essentially instantaneous shutter speed 
and sharp focus over the necessary depth of field. 

The questions of whether to use photographic film 
which lies in a plane or is curved so that all points are 
at the same distance from the lens (or pinhole), and 
whether to use a lens corrected to eliminate optical 
distortions, could be troublesome. To simplify matters, 
it is assumed that the object subtends a visual solid 
angle sufficiently small that these matters need not be 
considered. It is assumed that the camera is pointed 
directly at the apparent position of the object, so that 
the light rays strike the film in a perpendicular direc- 
tion, producing an image in the center of the photo- 
graphic film. The camera is assumed, also for simplicity, 
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not to be rotating to follow the motion of the object, 
but this is an unessential restriction and would make 
no difference in the results so long as distortion of the 
camera due to relativistic angular motion is negligible. 

With these assumptions and restrictions defined, the 
problem of the photographic (or visual) appearance of a 
rapidly moving object is not a difficult one. The optical 
image produced by a pinhole lens on a photographic 
emulsion at constant distance from the aperture is 
identical with the picture produced by plotting, on a 
spherical surface centered at the point of observation 
(eye or camera lens), the apparent visual directions of 
all points of the object as seen by observer O. For an 
observer O’ having zero velocity relative to the object, 
this would clearly result in an uncontracted image. If 
this particular observer is located instantaneously at 
the same position as that of observer O, with respect to 
whom the object is not at rest, it is possible to calculate 
the apparent directions of these same points, as seen by 
O, from the equation for relativistic aberration. 

Spherical polar coordinate angles 6 and ¢, forming 
an orthogonal coordinate system (6 is the polar angle 
and ¢ the azimuthal angle), are to be used by observer 
O in plotting on the spherical surface the apparent in- 
stantaneous direction of various points of the moving 
object. Let the object be moving at constant velocity 2, 
relative to O, in the direction 6=0. Let observer O be 
receiving light from some particular point of the object 
which appears to be in the direction (4,6). Let observer 
O’ be instantaneously at the position of O, using the 
coordinate system (6’,¢’), and moving with velocity « 
relative to O in the direction 6=0=@'. The relation 
between these two sets of coordinate angles is that of 
the aberration equation, derived! from the Lorentz 
transformation, and given by 

(1—v?/c?)4 sind’ 
sin@ = — een 

1—(2/c) cosé’ 


, 
cost —v/¢ 


(1’) 


cos# =— ‘ . 

1—(v/c) cos6’ 
In these equations c is, of course, the velocity of light. 
The azimuthal angles are not affected by the Lorentz 
transformation, so that 


o=¢’. (2) 


It may be shown that this transformation of the 
angles of observation is equivalent to a conformal trans- 
formation on the spherical surfaces centered on the 
observers. This fact and its consequences were appar- 
ently first pointed out quite recently.‘ 

Consider a small rectangular area of differential 
extent on the surface centered on observer O, oriented 


‘J. Terrell, Bull. Am. Phys. Soc. Ser. II, 4, 294 (1959), and 
unpublished paper on The Clock “Paradox”, Los Alamos Docu 
ment LADC--2842 (April 1957). 
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along lines of constant @ and ¢. The angles subtended 
by the sides of this rectangle are d6@ and sin@d@. As seen 
by observer O’ the corresponding angles are d6’ and 
siné’dg’ = siné’dp. Differentiation of Eq. (1) gives the 
simple relation 


de’ sind’ 1— (v/c) cos6’ (1 —1/¢)! 
——— =—____=M. (3) 
do sind = (1—2°/c)!— 1+-(0/c) cosd 


Thus the two rectangles have identical ratios between 
their length and width. This, with the perpendicularity 
between sides which is true for both rectangles, is 
sufficient to establish the conformality of the transfor- 
mation of angles of observation. The factor M is the 
magnification, the ratio between subtended angles as 
seen by observers O’ and O, or the ratio of apparent 
distances of the object from the two observers. It is 
interesting that M is precisely the Doppler shift factor, 
becoming [(1—2/c)/(1+2/c) ]! for 2=0=0’. 

The property of conformality in this sense, which is 
intrinsic to relativistic aberration, is sufficient to ensure 
that observers O and O’ will obtain pictures which are 
identical, except for a magnification factor, over com- 
parable regions of small subtended solid angle. Thus a 
spherical object will produce a perfectly round image® 
for both observers O and O’, in spite of the Lorentz con- 
traction which O may observe by suitable methods. 
Quite generally, objects will appear the same shape, 
visually, to all observers, no matter what the relative 
motion of object and unaccelerated observer may be. 
Obviously these conclusions also extend to accelerated 
objects. Although acceleration will in general change 
the shape of the object, all observers at a given point 
will agree as to what this shape is, as revealed in their 
photographs. Even accelerated observers will obtain 
similar photographs, provided that the cameras are 
not appreciably distorted by the acceleration. In this 
way the apparent shape of any object is invariant to 
the Lorentz transformation, although the “actual” 
shape, as given by careful measurement, will vary due 
to the Lorentz contraction. 

Thus the Lorentz contraction is effectively invisible. 
Only when stereoscopic vision or photography is used, 
combining observations from two different locations, 
can any distortion of the object due to motion be seen, 
and even this is not the expected contraction, as will be 
discussed in a later section. 

5R. Penrose, Proc. Cambridge Phil. Soc. 55, 137 (1959), has 
recently proved that a sphere will be seen as having a circular 
outline by all observers, regardless of the relative velocity of 
sphere and observer. Penrose gives several proofs, of which the 
simplest involves the stereographic projection of a sphere centered 
at the point of observation onto its equatorial plane from the 
pole 6=z. This transformation sends circles into circles, and 
aberration merely expands the plane of projection by the factor 
((c—v)/(c+v) ]. Penrose’s conclusions agree with some given 
in this paper, although his paper deals almost exclusively with 
spherical objects. For this special case there is no restriction as to 
subtended visual angle. For finite subtended angle the surface of 
a moving sphere would appear somewhat distorted, although its 
outline would be precisely circular. 
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APPEARANCE OF MOVING METER STICK 


At this point it may be objected that a meter stick 
in motion past the observer in such a way that it is 
moving parallel to its length, and is momentarily seen 
by the observer at its point of closest approach, will 
surely be seen as contracted. This case, probably the 
first to come to mind, is illustrated in Fig. 1 for the 
case v/c=0.8. Two meter sticks, S and S’, are shown 
here in such positions as to be seen instantaneously by 
observer O at 90°. Meter stick S§ is stationary with 
respect to observer O; meter stick S’ is moving with 
velocity v in the direction 6=0°; both meter sticks are 
aligned along the direction 6=0°. At the earlier time 
when the light which reaches observer O left S’, both 
ends of the front face of the meter stick were at the same 
distance from O, so that he does indeed see them as 
they were at simultaneous earlier times, and the length 
of the meter stick S’ appears contracted by comparison 
with S, which was at the same distance. However, at 
the still earlier time when light left the back side of the 
meter stick, stick S’ was displaced farther to the left. 
This results in the visibility of the left-hand end of S’, 
if it is assumed to be a physical stick having three 
dimensions. Thus the meter stick gives the appearance 
of having undergone rotation rather than contraction. 

Consider how this situation appears to observer O’, 
who is also moving with velocity 2, with respect to O, 
in the direction 02=0=@’. To O’ both meter sticks will 
Stick S’ 


appear to be in the direction 6’=cos“(v/c). 
will appear stationary and turned through the angle 
(@—6’) with respect to his line of sight. Stick S will 
appear to be moving at high speed »v to the left, but 
Because the right-hand 


will not appear contracted. 
side of S was much farther away from O’ at the time 
light seen by O’ left it than was the left-hand side when 
light left it, the time lags increase the apparent length 
of S in such a way that its contracted length appears 
quite normal (in two dimensions, as in the photograph). 
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Fic. 1. Two meter sticks, S and S’, as seen by observers O and 
O’, who are located momentarily at the same point. In the coordi- 
nate system of observer O, O’, and S’ are moving to the right 
with velocity v, while S is stationary. 
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Fic. 2. Apparent rotation from known orientation as seen for 
relativistic motion of a meter stick with respect to an observer. 
The meter stick is assumed to be moving in the direction @=0° 
and to be oriented along its direction of motion. 


In fact, as has been shown, both observers O and O’ 
see the same things, except for the apparent distance. 
Thus the photographs taken by O and O’, shown in 
Fig. 1, are identical, or could be made identical by the 
use of an enlarger. It is probable that observers O and 
O’ will put different interpretations on what they see, 
but the conformality of aberration ensures that, at 
least over small solid angles, each will see precisely 
what the other sees. No Lorentz contractions will be 
visible, and all objects will appear normal. 


APPARENT ROTATION DUE TO 
RELATIVISTIC MOTION 


It is apparent from the discussion above that objects 
in rapid motion appear visually to have undergone a 
rotation of extent (@—6’), the aberration angle, from 
their “true” or known orientations. The angle 6 is the 
angle at which the object appears to be, with the 
coordinate system chosen so that the object is moving 
past the observer O (considered stationary) in the 
direction 0=0. The angle 6’ is the apparent direction 
of the object as perceived by another observer O’, 
located at the same position at the same time, to whom 
the object appears stationary. The angles 6 and 6’ are 
related by the aberration equation, Eq. (1) 

The dependence of the apparent rotation on the angle 
of observation is shown in Fig. 2 for the case v/c=0.8. 
For 6=0 and 0=7, the apparent rotation is zero. Two 
other angles are of special interest. For 6=/2 the 
rotation is such that cos(@—6’)=(1—v?/c?)!, and a 
linear object which was oriented in the direction @=0, 
at the earlier time when light left it, will appear con- 
tracted by the rotation just to the extent of the Lorentz 
contraction. This does not constitute a proof of the 
visibility of the contraction, as this relation does not 
hold for other orientations, angles of observation, and 
shapes, and since the appearance of the object is normal 
at all times. The apparent rotation would, to observer 
O’, be a real rotation. The other angle of interest is that 
for which cos#= —v/c; for this angle 6’=2/2, and the 
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EMISSION OF LIGHT 
FROM A 
LORENTZ - CONTRACTED 
SPHERE 


(¥ = 0.8) 


AS PHOTOGRAPHED 


Fic. 3. Mechanism by which a Lorentz-contracted moving 
sphere produces a round photographic image. The shaded area is 
the visible portion of the spherical surface, with A and B the 
farthest visible points along the direction of motion. The dashed 
ellipse represents the earlier position of the sphere when the light 
which will arrive at the camera simultaneously with light from 
A left B. 


object, if linear and oriented along 6=0, will then be 
seen broadside, with no view of the ends. 

Thus a meter stick which is traveling, and oriented, 
in the direction @=0 will appear to observer O to be 
rotating about its line of motion in such a way as to 
appear broadside at @=cos!(—v/c), and to present a 
view of its rear end from that time on. For 6=2/2 the 
rotation will foreshorten the length to the same extent 
as the Lorentz contraction, and for a meter stick 
traveling nearly at the speed of light little will be seen 
at this angle of apparent closest approach, or at most 
angles, except the rear end. 

For an object of rotational symmetry, such as a 
sphere, no possibility of confusing rotation and con- 
traction exists. Thus a sphere will always produce a 
round photographic image, no matter what its un- 
accelerated motion. The mechanism by which this 
occurs is shown in Fig. 3. A Lorentz-contracted sphere is 
assumed to be moving to the right with velocity »v 
relative to the observer; for the purpose of this figure 
v/c=0.8. The sphere is to be viewed at 6=2/2. The 
uncontracted diameter of the sphere is D, giving a 
contracted diameter of D(1—v?/c?)4. However, the 
farthest visible points on the sphere, A and B, as 
measured along the direction of motion, are not this 
far apart. This corresponds to the visual effect of 
apparent rotation. As plotted on the uncontracted 
sphere, the visible area is tilted from its position for »=0 
by (0—6'); here 0=2/2 so that cos(@—6’) = (1—v?/c*)}. 
Thus the distance between the farthest visible points is 
reduced to D(1—v?/c*) as measured along the direction 
of motion. As measured along the line of sight, perpen- 
dicular to the motion, this distance is Dv/c. Thus the 
light which reaches the observer from B must leave B 
at a time Dv/c? earlier than the light that leaves A in 
order to arrive simultaneously with the light from A. 
During this time the sphere moves a distance Dv*/c?, 


so that the distance between A and B appears to 
be D, as seen or photographed by the observer. Thus 
the sphere appears uncontracted in the observer’s 
photograph. 

Physically, the reason that A is the farthest visible 
point is that light leaving points beyond A on the 
spherical surface will be intercepted by the motion of 
the sphere. Similarly, point B is visible, though on the 
far side of the sphere, because light emitted from this 
point will not be stopped by the sphere, which moves 
out of the path of the light. 


STEREOSCOPIC VISION 


If stereoscopic vision or photography is to be con- 
sidered, the situation becomes more complicated. 
Simultaneous observations of direction of a given object 
from two observation points constitute a valid means of 
measuring distance to the object. Thus, with stereo- 
scopic vision, all points will appear to be at the proper 
distance even with relativistic speeds. However, what 
is seen at a given time is the situation which existed at 
an earlier time, and not all parts of the object are seen 
at the same earlier time. This produces curious visual 
distortions of the sort shown in Fig. 1 at the apparent 
positions of S and S’, constituting shear and contraction 
or elongation, depending on the situation. For instance, 
an object coming directly toward the observer is seen 
in three dimensions to be elongated along its direction 
of motion by the ratio [(1+2/c)/(1—2/c) }#= _M (180°), 
and incidentally appears farther away, by the same 
ratio, than if the observer had the same velocity as the 
object. 

At other angles of observation the situation is less 
simple to describe. In general, if an observer sees two 
points on a stationary object which are at precisely 
the same visual angle but at different distances, another 
observer at the same point but moving in a different 
reference frame will see the two points as M times 
farther away and M times farther apart. Here M is 
given by Eq. (3). In general, this results in apparent 
shear of the object, as seen with stereoscopic vision. 
Precisely the same effects would occur with the apparent 
perspective of the object, even with nonstereoscopic 
vision, if the object were near enough to make perspec- 
tive noticeable. 


CONCLUSIONS 


It has been shown that the Lorentz transformation is 
conformal in the angles of observation, so that the 
photograph obtained by an observer depends only on 
the place and time of taking the picture and is inde- 
pendent of the relative motion of observer and object 
photographed. This statement must be restricted to 
small solid angles in the same way that conformal 
transformations preserve shapes only for differential 
areas. Thus the visual appearance of an object is in- 
variant (except for Doppler shifts of frequency), not 





INVISTBILITY OF LORENTZ CONTRACTION 


depending on its (unaccelerated) motion. Effectively, 
then, the Lorentz contraction is invisible. Any hopes 
of seeing the contraction in a rapidly moving space 
vehicle or astronomical body must be discarded. 
Although apparent distortion due to rapid motion 
can be seen by means of steroscopic vision or photo- 
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graphy, it is not of the same type as one might expect 
from the Lorentz contraction. 

None of the statements here should be construed as 
casting any doubt on either the observability or the 
reality of the Lorentz contraction, as all the results 
given are derived from the special theory of relativity. 
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Active Gravitational Mass* 
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Tolman states that “. . 


.disordered radiation in the interior of a fluid sphere contributes roughly speaking 


twice as much to the gravitational field of the sphere as the same amount of energy in the form of matter.” 
The gravitational pull exerted by a system on a distant test particle might therefore at first sight be expected 
to increase if within the system a pair of oppositely charged electrons annihilate to produce radiation. This 
apparent paradox is analyzed here in the case where gravitational effects internal to the system are un- 
important. It is shown that tensions in the wall of the container compensate the effect mentioned by Tolman 
so that the net gravitational pull exerted by the system does not change. 


I. INTRODUCTION 


N Newtonian mechanics the equivalence of active 

and passive gravitational mass, that is of mass as 
a quantity which gives rise to, and as a quantity acted 
upon by, gravitational fields, is made obvious in the 
form of the familiar equation for the gravitational 
potential ¢, namely V@=4rp, where p is the density of 
inertial mass. 

However, in relativity theory where the field equa- 
tions take the form R,,—3¢,,R=T,,, the inference can 
sometimes not be drawn so easily. Here not only does 
the source term include stresses and momenta as well 
as energy, but the equations are nonlinear. The question 
presents itself, therefore, to what extent are the distant 
gravitational fields as calculated by classical and 
special relativity theory the same as those calculated 
using general relativity? 

The following statement by Tolman suggests that 
there are important differences: “. . .disordered radi- 
ation in the interior of a fluid sphere contributes 
roughly speaking twice as much to the gravitational 
field of the sphere as the same amount of energy in the 
form of matter.” 

"Such a result would seem to lead to certain paradoxes. 
Consider the conversion of a gamma ray, enclosed in a 
box, into mass, say an electron-positron pair. This 
transformation might be thought to halve the contri- 
bution of the mass energy to distant gravitational fields. 


* Publication assisted in part by the Office of Scientific Research 
of the U. S. Air Force. 

t Fellow of the Alfred P. Sloan Foundation during a part of 
the period of this work. 

1R. C. Tolman, Relativity, Thermodynamics, and Cosmology 
(Clarendon Press, Oxford, 1934), p. 272. 


However, we shall show here that the active gravi- 
tational mass of a system is made up of the energy of 
the walls and other material plus the energy of radi- 
ation, divided by c*?, without the added factor of two, 
provided that the gravitational fields internal to the 
system are weak. 


II. ENCLOSED RADIATION 


Tolman’s argument is based upon an expression for 
the distant gravitational field which involves only the 
classical stress-energy tensor 7,,. The reasoning applies 
to a wide class of cases roughly describable as quasi- 
static. Included in such cases are those in which the 
matter is confined to some limited region. This region 
is considered to be small as compared to the distance 
at which its gravitational field is to be measured. 
Moreover, within this region the behavior of the system 
is not significantly influenced by its own gravitational 
field. When these conditions are satisfied, and when 
the distant metric field is expressed in a form, 


ds*= — (14+2m*/r) (dx?+dy?+dz2?)+(1—2m*/r)d?, (1) 


which reveals the mass of the system, m= (c?/G)m*, or 
its energy E=mc?=(c!/G)m*, then Tolman’s argu- 
ments? give for the energy of the system the value 


me? (c/Gymt= f (re T'\—T2—T;)(—g)'d*x. (2) 


Since the electromagnetic stress-energy tensor has 
zero trace, it follows that 744 equals — (7;'+77+T;'). 
Therefore according to (2), Tolman argues, the system 


“a See Tolman, reference 1, p. 235, Eq. (92.3). 
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exerts twice the long-distance gravitational pull that 
would be expected if 74 alone contributed. 

However, the terms 7;'+7+17;' describe the radi- 
ation pressure. If this pressure is confined by non- 
gravitational means, there must be walls under tension 
to counterbalance the pressure. The integrated value of 
these negative pressure terms or tensions will contribute 
to (2) a term which just counterbalances the increased 
gravitational effect of the confined radiation. 


III. GENERAL CASE 


Quite generally, if the conservation laws (0/0x”) 
xX (—g)'T,’=0 hold, (as they do in most cases except 
for small gravitational effects which we have assumed 
negligible) and if the system is quasi-static, we can 
show that the integral of 7,'+7.?+7;' is always zero. 
In physical terms, the pressure in the region where the 
radiation is contained balances the tension in the region 
of the walls. In mathematical terms, consider an 2”, 2° 
plane, a:, passing through the system. The rate of 
change of momentum, 7)‘ on either side of the plane is 
given by +f7;'(—g)'da,. As the system is quasi- 
static, the time average of this integral must be zero. 
Consequently the time average of the integral 
ST?(—g)'@x= fd f Ty (—g)'da; also vanishes. 

Thus we can see that where conservation laws apply 
to the electromagnetic stress-energy tensor in and by 
itself, as they do when gravitational effects are neg- 
ligible, then the above rule (2) from general relativity 
leads to the same result for the distant gravitational 
field as does the classical formula 


me - fre —g) idx. 


IV. COULOMB BINDING 


In a concrete example let us see that Eqs. (2) and 
(3) give the same result. Consider the Coulomb binding 
of, say, an electron in an atom. We cannot evaluate 
integrals of the electromagnetic stress energy tensor 
directly, because of the self-energy difficulty, but we 
can evaluate changes in these integrals when the 
electron loses energy and spirals in from one state of 
motion to another. The virial theorem tells us that the 
field energy, A, which is lost, and which describes the 
change in potential energy of interaction of the particles, 
goes half into changing the kinetic energy of the par- 
ticles and half into energy radiated away. 

Thus when the energy due to the fields §(7,')p 
xX (—g)'d*x goes down by A, the energy due to the 
particles, J°(74'),(—g)'d*x goes up by 3A. Now as 
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(T;'+T?+T;) r= —(T#)p, the integrated field pres- 
sure term changes by +A. The integral of the corre- 
sponding term for the particle, (7;'+72+T7;'),, 
equals — mv”, and therefore changes by the amount Aalso. 
For the total stress-energy tensor T,’=(T,’)r+(T,”)p, 
changes in the integral of (7'}+-7,?+7;') just cancel, 
as required (Table I). 


TABLE I. Changes in energy of particles and fields when 
radiation escapes from the system. 


Fields Total 


Particles 


+44 
—A 





—}$A=change in inertial mass 
0 
—4A=change in active mass 


—A 
+A 
Total 


V. THE QUASI-STATIC REQUIREMENT 


Our results are based on Eq. (2) which holds, ac- 
cording to Tolman, when the integral 


1 0 oye 
for -(- ars 
8x at\ aq? 


on the time average equals zero.” 

It is apparent that when gravitation effects are not 
important, then, if we write g%=q,.°°+ q,°, where 
q.°8 is the time-independent part and q,*8 is the small 
time-dependent part, the integral, can be rewritten as 
the sum of two terms, the term linear in Q,%° giving 
zero on the time average, and the term quadratic in 
q:°8 being negligible. 

The relation (2), 


applicability. If 
0 oY 
pee yes 
al Og4%° 


is introduced as a coordinate condition, then in these 
special coordinates (2) may always be applied. How- 
ever, care must be exercised in interpreting the result. 
The boundary conditions on the distant field (1) are 
compatible with (4) as a coordinate condition, and 
therefore the integral (2) can be applied to determine 
the constant m* in (1). However, it may be, and in 
general will be the case that (4) will be incompatible 
with (0/dx’)[(—g)*T,” ]=0, because in the odd new 
system of coordinates gravitational forces will not any 
longer be negligible in comparison to the electromag- 
netic stresses. In such instances it will no longer be true 
that the integral §(7;'+7/+T7;')(—g)'d’x equals 


zero. 


however, has a larger potential 


(4) 
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An investigation of the form factors in K,3 and K,3 decay amplitudes, on the assumption of local produc- 
tion of the fermion pair, is carried out by means of dispersion relation techniques. The approximation is 
made of taking explicit account of K-m scattering in the unitarity condition and incorporating all the other 
contributions into a single arbitrary parameter. The validity of this approximation is discussed. The results 
are expressed in terms of S and P phase shifts for K-m scattering. 


1. INTRODUCTION 


SYSTEMATIC investigation of decay processes 

has been lately carried out within the framework 
of a universal Fermi interaction with V-A coupling. 
However, with regard to K,3 and K,; one has not yet 
come to a definite conclusion. The theoretical analysis 
predicts that for each given type of coupling the de- 
pendence on the lepton energy is well determined, 
whereas the effects of strong interactions appear as form 
factors which depend only on the pion energy.’ There 
have been some arguments to the effect that these form 
factors are rather slowly varying functions of the pion 
energy over the physical region for the decay processes. 
It is the purpose of this work to investigate this question 
in some more detail making use of dispersion theory. 


2. DETERMINATION OF THE FORM FACTORS 
FROM DISPERSION RELATIONS 


We consider the processes 
Kus +e, (I) 
K.3— t+e+», (II) 


in which the K meson has momentum px, the outgoing 
particles have momenta p,, p, and q, respectively. The 
matrix element for this decay process on the assumption 
of local production of the fermion pair may be written 
in the form: 


(4propKopogo) (mur | Hweax| K) 
= (29)'5(p.+p+q— px) (4propKo)! 
X (| Ja(O)| K)iai(p)ya(1—vys)v(q). (1) 


We have, in addition, restricted to V or A the type 
of coupling and used the two-component theory of the 
neutrino. Taking the A parity, by convention, to be the 
same as that of the nucleons, it follows from conserva- 
tion of parity in strong interactions that the vector or 


* This work was done under the auspices of the National 
Research Council of Brazil. 

t On leave from “Centro Brasileiro de Pesquisas Fisicas,” Rio 
de Janeiro, Brazil. 

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 
1860 (1958). 

2S. Furuichi et al., Progr. Theoret. Phys. (Kyoto) 17, 89 (1957) ; 
A. Pais and S. B. Treiman, Phys. Rev. 105, 1616 (1957); S. W. 
Mac Dowell, Nuovo cimento 6, 1445 (1957). 


pseudovector character of the baryon current is asso- 
ciated with negative or positive parity of K-mesons. 
The strong interaction effects are contained in the 
factor (r|J.(0)|K) which, in the K-meson rest system, 
depends only on the pion energy. 
From Lorentz invariance it follows that 


(4p,0PKo)*(r| Ja! (0) | K) 
=43(pxtpralyi+3(pxr—priaf, (2) 


where the index J=3, 3 indicates that J,/(0) transforms 


like an isospinor of the respective rank, and the /’s are 
functions of 
w= — pr PpK/MKM,. (3) 


We assume that each covariant amplitude has a 
representation of the form 


1 £” p(w’) 
f(w)= -f mes dw’, (4) 


T?*; @o-@ 
where 


3 (Pet pr)apy(w)+3(PK— pr)ap-(w) 
= (2pk0)* Don 6(Putpr— pr) 
X (0| Ja(O)|n)(n| 7-(0){R). (5) 


The lower limit w’=1 in (4) comes from the threshold 
energy of the least massive state |)= | Kz). 

As in similar problems,’ it is practically impossible to 
take into account the contributions from intermediate 
states with more than two particles. Therefore we shall 
neglect in the sum all but the terms which come from 
|n)= | Kz) and |n)=|NY),‘ in the hope that the contri- 
bution from other states is relatively small. On the other 
hand, the matrix elements involved in (5) vanish except 
for those intermediate states with total angular mo- 
mentum j=0, 1. The equations for /(w) become de- 
coupled when expressed in terms of transition ampli- 
tudes in states of given angular momentum, in the 
center of mass of the (A,r) system. The connection 
between f, and f; is 
mk?>—m," 


Ww? 


3M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958); 111, 355 (1958). Federbush, Goldberger, and Treiman, 
Phys. Rev. 112, 642 (1958). 

‘ Throughout this paper Y stands for A or 2. 


fo =f. a ff, ; fi 7 fi, (6) 
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So We 


(7) 


We obtain likewise for fy and f; a representation of 
the form (4) except that fo has a pole at W7=0 (w=w) 
with residue (mx*—m,°) f;(wo). The relation between 
W? and w is 


W2=mx?+m2+2mxm,w. (8) 


In the two-particle approximation the weight func- 
tions are given by 


po(w) = k fo(w)bo(w)*0LW?— (mx+m,)* ] 
+k’ Fo(w)o(w)*0LW?—(My+M)*], (9) 


(w) =k fi(w)oi(w)*OLW?— (me+m,)* ] 
+k’ F\(w)Wi(w)*0LW?— (My+M)?], 


where 6 is the step function; k and k’ are the momenta 
in the center of mass of the systems (K,m) and (N,Y), 
respectively, related to the total energy W by 


k=[W2— (mg+m,)? |[W2— (mx—m,)*]/4W?, 
k®?=[(W?—(My+M) ][W2—(My—M)*//AW?; 
¢o,1 and Wo,1 are the (S,P) amplitudes for the transitions 
K+n-— K+, 
N+Y¥— K+, 


respectively ; Fo(w) is the scalar part of (0|J.(0)| NY), 
and F,(w) is the projection of its vector part in the 
direction of k. 

Within the framework of a primary Fermi interaction 
the last term in (9, 10) is the source of the decay process 
while the first term gives an induced contribution to the 
decay amplitudes due to K-m interaction. In order to 
get some insight of the details of the decay mechanism, 
let us investigate the general structure of the term with 
two-baryon intermediate state. 

We can write 


(10) 


NopYo 
) oy. (0)| NY) 
My 


=1(—py)Ya(Gv—vysGa)u(pw), (11) 


and 


(a 0 


‘) (NY | j.(0)| K) 
MMy 


=t(py)O(A+QB) u(— py), 


1 for pseudoscalar K-mesons and O=7ys for 


and Q= X p Ou 


(12) 


where O= 
scalar K-mesons,> 0=}(px+),), 
Therefore 


2k’ 
’ of [(pwoMy* pyoM)A 
“ 1 
—kk's(pwo—p 


5 We are assuming that A and © have the same parity. If they 


¥0)B]2mdz, (13) 


have opposite parities, then for Y= one should take O=y; for 
pseudoscalar and O=1 for scalar K-mesons, 


MacDOWELL 


nome f [k’s(My+M)A+k(—2k22? 


+3(W2—My?—M?)4+MyM)B]2ndz, (14) 


and the upper (lower) signs stand for pseudoscalar 
(scalar) K-mesons. Since, in perturbation theory, for 
fixed z, A and B behave like 1/W? for W?-—> , it 
follows that po~1/W? and pi~const. It then follows 
that at least one subtraction is necessary in the spectral 
representation of f; but fo may still have none. 

On the other hand, for small values of k’ one has the 
following behavior of po® and p,®: 


For pseudoscalar K-mesons, 
po®~k?(My—M)/(My+M); pi” 
For scalar K-mesons, 


po? ~k’MMy; p©~k’s, 


~k'MMy. 


Therefore, on kinematic grounds only, one might expect 
a small contribution to fo from po® as compared to the 
contribution of p:® to f;, while the opposite holds for 
scalar K-mesons. 

Assuming that K-mesons are indeed pseudoscalar, we 
are then justified in neglecting the contribution from 
po”. Moreover we can cast the contribution from p;® 
into the arbitrary constant which appears as the result 
of one subtraction in the spectral representation for /;. 
This arbitrary constant represents the global result of 
all dynamical effects which cannot be taken into account 
individually. 

We thus arrive at the following representations for 
fo and fi: 


mR? -— mM,” 
fo(w)= _— ee — fi(wo) +- -[ = 


2 Ww? pi) ( w’) 
—dw'. 
W” w’—w 


(15) 


: ol 
w’—w 


ful) = falweo)-+— sf (16) 


These equations are of the Omnés type,’ since p“ (w) 
is given by the product of f(w) by the amplitude for 
K-n scattering and kinematical factors. Therefore one 
can write down explicit solutions for fo and /; in terms 
of the S and P wave phase shifts for K-m scattering, 
defined by 

k Rego k Red, 
tandp>=———___ tand, = ———_—_- 
1—k Im¢o i- 


. 
k Im¢; 


The solutions are 


= 


K . 
ee 


1 7? W? bo(w’) 
xe(-- f iu!) (18) 
r¥, W"w'—w 


®R. Omnés, Nuovo cimento 8, 316 (1958), 


fo(w)= 





FORM FACTORS IN 


wl a) 


1 
fule)= file) exp —= ff — 
=fils), (19) 


which substituted into (7) gives 


mMr—m,2 


f-ls)="*—"* (a) exp —- 


72 


1 W"o'—w 


1 7? W? :(w’) 
-ew(-- f — ia!) . (20) 
T W” w'—w 


1 


* W? 5o(w’) 
; ia!) 


The physical content of the approximations made is 
that the direct contribution from the primary weak 
interaction is taken into account in the determination 
of f,(w) but f_(w) is obtained with the neglect of those 
direct effects and therefore entirely induced by the 
K-r interaction. It is this circumstance that led us to a 
result which depends only on one arbitrary parameter 
fi(wo) and is such that the ratio of the two amplitudes 
f_/ fx is independent of this parameter. If, however, 
the experiments do not confirm this remarkable feature 
of our results, one concludes that a subtraction is indeed 
necessary in (15) and that the direct contributions to 
f- are not negligible. 


3. EVALUATION OF THE FORM FACTORS 


The physical range of values of w in the decay process 
(I) is from w;= —1 at the lower end of the pion spec- 
trum to w2=— (mx’?+m,—m,?)/2mx«m, at the upper 
end. 

We shall now estimate the variation of f,(w) in this 
range. We find 


1 dfy 51(a) 1 


aoe (21) 
fi dw T 


1—w 


where @>1 depends on w. The variation of f;(w) 
between the two ends of the spectrum is then approxi- 
mately given by 


51(a) 
=(0.44——_. 
7 4mxm, T 


5:(@) (mxe—m,)?—mZ 





(22) 


If there is a P-wave resonance at low enough energy an 
appreciable variation of f,(w) is expected. If however 
the P-wave is small, the variation is negligible. 

We turn now to the analysis of the behavior of f_(w). 
In order to simplify the discussion we assume 6;(w) 
negligible and 5o(w) given by 

tandy= a(W?— (mx-+m,)?)}. (23) 


The integrations can then be performed yielding the 
following results: 


K,s AND K.; DECAY 
(1) a>0 (repulsive S wave): 
f-@) (mx*-m/)a 1 
fi(wo) 1+a(mx+m,) W? 


X{L(mx+m,)?—W?}!—mg—m,} <0. 





(24) 
The ratio 
2mMkKM» 


We 4 
aaa) AN eal 
f-@:) 2 mr>-+m,? 


is independent of the scattering length. 


(25) 


(2) a<0O (attractive S wave): 
f-() 
felon) 1—aL (mx-+m,)°—W?} W? 

X {L(mx+m,)?—W? }!—mx—m,}>0. 


(mx*—m,?)a 1 





(26) 


As @ varies from 0 to — © the ratio f_(w2)/f_(wi) de- 
creases from 0.85 to 0.6. 

So far we have discussed the behavior of the indi- 
vidual amplitudes ignoring isotopic spin dependence. 
In general f, and f_ are linear combinations of'ampli- 
tudes with isospin indices J=} and [= 3 which in turn 
depend on the K-m scattering amplitudes in the corre- 
sponding isostates. If, however, we adhere to the selec- 
tion rule =} (which, for instance, arises from a Fermi 
interaction involving AP as the baryon pair), then there 


will be only one amplitude, namely that with J=}. 


4. FINAL REMARKS 


The analysis we have made is also valid if the weak 
interaction proceeds via an intermediate vector field of 
mass m. The only difference is that the transition ampli- 
tude (1) must then be multiplied by the boson propa- 
gator (W?—m’)—"[gas— papp/m? |. 

The K,3 decay is naturally more appropriate for an 
investigation of the form factor f;(w) since f_(w) will 
not contribute in this case. On the other hand, informa- 
tion concerning f_(w) can only be obtained from data 
on K,3 decay. From (24) and (26) one can see that 
f-(w1)/f;(wo) increases as |a|— © to a maximum 
absolute value 0.3 and 0.25, respectively. In addition, 
f- appears multiplied by m,/mx in the matrix element 
for the decay process. Therefore, from this analysis, one 
can conclude that the effect of f- on the spectrum is 
practically negligible. 

The results we have obtained and the assumptions 
underlying them can then be checked when these data 
become available. 
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